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Abstract

This paper develops a timeless partition-strain framework motivated by a basic tension in
present foundations. General relativity and quantum mechanics both work with extraordi-
nary precision, yet they organize reality through incompatible treatments of time, locality,
and information. In quantum mechanics, time is normally treated as an external background
parameter against which states evolve. In general relativity, time is part of the dynamical
geometry itself, altered by gravitational structure. Quantum theory permits nonseparable
correlations across distant systems, while relativistic gravity protects local causal structure
through �nite light-cone propagation. Black-hole evaporation sharpens the con�ict: gen-
eral relativity appears to allow information loss behind horizons, while quantum mechanics
requires unitary recoverability.

The framework proposed here changes the starting point. Instead of treating spacetime,
time evolution, gravity, quantum state update, and thermodynamic irreversibility as separate
primitives, it begins from a tenseless algebraic substrate equipped with regional structure,
conditional expectations, connection data, and a paired regional disturbance bookkeeping
(Krec,Mrec). The �rst member is the universal record sti�ness: the substrate's resistance to
record-supporting deformations. The second member is the universal record susceptibility:
the substrate's loading or distinguishability response under the same deformations. Both
are positive operators, neither is de�ned from the other, and the observable record cone is
controlled not by either operator separately but by the generalized spectrum

Gacc =M−1/2
rec KrecM

−1/2
rec ,

which is the geometry the framework requires to converge, under re�nement, to the sub-
strate's intrinsic access spectrum. Physical phenomena are then read through a second
layer: a memory-bearing observer whose experience is determined by record-ordered access
to the substrate. In this view, time is not a primitive coordinate of the universe. Time
appears at the observer junction, where a nontracial observer representation cuts a tracial,
timeless substrate and generates modular record �ow.

The central object is a regional partition-strain functional measuring what an observer-
access algebra fails to recover from the full substrate. Entropy is the scalar unrecoverability
of this disturbance. Inertia is resistance to algebraic support deformation, read through
the sti�ness operator Krec. Gravity-like response is variation of the same disturbance with
respect to accessible connection or metric-like data. Record susceptibility, read throughMrec,
sets the entropy/distinguishability cost of those deformations. Gauge and �eld equations
are stationarity conditions of the same regional disturbance under admissible connection
variations. The framework therefore seeks a simpler organization: not many disconnected
physical mechanisms, but many observer-e�ective readouts of one underlying paired access-
defect geometry.

Thermodynamics becomes the guiding analogy. The arrow of time is not imposed as a
fundamental direction in the substrate. It is the experienced direction of increasing record
restriction for a Type III observer reading a Type II-like reality. The past feels �xed be-
cause its records have already been compressed into stable but incomplete access-cuts; the
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underlying substrate information is no longer fully recoverable from the observer's present
algebra. The future feels open because those cuts have not yet been made. The Second Law
is interpreted not as a primitive law of universal machinery, but as the geometric limit of
localized ignorance: the monotone growth of unrecoverability along record-ordered access.

On this reading, the apparent con�icts between general relativity, quantum mechanics,
thermodynamics, and information recovery are relocated. They are not treated as contra-
dictions inside one spacetime ontology, but as di�erent limits of substrate information seen
through observer access. Local causal cones arise from �nite record recoverability of the
paired operator (Krec,Mrec), not from a primitive substrate speed limit. Quantum nonsep-
aration re�ects correlations in the substrate that need not be reducible to observer-local
records. Horizon information loss becomes loss relative to an exterior access algebra, not
destruction in the full substrate. Gravity becomes the macroscopic connection response of
regional disturbance, rather than a separate force added to quantum theory.

The aim is to formulate a mathematically disciplined reconstruction program: a time-
less algebraic substrate with a paired sti�ness�susceptibility bookkeeping, a record-bearing
observer layer, and a junction where time, thermodynamics, locality, inertia, gravity-like
response, and information loss appear as coupled consequences of partition strain and �nite
recoverability through the generalized record geometry Gacc.

Copyright © 2026 Daniel de Souza Casali. All rights reserved.
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1 Introduction

Standard physics writes its laws on a manifold. A spacetime is assumed, �elds are placed
on it, equations evolve those �elds in a time coordinate, and observers measure what evolves.
The tension this produces with background-independent quantum gravity is the long-discussed
problem of time [1, 2, 3]. This paper takes a di�erent organizational stance. It treats the totality
of physical structure as a tenseless algebraic object and treats observers � and therefore time
� as a separate layer that cuts that object and accumulates records.

The contribution is a uni�ed reconstruction architecture. It treats established physical struc-
tures as observer-e�ective readouts of one substrate�junction geometry, while separating what
is derived inside the framework, what is conditional on an explicit principle, and what remains
open. The organizing principle is compressed bookkeeping. Familiar structures � locality, mass,
inertia, gravitational response, gauge phase, time, motion, collapse, �eld dynamics, and thermal-
ity � are not introduced as independent modules. They are organized as readouts of a paired
regional disturbance functional relative to observer-access algebras.

The framework rests on two ideas. The �rst is that physical structure can be represented
as static compatibility data of an algebraic totality without reference to a clock. The second
is that physical experience � what is felt as temporal order, the arrow of time, motion, and
measurement � can be organized as features of a memory-bearing access structure that cuts
the totality and accumulates records. The two ideas are modular. They become a uni�ed
reconstruction framework when applied together.

The compression principle. The primitive object is not entropy, inertial mass, gravitational
charge, or gauge energy separately. The primitive object is the paired regional disturbance
bookkeeping (Krec,Mrec). The �rst member, Krec, is the universal record sti�ness; the second
member, Mrec, is the universal record susceptibility. The intrinsic regional disturbance is

KR(ρ,∇, g) = τ [DR(ρ)
∗KrecDR(ρ)] , DR(ρ) = ρR − ER(ρ),

weighted by the substrate sti�ness, while the record-distinguishability geometry of the same
defect is carried byMrec. Entropy is the scalar unrecoverability of this disturbance. Inertia is the
Hessian of this disturbance along algebraic support deformations, weighted by Krec. Gravity-like
response is the variation of this disturbance with respect to the accessible connection or metric-
like embedding. Gauge and �eld equations are stationarity conditions of the same disturbance
under internal connection variations. Crucially, the observable record cone is not controlled by
Krec or Mrec separately; it is controlled by the generalized record operator

Gacc =M−1/2
rec KrecM

−1/2
rec ,

whose spectrum the framework requires to converge, under re�nement, to the substrate's intrinsic
access spectrum. Thus the paper does not attempt to assign each phenomenon to a separate
phenomenological term. It asks how many e�ective laws can be read from one paired regional
defect geometry.

Not a quantization, not a geometrization. This is not a proposal to quantize gravity as
a separate sector, nor to geometrize quantum mechanics by imposing a spacetime interpretation
on operators. The statistical or quantum readout is the defect covariance, recovery loss, and
modular state induced by a cut; the gravity-like readout is the connection or metric variation
of the same disturbance; the gauge readout is its internal holonomy stationarity. Existing
continuum theories remain reduction targets, but the gravity target is made explicit: the question
is whether the spectral continuum limit of the generalized record operatorGacc yields an observer-
e�ective action whose metric variation gives an Einstein tensor and whose defect variation gives
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a stress-energy tensor. In this sense quantum/statistical behavior and gravity-like behavior are
not two primitive languages to be merged after the fact; they are two observer readouts of one
paired trace-quadratic disturbance, one through defect covariance and state restriction, the other
through connection and metric-like variation.

Three classes of claim. This paper makes three classes of claim. The �rst is a substrate
claim: locality, non-separation, persistence, support-sti�ness, gravity-like response, gauge phase,
and record-stable cuts can be represented as relations among algebraic regions, conditional
expectations, and the paired master disturbance functional. The second is a reconstruction
claim: given a memory-bearing observer layer, familiar kinematic, quantum, gauge, and weak-
gravity descriptions can be read as e�ective descriptions of recorded experience. The third
is a normal-form claim: in a Type II1 factor [4, 5, 7], the local disturbance associated with
conditional-expectation defects has a forced quadratic leading term under explicit covariance
and isotropy hypotheses, and the paired (Krec,Mrec) bookkeeping inherits the canonical trace
through the generalized record operator.

Equivalence principle, recast. The equivalence-principle content is therefore not a literal
identity between two separately postulated forces. It is the claim that inertial resistance and
gravity-like sourcing are two variational readouts of the same paired regional disturbance func-
tional, evaluated along di�erent observer directions. In weak, isotropic, low-disturbance limits
these readouts reduce to the same trace-normalized quadratic coe�cient, giving the observer-
e�ective cancellation associated with composition-independent free fall. The same compression
also �xes the interpretation of the observer speed bound: c∗ is not an independently chosen
number but a record-bandwidth threshold obtained from the lowest generalized eigenvalue of
Gacc =M

−1/2
rec KrecM

−1/2
rec .

Plan of the paper. The text proceeds as follows. Section 2 �xes the uni�ed access-defect spine
that runs through every later sector. Sections 3�4 de�ne the substrate layer and the Type II1
trace-quadratic normal form, including the re�nement-compatibility theorem (Section 3.3) that
governs how the paired bookkeeping behaves under substrate re�nement by branch-neutral labels
and supplies the architectural foundation for resolved retrieval algebras used throughout the pa-
per. Section 5 applies the substrate normal form for the �rst time as a predictive tool, identifying
the mass-shape sector and stating the two-mode projective-access core lemma that �xes the tau
and baryonic mean access ratios under named selection rules. Section 6 develops the observer
layer. Section 7 introduces the observer metrological completion, the gauge-�xing layer that
maps the dimensionless substrate�observer record geometry into laboratory SI form and isolates
the framework's strict predictive content as dimensionless invariants. Section 8 recovers thermo-
dynamics at the substrate�observer junction. Section 9 states the Shared-Connection principle
as a shared-generator result. Section 10 �xes scope. Section 11 states the junction recovery prin-
ciple for e�ective laws and gives the observer-e�ective reconstructions: Newtonian mechanics,
the �nite record recoverability principle and observer-junction light limit, Lorentz kinematics,
wavefunction and collapse, Maxwell-type equations, and weak-�eld gravity. Section 12 develops
the algebraic necessity program, including the Type II1 quadratic disturbance theorem, spectral
covariance of defect modes from observer coarse-graining, the continuum Einstein-translation
schema, disturbance-stationary actions, algebraic shell growth, modular observer access, mod-
ularly stable observer cuts, and non-Abelian selection. Section 13 formulates the Type II1 →
Type III1 observer junction as a modular embedding, including the conditional-expectation ac-
cess cut, derivational support sti�ness, recovery-loss susceptibility, and crossed-product observer
core. Section 14 gives the framework-native reading of black-hole radiation. Section 15 devel-
ops the internal charged-sector identi�cation and its observer-junction diagnostics built from
the paired (Krec,Mrec) operator, including the single Schur-trace identity for the �ne-structure
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access-polarization diagnostic and the resolved Drell�Yan retrieval algebra that specializes the
re�nement-compatibility theorem of Section 3.3 to the precision-electroweak channel. Section 16
tabulates the layer allocation and status of each claim. Section 17 presents the worked �nite
trace diagnostics. Section 18 runs a paired-pair audit on the universal (Krec,Mrec) pair across
record-cone, Maxwell-type stationarity, �ne-structure, and lepton-ladder sectors at �nite N . Sec-
tion 19 compares the framework to neighboring foundation programs and Section 21 lists the
remaining mathematical tasks.

Tenseless substrate

(W, ω,S); conditional-expectation defect; Type II1-like
paired trace bookkeeping (Krec,Mrec); persistent supports

Observer cut

(Aλ,Mλ, ωλ); nontracial state; �nite recoverability
budget through Gacc; modular record increment

E�ective records

record order and modular time; motion, thermality,
access cones; gravity-like and gauge readouts

Eλ : W → Aλ

Recλ record accumulation

Figure 1: Layer map for the partition-strain framework. Static substrate data � including
the paired sti�ness�susceptibility bookkeeping (Krec,Mrec) � de�ne regional disturbance and
persistent supports; a memory-bearing observer cut restricts that data; e�ective physics is re-
constructed from stable, monotonically recoverable records.

2 Uni�ed access-defect spine

The document is organized around one substrate�observer spine. The substrate carries a tracial
regional algebraic totality and a paired record geometry (Krec,Mrec). The observer does not add
a second physics; it supplies a memory-bearing access cut through which the paired geometry is
read. Every e�ective sector is therefore written as a readout of

(Krec,Mrec), Gacc =M−1/2
rec KrecM

−1/2
rec ,

or of the corresponding access operator obtained at the observer junction. This section �xes the
notation used throughout the manuscript before the individual physical readouts are discussed.

2.1 Metric-compatible paired access normal form

The paired record geometry is represented by a positive sti�ness operator Krec and a positive
susceptibility operatorMrec. The universal record cone is not a property of either operator alone.
It is the generalized spectrum of

Gacc =M−1/2
rec KrecM

−1/2
rec .

The metric-compatible access normal form used throughout the reconstruction is

Krec =M1/2
rec LaccM

1/2
rec , Gacc = Lacc.

This form does not erase the distinction between sti�ness and susceptibility. It states that,
after the susceptibility loading has been accounted for, the invariant observer-access spectrum is
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carried by a single intrinsic access operator Lacc. This is the operator whose spectrum controls
record-cone recovery, Maxwell-type propagation, access dressing in the charged sector, and the
�nite diagnostic audits.

2.2 Absorbing access-cut boundary principle

The primitive one-dimensional access interval is the normalized record-access coordinate u ∈
[0, 1]. The endpoints are not ordinary spatial boundaries. They represent the inaccessible
complement at one end and the fully absorbed record cut at the other. The minimal self-adjoint
access operator compatible with this absorbing cut is

Lacc = − d2

du2
, f(0) = f(1) = 0.

Thus
λn = n2π2, fn(u) =

√
2 sin(nπu).

The appearance of π in the later �ne-structure diagnostic is therefore not introduced as a nu-
merical ornament. It is the spectral constant of the normalized absorbing access interval. The
charged-sector calculation uses the same Lacc that appears in the record-cone and access-dressing
statements, so the �ne-structure diagnostic is tied to the same access spectrum rather than to a
separate numerical ansatz.

2.3 Minimal observer-access dimension: three projection directions plus one
record direction

The observer layer is �xed as a 3 + 1 access structure, but not as primitive substrate spacetime.
The three spatial directions belong to a projective localization layer carrying a non-removable
cyclic obstruction on its branch cover; the fourth direction is the record-order coordinate required
for a memory-bearing cut. The full algebraic statement is developed as Theorem 6.3 and its
Corollary 6.9 in Section 6.5, where the minimality of the spatial branch count b = 3 is proved as
a �ech-cohomological obstruction theorem on a �nite projective cover. The present subsection
records the resulting access structure

Oacc = Σ3
obs ⊕ τobs, b := dimΣ3

obs = 3, d := dimOacc = 4,

which is used consistently throughout the rest of the paper: in the Lorentz-recovery target
(Section 11.3), in the observer-access dimension ablation and substrate�observer duality (Sec-
tion 15.12), in the Cli�ord/access combinatorics, and in the charged-sector trace duality. The
substrate itself is not thereby made into a 3 + 1 spacetime; only the observer-access interface
has this local organization.

The asymmetry between the three spatial access directions and the single record-ordering
direction is structural. Projective closure lives on Σ3

obs, because the branch cover of the spatial-
access layer is the support of the non-removable cyclic obstruction Ωijk of De�nition 6.1. The
record-ordering direction τobs supplies sequencing along the inclusion-index ⪯ and contributes a
one-sided boundary trace through the one-sided record-boundary normalization of Section 6.6,
but it does not generate independent spatial projective sectors. The �ne-structure calculation
therefore depends on the pair (b, d) = (3, 4) for a de�nite reason: b = 3 is the minimal non-
removable projective closure of Theorem 6.3, while d = 4 is that cover plus the one record-
ordering coordinate required by memory, with an independent algebraic closure check supplied
by the duality conditions of Section 15.12.
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2.4 Sector readout dictionary

With the access spine �xed, the physical sectors use the following dictionary:

E�ective phenomenon Substrate�observer readout

record order monotone access to stable record supports
entropy unrecoverability of conditional-expectation defect
inertia support-deformation Hessian through Krec

gravity-like response connection/metric variation of paired disturbance
Maxwell-type �eld stationary internal holonomy readout
light cone c2∗ = λmin(Gacc)
collapse-like update restriction to accessible record algebra
horizon information loss loss relative to an exterior access algebra
�ne structure Schur trace of the charged substrate�cut operator
lepton ladder charged support-deformation diagnostic

The purpose of the following sections is to keep these readouts in one language: paired dis-
turbance, access spectrum, observer cut, and Schur reduction. Standard references on operator-
algebraic modular structure, conditional expectation, quantum recovery, gauge uni�cation, anomaly
cancellation, and black-hole thermodynamics are cited in the sections where each technical in-
terface is used [4, 5, 7, 12, 49, 50, 51, 54, 55, 33, 34].

3 The substrate layer

The substrate layer represents the structural side of physics. It proposes that what observers
call locality, persistence, sti�ness, curvature response, and gauge phase are features of a tenseless
algebraic totality

S = (W, ω, S),

whereW is a von Neumann algebra modeling all observables of the totality, ω is a faithful normal
state, and S is declared additional structure � a regional decomposition, an admissible class of
conditional expectations, an internal automorphism sector, and connection or metric-like data.
Nothing in S refers to a clock or a direction of time.

3.1 Paired regional disturbance bookkeeping

The compressed substrate object is not a single sti�ness or a single covariance. It is a paired
bookkeeping

(Krec,Mrec) = (record sti�ness, record susceptibility)

both positive operators on the relevant defect Hilbert space, both trace-intrinsic, and neither
de�ned from the other. The �rst member, Krec, encodes the substrate's resistance to record-
supporting deformations. The second member, Mrec, encodes the substrate's loading or entropy-
distinguishability response to those same deformations. The observable geometry of the sub-
strate is then carried by the generalized record operator

Gacc :=M−1/2
rec KrecM

−1/2
rec ,

which the framework requires to converge, under re�nement of the substrate, to the intrinsic
substrate access spectrum. This is a weaker compatibility condition than identifying Krec with
a function of Mrec or vice versa; it only requires

spec
(
M−1/2

rec KrecM
−1/2
rec

)
→ spec(Gacc),

without imposing a literal metric-compatible realization.
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Invertibility of Mrec on the relevant support. The expression M
−1/2
rec requires Mrec to

be invertible on the support carrying the diagnostic. The framework's paired bookkeeping con-
struction supplies Mrec as a positive operator on the defect Hilbert space with faithful substrate
trace, and invertibility on the trace-positive support is guaranteed by the trace's faithfulness:
any kernel of Mrec would correspond to a trace-zero projection and is excluded by the frame-
work's normal-form requirement thatMrec enter as a record susceptibility (a positive form rather
than a degenerate one). The square root M1/2

rec and its inverse M−1/2
rec are then de�ned through

measurable functional calculus on the positive spectrum, with the inversion operating only on
the trace-positive support. Every diagnostic in this paper projects onto the support of Krec,
which lies within the trace-positive support ofMrec by the pairing condition, so the o�-spectrum
behavior of Mrec is irrelevant to the readouts the framework computes.

3.2 Structural decomposition of the paired operators

Both Krec and Mrec admit a structural decomposition into substrate contributions. The suscep-
tibility operator has the form

Mrec =M0 + ηaccMacc + ηstrMstr + ηnsMns + ηsecMsec

and the sti�ness operator has the matching form

Krec = K0 + κaccKacc + κstrKstr + κnsKns + κsecKsec

with the positivity requirements

Mrec > 0, Krec > 0.

The ingredients have a uniform physical interpretation. On the susceptibility side, M0 is a
baseline record-loading metric (the irreducible record-distinguishability scale); it is taken to be
sectorwise isotropic, that is

M0 =
⊕
s

ms Is = mloc Iloc ⊕mint Iint ⊕mns Ins,

with a single positive susceptibility scale ms per substrate sector (local, internal, nonseparable).
The sectorwise-isotropic form expresses the physical statement that, in the absence of access
compliance, strain, nonseparable, or sector-organization corrections, no internal direction of a
given sector is privileged: each sector contributes one record-loading scale and not a directionally
biased loading. Anisotropy in Mrec is then carried entirely by the access, strain, nonseparable,
and sector contributions through their respective η• weights. The same convention is used
throughout the charged-sector diagnostics below, so that nontrivial α-like structure arises from
internal projection on the charged access channel rather than from anisotropy in the baseline
susceptibility itself.

Macc is the record-loading contribution from access compliance, capturing how recoverable
record information changes under the most basic access deformations; Mstr is the susceptibility
contribution from local substrate strain; Mns is the susceptibility contribution from nonsepara-
ble record structure (record-loading carried by collective non-factorizing sectors); and Msec is
the susceptibility contribution from sector organization (charged, inertial, �eld-like, or entropy-
carrying channels).

On the sti�ness side, K0 is the irreducible record-sti�ness baseline; Kacc is the access sti�-
ness that resists changes in the accessible record con�guration (in standard substrate models it
specializes to the access Laplacian Lacc); Kstr is the sti�ness contribution from local substrate
strain; Kns is the sti�ness contribution from nonseparable substrate structure; and Ksec is the
sti�ness contribution from sector organization.
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The coe�cients η•, κ• ≥ 0 are admissible weights; they determine the relative substrate-
internal balance among the contributions and are not chosen from experiment.

The point of the decomposition is conceptual. It expresses that record sti�ness and record
susceptibility are not generic positive matrices to be chosen; they are built up from the same
admissible substrate contributions (baseline, access, strain, nonseparable, sector), and each sec-
tor contributes independently to both members of the pair. In particular, Mrec ̸= I in gen-
eral, and Krec ̸= Lacc in general: both operators are nontrivial, and the trivial normalization
(Krec,Mrec) = (Lacc, I) is a degenerate special case obtained by turning o� every η•, κ• except
the access contributions and replacing the baseline susceptibility by the identity.

3.3 Re�nement compatibility of paired bookkeeping

The framework requires the access spectrum of Gacc = M
−1/2
rec KrecM

−1/2
rec to converge, under

re�nement of the substrate, to the intrinsic substrate access spectrum. The re�nement compati-
bility condition was stated informally in Section 3.1; this subsection makes it precise. The result
is a structural lemma about how the paired bookkeeping interacts with admissible re�nements of
the substrate algebra, and is used throughout the paper whenever a substrate-level algebra is re-
�ned by attaching observer-resolvable labels � �avor sectors, kinematic supports, internal-sector
resolutions, access-depth re�nements, and the resolved retrieval algebra of Section 15.10.

Admissible re�nements

A substrate retrieval algebra R with paired bookkeeping (KR
rec,M

R
rec) admits a re�nement when

a richer algebra R̃ is constructed by attaching branch-neutral labels to the original. The labels
are carried by a W ∗-algebra F with a normalized faithful trace τF , and the re�nement is in-
tended to capture observer-resolvable structure that does not modify the substrate-level retrieval
primitives.

De�nition 3.1 (Admissible substrate re�nement). An admissible re�nement of a substrate
retrieval algebra R by a labeling algebra F is a W ∗-algebra R̃ together with inclusions

R ↪→ R̃, F ↪→ R̃,

under which the following four structural conditions hold.

(A1) Untwisted extension.
The primitive support projections e ∈ R lift trivially: e 7→ e ⊗ 1F . No twist, crossed
product, or branch-dependent action on F is permitted; the re�nement attaches labels to
the support index, but does not alter or rotate it.

(A2) Trace-product compatibility.
The faithful normal trace on R̃ factorizes: τR̃ = τR ⊗ τF , with τR̃(1) = 1.

(A3) Equivariance.
Any group action G ↷ R of substrate symmetries extending to R̃ acts on the �rst tensor
factor only: g · (r ⊗ f) = (g · r)⊗ f for g ∈ G, r ∈ R, f ∈ F .

(A4) Access-geometry preservation.
The substrate-level paired bookkeeping (KR

rec,M
R
rec) lifts so that the generalized record op-

erator factorizes trivially:

G̃acc := M̃−1/2
rec K̃rec M̃

−1/2
rec = GR

acc ⊗ 1F .
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The substantive content of (A1) is the untwisted form of the extension; (A2) is a trace-
normalization condition on F ; (A3) is the equivariance statement that observer-resolvable labels
in F are inert under substrate symmetries; (A4) is the canonical preservation condition that the
spectrum of Gacc is left invariant by the re�nement. (A3) is technically implied by (A1) when F
carries no inherent action of G, but it is convenient to state separately to make the equivariance
explicit. (A4) is the operative content and constrains the form of the lifted bookkeeping.

Canonical lift forced by access-geometry preservation

Proposition 3.2 (Common-multiplicative lift forced by (A4)). Let (K̃rec, M̃rec) be positive op-
erators on R̃ of the elementary tensor form

K̃rec = KR
rec ⊗HK , M̃rec =MR

rec ⊗HM ,

with HK , HM positive in F . Then assumption (A4) holds if and only if HK = HM up to scalar
normalization.

Proof. By functional calculus on the second tensor factor,

M̃−1/2
rec = (MR

rec)
−1/2 ⊗H

−1/2
M ,

so
G̃acc = GR

acc ⊗
[
H

−1/2
M HKH

−1/2
M

]
.

This equals GR
acc ⊗ 1F if and only if H−1/2

M HKH
−1/2
M = 1F , that is HK = HM . Normalization

is �xed by τF (HK) = τF (HM ) = 1.

Proposition 3.2 forces a speci�c structural form: independent additive lifts K̃rec = KR⊗1+
1⊗KF are ruled out, mixed lifts with HK ̸= HM are ruled out, and only common-multiplicative
lifts K̃rec = KR ⊗H, M̃rec =MR ⊗H for a single positive H ∈ F are admissible. The simplest
representative within this family is the strict form H = 1F .

De�nition 3.3 (Canonical lift). The canonical lift of (Krec,Mrec) to an admissible re�nement
R̃ is the strict form

K̃rec = KR
rec ⊗ 1F , M̃rec = MR

rec ⊗ 1F .

De�nition 3.3 commits to F being a pure labeling layer, carrying neither independent record
sti�ness nor independent record susceptibility. Observer-resolvable labels exist algebraically as
projections in R̃, but the substrate-level paired bookkeeping is �at across them. This is the
architectural division of labor between substrate primitives and observer-resolvable re�nement:
the substrate carries the paired bookkeeping; the observer-resolvable layer carries the labels.

Re�nement factorization theorem

Theorem 3.4 (Re�nement factorization). Let R̃ be an admissible re�nement of R by F in the
sense of De�nition 3.1. Then

R̃ ∼= R⊗F

as W ∗-algebras, with:

(i) Trace factorization: τR̃ = τR ⊗ τF .

(ii) Equivariant structure: for any substrate symmetry G↷ R extending to R̃, the symmetric
expectation EG acts only on the �rst tensor factor.
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(iii) Access-geometry factorization (Proposition 3.2, De�nition 3.3): G̃acc = GR
acc ⊗ 1F , and

the metric-compatible normal form Krec = M
1/2
rec LaccM

1/2
rec lifts as K̃rec = M̃

1/2
rec L̃acc M̃

1/2
rec

with L̃acc = LR
acc ⊗ 1F .

Proof. By (A1), the lifted support projections ê := e ⊗ 1F commute with every element of
1R⊗F inside R̃: for any f ∈ F , (e⊗1F )(1R⊗f) = e⊗f = (1R⊗f)(e⊗1F ). The subalgebras
R ⊗ 1F and 1R ⊗ F therefore mutually commute, and the algebra they generate inside R̃ is
isomorphic to the algebraic tensor product R ⊗ F . Completion in the natural W ∗-topology
gives the spatial tensor product. (i) is (A2). (ii) follows from (A3): trivial action on F gives
EG(r⊗f) = EG,R(r)⊗f . (iii) is Proposition 3.2 together with the canonical lift of De�nition 3.3,
plus functional calculus on the metric-compatible normal form.

Two distinct objects on a re�nement

Theorem 3.4 produces two structurally di�erent operators on R̃ that play di�erent roles whenever
a re�nement is used in this paper. The distinction is essential: it is the architectural reason that
measurement readouts can carry re�ned structure that the substrate itself does not.

The �rst object is the substrate-level paired bookkeeping (K̃rec, M̃rec), governed by (A4) and
realized in the canonical lift. This pair is �at on the F factor by construction: the substrate
carries no independent record sti�ness or susceptibility along the re�nement labels.

The second object is any measurement kernel K̃meas that the framework uses to express a
sector-speci�c readout in terms of trace-quadratic structure on R̃. Such kernels may carry non-
trivial structure on the F factor through projections that resolve the label content. They are
derived measurement objects, not substrate-level paired-bookkeeping objects: their non-�atness
re�ects how measurement supports project against the algebraic labels, not a substrate-level
loading of those labels.

Both object types live on the same algebra R̃ but play di�erent structural roles. The sub-
strate stays branch-and-label neutral; measurement kernels may acquire label-resolved structure.

Recovery of the unre�ned readout

Corollary 3.5 (Unre�ned-limit recovery). Let EF := idR ⊗ τF : R̃ → R be the conditional
expectation onto the unre�ned retrieval algebra. Then for any element of the form K̃ = Kiso+KF
with Kiso a scalar multiple of 1R̃ and τF (KF ) = 0,

EF (K̃) = Kiso.

In particular, the canonical-lift access geometry coarse-grains exactly:

EF (G̃acc) = GR
acc,

with no asymptotic error term.

Proof. Trace-product compatibility (Theorem 3.4(i)) gives EF (Kiso) = Kiso since Kiso is propor-
tional to the identity on R̃ with τF (1F ) = 1. The trace-centered condition τF (KF ) = 0 gives
EF (KF ) = 0. The access-geometry statement is immediate from Theorem 3.4(iii).

The corollary upgrades the informal convergence condition of Section 3.1 to an exact identity
for canonical-lift re�nements: the substrate-level access spectrum is recovered without error
under coarse-graining over the re�nement labels. Every spectral identity built on GR

acc transfers
to G̃acc unchanged.
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Layer-protection content and falsi�er

The factorization theorem is the algebraic enforcement of the substrate�observer layer separation
that runs through the entire paper. The substrate carries the paired bookkeeping; observer-
resolvable re�nements carry labels; the two layers do not mix at the level of substrate primitives.

Remark 3.6 (Layer-protection falsi�er). A measurement or analysis requiring direct coupling
between an observer-resolvable re�nement label f ∈ F and the substrate-level support index in
R � i.e. a readout whose support projection cannot be factored as PR⊗PF within experimental
or analytic uncertainty � would falsify the untwisted extension (A1) of De�nition 3.1. The
framework permits all observer-resolvable structure to enter through F-side support weights; it
does not permit such structure to modify substrate-level support primitives. Concrete instances
of this falsi�er appear in the Drell�Yan extension of the charged-sector readout (Section 15.10),
in the access-depth re�nement of the Schur expansion (Section 6.7), in the Type II1 to Type III1
modular embedding (Section 13), and in the algebraic shell-growth structure of Section 12.5.

3.4 Pre-oriented inclusion-boundary symmetry

The sectorwise-isotropic convention also �xes how an inclusion boundary is read before an ob-
server has selected a record orientation. The substrate itself is tenseless: it contains no primitive
clock, no built-in arrow, and no preferred side of a prospective access boundary. Thus an ele-
mentary inclusion boundary has two formal sides only after it is viewed as an interface between
a smaller accessible algebra and a larger accessible algebra; before a memory-bearing observer
chooses an orientation, neither side is distinguished by the substrate.

Let an unoriented inclusion interface be represented abstractly by the two formal sides of a
normalized elementary boundary. The baseline isotropy and covariance hypotheses imply that
these two sides are equivalent as substrate boundary data: any assignment that weights one
side di�erently from the other would introduce a preferred record direction before the observer
cut. In the Type II1 setting the normalized trace is unique, so trace-equivalent boundary sides
must receive the same scalar trace assignment. This substrate statement �xes equality of the
two sides; the oriented numerical weight is produced only after the observer layer selects one
side as the recorded side of the inclusion.

The full elementary boundary is therefore treated as the scalar unit of the inclusion interface,
while the substrate-level symmetry says only that its two pre-oriented sides are trace-equivalent.
The half-boundary value used below is not an additional substrate postulate; it is the observer-
side consequence of combining this equality with the normalized unit boundary and then selecting
one oriented side as record order.

3.5 Regional defect and master disturbance

For an admissible observer-access region R, let

ER : W → AR

be the conditional expectation [12, 13] onto the accessible regional algebra, and let ρR denote the
regional representative of the state in a �nite approximant or the corresponding state restriction
in the algebraic setting. The regional defect is

DR(ρ) = ρR − ER(ρ),

understood abstractly as the part of the substrate state or support data that is not losslessly
represented by the chosen regional algebra. The master disturbance functional is

KR(ρ,∇, g) = τ [DR(ρ)
∗Krec(∇, g, R)DR(ρ)] .
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Here Krec(∇, g, R) is the regional restriction of the universal record sti�ness operator, τ is the
canonical trace in the �nite-factor approximation, and the paired susceptibility Mrec(R) enters
through the recovery-loss / record-susceptibility functional of the same defect (made explicit in
Section 11). In the purely algebraic setting the same formula denotes the trace-quadratic normal
form of the defect geometry, and the paired operator Gacc becomes the controlling object for
record propagation.

The named strain quantities are de�ned only as readout channels of KR. Factorization read-
out is the readout measuring failure of independent regional product structure. Coarse-graining
readout is the readout measuring irrecoverability under ER. Regional readout is the combined lo-
calization and access-defect readout over a partition. They are not independent primitive actions;
they are projections, restrictions, or approximations of one regional disturbance bookkeeping.

None of these refers to a parameter that �ows. Each is a static feature of the structure.

3.6 Substrate-level identi�cations

The substrate layer reads the following operational signatures as static features of the totality.

Space. The stable separability pattern of the substrate. When the regional disturbance has a
deep, well-separated minimum at a partition Π∗, the regions of Π∗ act as neighborhoods. Spatial
proximity is small information distance under the disturbance geometry Gacc; spatial extension
is the number and relation of stable independent regions.

Mass. Persistent localized disturbance. A stable substrate excitation at a region R is an
algebraic perturbation that persists under restricted automorphisms and increases KR relative
to a reference state. Its substrate-level mass readout is the local disturbance increment, weighted
through Krec, not an independent primitive charge.

Inertia. Resistance to algebraic support deformation. A persistent excitation has a �nite space
of identity-preserving deformations of its relational support. These are not translations through
pre-existing space; they are changes in which subalgebraic factors, joins, and support relations
are included in the observer-access cut. The Hessian of KR along this support-deformation
manifold is the inertial readout, controlled by Krec.

Gravity-like response. Connection variation of the same disturbance. A substrate with
a non-integrable connection sector exhibits loop holonomy whose response to localized distur-
bance is the substrate-level analog of gravitational sourcing. Variation of the paired sti�ness�
susceptibility geometry under connection deformations supplies the response channel.

Gauge phase. The holonomy of an internal automorphism sector. Local choices of phase
under an internal symmetry can disagree across overlapping regions; the closed-loop mismatch
is the gauge readout of the same connection-dependent disturbance geometry.

These are organizational identi�cations, not completed derivations. The substrate layer's
proposal is that these operational signatures are read more cleanly as di�erent faces of one
tenseless paired regional disturbance (Krec,Mrec) than as separately constructed phenomena.

3.7 Non-Abelian selection and the Wilson-defect criterion

The substrate-level criterion for when an internal connection sector must be non-Abelian, rather
than reducible to a U(1) phase ledger, is supplied by an algebraic compatibility condition on the
substrate's admissible coarsening transitions. The criterion applies to every internal automor-
phism sector of the substrate uniformly � gauge sectors, frame-bundle sectors of an internal

17



geometry, and any other compact internal automorphism group � and is invoked at the gauge-
sector recovery of Section 11.5 and at any substrate sector whose holonomy is read through
closed-loop transport.

Non-Abelian selection. The same recovery pattern also explains when a non-Abelian sector
is needed. Let edge transports take values in a compact group G, with

Uij ∈ G, Uji = U−1
ij .

For a loop γ = (i0, i1, . . . , in, i0), de�ne

Hγ = Ui0i1Ui1i2 · · ·Uini0 .

If all admissible coarsening transitions commute, an Abelian phase sector is su�cient. If there
are admissible low-disturbance coarsenings with

[TRS , TST ] ̸= 0,

then Abelian holonomy cannot represent the order-dependence of the regional join. The low-
disturbance stationary connection must then live in a noncommutative compact sector, and
closed-loop mismatch is measured by the conjugacy-invariant Wilson defect

Wγ = ℜTr(I −Hγ).

This does not derive the Standard Model. It gives a selection rule: non-Abelian holonomy is
recovered when algebraic coarsening itself contains noncommuting transport data that cannot
be encoded by U(1) phases.

4 Type II1 trace-quadratic normal form and cone recovery

The previous section closed the substrate layer with the paired bookkeeping (Krec,Mrec), the
master disturbance functional KR, and a list of substrate-level identi�cations. Before the ob-
server layer is introduced, two operator-algebraic results that are used repeatedly downstream
are recorded here. Both rely on tracial Type II1 geometry, both anchor multiple later derivations
to the same canonical trace, and neither requires any observer-side structure. Placing them here
removes the forward references on which Sections 8�9 and Section 15 silently relied in earlier
versions of this manuscript.

The �rst result, the Type II1 isotropic quadratic disturbance normal-form theorem, is the
structural reason the shared-generator argument of Section 9 produces a single canonical coef-
�cient rather than independent inertial, gravity-like, and gauge coe�cients. The second result,
the cone-recovery trace lemma, is the structural reason the three primitive spatial retrieval pro-
jections of the observer cut carry equal trace, and is the load-bearing hypothesis of the Drell-Yan
projection theorem of Section 15.10.

4.1 Conditional-expectation defects and the Type II1 isotropic quadratic dis-
turbance theorem

The quadratic paired-disturbance geometry adopted in the substrate layer should not remain
a bare physical postulate. A rigorous foundation result of the framework is that, in a real
�nite von Neumann factor, the proposed quadratic paired disturbance geometry is not merely a
matrix-proxy choice once an isotropic local defect sector is assumed. It is the local normal form
of a positive, trace-covariant, isotropic functional measuring the failure of regional conditional
expectations to compose over a join, and it controls both the sti�ness Krec and the susceptibility
Mrec through their common canonical trace.
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Let M be a Type II1 factor with faithful normal tracial state τ . Let A,B ⊂ M be von
Neumann subalgebras and let

C := A ∨ B

be the von Neumann algebra they generate. Since M is �nite, each von Neumann subalgebra
N ⊂ M admits a unique τ -preserving conditional expectation [12, 13]

EN : M → N .

The trace de�nes the noncommutative Hilbert space

L2(M, τ), ∥x∥22,τ := τ(x∗x),

and each EN extends to the orthogonal projection

PN : L2(M, τ) → L2(N , τ).

De�ne the regional join defect on the joined support by

DA,B := (PC − PAPB)|L2(C,τ).

Equivalently, for x ∈ L2(C, τ),
DA,Bx = x− EAEBx.

This defect measures the part of a joined regional perturbation that is lost or distorted when
the joined description is compressed sequentially through the two regional expectations.

Theorem 4.1 (Type II1 isotropic quadratic disturbance normal form). Let M be a Type II1
factor with trace τ , and let A,B ⊂ M be von Neumann subalgebras with C = A ∨ B. Then

σA,B(x) := ∥DA,Bx∥22,τ , x ∈ L2(C, τ),

is a positive, trace-intrinsic, internally unitarily covariant quadratic disturbance functional on
local support perturbations. Moreover, if a local disturbance functional F of the defect variable
satis�es

1. F (0) = 0;

2. F (y) ≥ 0 near y = 0;

3. F is twice Fréchet di�erentiable at 0;

4. F is invariant under trace-preserving internal unitary conjugacies; and

5. the local defect sector is isotropic, so no internal defect direction is assigned a preferred
sti�ness,

then its leading nonzero term has the form

F (DA,Bx) = c ∥DA,Bx∥22,τ + o(∥DA,Bx∥22,τ ), c ≥ 0.

If the disturbance readout is nondegenerate on the defect sector, then c > 0.

Proof. Because M is a Type II1 factor, τ is �nite, faithful, normal, and tracial. Hence

⟨x, y⟩2,τ := τ(y∗x)

de�nes a Hilbert-space inner product on L2(M, τ). For every von Neumann subalgebra N ⊂ M,
the τ -preserving conditional expectation EN is L2-contractive and extends to the orthogonal
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projection PN onto L2(N , τ). Therefore PA, PB, PC are orthogonal projections on L2(M, τ),
and DA,B is a bounded local defect operator on L2(C, τ). It follows immediately that

σA,B(x) = ⟨DA,Bx,DA,Bx⟩2,τ ≥ 0,

with equality precisely when DA,Bx = 0.
Let u ∈ M be a unitary implementing an internal relabeling of the regional data:

A 7→ uAu∗, B 7→ uBu∗, C 7→ uCu∗.

Since τ is tracial,
∥uxu∗∥22,τ = τ(ux∗xu∗) = τ(x∗x) = ∥x∥22,τ .

The expectations transform covariantly,

EuNu∗(uxu∗) = uEN (x)u∗,

so
DuAu∗,uBu∗(uxu∗) = uDA,B(x)u

∗.

Thus
σuAu∗,uBu∗(uxu∗) = σA,B(x),

which proves internal unitary covariance.
Now let F be any positive twice di�erentiable local disturbance functional of a defect variable

y with F (0) = 0. Since 0 is a local minimum, the �rst variation vanishes: DF (0) = 0. Taylor
expansion gives

F (y) = 1
2D

2F (0)[y, y] + o(∥y∥22,τ ).

The Hessian is a positive semide�nite quadratic form. Internal unitary covariance and local
isotropy rule out preferred directions in the defect sector; the only admissible leading quadratic
form is therefore a scalar multiple of the L2 inner product. Hence

D2F (0)[y, y] = 2c∥y∥22,τ

for some c ≥ 0. Setting y = DA,Bx proves the claim.

The theorem provides the substrate-level normal form used by the physical reading of the
paper [4, 5, 7]. The Type III1 case relevant to local relativistic quantum �eld theory remains
a modular version of this result: one must replace the trace geometry by the faithful-state
GNS/modular geometry [9, 10, 6, 69, 70] and control the existence or replacement of ω-preserving
expectations. But the �nite factor theorem already removes the main matrix-proxy objection:
quadratic paired regional disturbance is the local normal form of conditional-expectation defect
under standard stability and covariance hypotheses, and the canonical trace anchors both Krec

and Mrec to the same Hilbert�Schmidt geometry.

Corollary 4.2 (Shared disturbance geometry and composition independence). Assume the
Type II1 hypotheses above and let a persistent composite support be described by defect vari-
ables DX1,...,Xk

R,S for all relevant regional joins. If its total substrate disturbance is the sum of local
defect contributions,

ΣA(X1, . . . , Xk) =
∑

R,S⊂A

F
(
DX1,...,Xk

R,S

)
,

with the same positive, covariant local functional F satisfying Theorem 4.1, then every contri-
bution to the composite support enters through the same leading paired disturbance coe�cient
c:

ΣA = c
∑

R,S⊂A

∥DX1,...,Xk
R,S ∥22,τ + o

∑
R,S

∥DX1,...,Xk
R,S ∥22,τ

 .
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Therefore the inertial Hessian carried by Krec and the gravity-like connection variation of the
composite inherit one common trace-normalized disturbance geometry, and the record susceptibil-
ity carried by Mrec matches through the same canonical trace. Internal composition can change
the shape and magnitude of the defect, but it cannot introduce a second canonical coupling for
binding, kinetic, electromagnetic, or rest-like contributions.

Proof. Apply Theorem 4.1 to each local defect contribution. The same trace τ and the same
local normal form determine each leading quadratic term. Summing defects changes the total
quadratic form but not the source of its overall coe�cient. The inertial sti�ness and gravity-
like connection response are variational readouts of this same total disturbance with respect to
support and connection parameters, so they inherit the same local paired quadratic geometry.
Distinct composition-dependent couplings would require distinct canonical quadratic geometries
on the same defect sector, contradicting the single normal form under the stated covariance and
isotropy hypotheses.

This corollary is the paper's substrate-side version of composition independence. It says
that if all physical contributions enter as defects of one persistent regional support, then all
such contributions participate in the same paired disturbance geometry. The result does not
yet produce spacetime free fall, but it prevents the substrate from assigning one gravity-like
coe�cient to rest-like persistence and another to internal binding contribution. The recovered
free-fall statement is supplied downstream by combining this corollary with the observer-side
recovery of trajectories (Section 11.1 and Section 11.6).

Tracial limitation. The same Type II1 trace that makes Theorem 4.1 available also makes
modular �ow trivial:

στt = id.

Hence the Type II1 theorem cannot by itself generate Connes�Rovelli thermal time [24], ob-
server arrow, or Lorentzian kinematics. The allocation is explicit: Type II1 supplies a clean
substrate normal form and the shared-generator limit; nontrivial observer time and thermody-
namics require state-dependent modular structure on the observer-access side, or a future Type
III1 extension of the theorem.

4.2 Cone-recovery trace lemma

Forward reference and load-bearing role. This subsection establishes a second tracial
result that the observer layer and the charged-sector diagnostics rely on. The minimal observer-
access dimension theorem of Section 6.5 (Theorem 6.3) �xes the number of primitive spatial
access branches at b = 3 as a �ech-cohomological obstruction theorem on the projective cover.
It does not �x the record-support trace weights of the corresponding primitive retrieval pro-
jections e1, e2, e3 of Gacc|Σ3

obs
. The present subsection supplies the weights. The argument

proceeds in two steps: �rst, a substrate-stability selection that identi�es the Lorentz-recovering
sector as the unique ordinary-stable observer sector under �nite, nondegenerate, re�nement-
stable, branch-neutral record recovery; second, the trace lemma proper, which uses the spatial
subgroup of the Lorentz-recovery group to identify the primitive projections as a single orbit and
the substrate trace as preserved on it. The two steps are independent: the substrate-stability
selection identi�es which ordinary observer sector is recovered, and the trace lemma extracts the
weight equivalence within that sector.

Substrate-stability selection. An ordinary-stable observer sector is one in which the recov-
erable record geometry, read through the paired bookkeeping (Krec,Mrec), satis�es four condi-
tions: (1) �niteness, a �nite generalized record-speed bound c2∗ = λmin(Gacc) < ∞, excluding
instantaneous/Galilean sectors; (2) nondegeneracy, a nonzero and well-de�ned spectrum of Gacc
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on the access support, excluding collapsed or disordered sectors; (3) re�nement stability, the
property that observer readouts converge under admissible re�nements of the access cut, where
an admissible re�nement is a trace-preserving conditional-expectation enlargement Eλ → Eλ′

with Aλ ⊂ Aλ′ preserving the paired form (Krec,Mrec); (4) branch neutrality, the property that
no primitive spatial retrieval branch is invariantly distinguished by an admissible re�nement,
equivalently that for any pair ei, ej of primitive projections there exists an admissible re�nement
under which they are exchanged. Sectors failing (1) or (2) are excluded as non-recovering; sectors
failing (3) are excluded as re�nement artifacts; sectors failing (4) are excluded as branch-marked
anisotropic sectors. The remaining sector is the ordinary-stable observer sector. The Lorentz-
recovery program of Section 11.3 is the construction of the access cone for this sector, and the
existence and irreducibility of the spatial subgroup Gsp ⊂ GLor(Σobs) used in Theorem 4.3 below
is the operator-algebraic content of conditions (3) and (4) in the recovered sector.

The Type II1 normal-form theorem �xes the local quadratic geometry of conditional-expectation
defects but says nothing about how primitive spatial retrieval supports are distributed across the
spatial-access layer. A second operator-algebraic result, conditional on the framework's Lorentz-
recovery program (Section 11.3), forces the primitive trace weights to be equal. This subsection
states and proves that result.

Setup. Let Σobs = Sobs ⊕ τobs be the minimal (b, d) = (3, 4) observer cut of Section 6.6.
Let Gacc = M

−1/2
rec KrecM

−1/2
rec be the generalized record operator and let Gacc|Sobs

denote its
restriction to the spatial-access layer. The primitive stable spatial-retrieval projections are the
minimal nonzero spectral support projections of Gacc|Sobs

, denoted

e1, e2, e3, eiej = 0 for i ̸= j, e1 + e2 + e3 = 1R3 .

The �nite trace algebra they generate is

R3 := Alg{e1, e2, e3}.

This is the retrieval-support algebra induced by the spatial-access layer through the paired
bookkeeping. It is distinct from Sobs itself (the geometric/projective access layer) and from the
seven-element projective cover used in the projective access-cover theorem of Section 15.8. The
primitive cyclic obstruction Ωijk of De�nition 6.1 and the primitive retrieval projections ei of the
present setup are di�erent objects on the same three-branch cover: Ωijk is the gauge invariant
of the projective transition data and lives in the central phase group A, while ei is a spectral
support projection of the paired record operator and lives in R3. The branch count b = 3 is
common to both and is �xed by Theorem 6.3; the weight τ(ei) is the object of the present
lemma.

The Lorentz-recovery group. Inside the framework, the Lorentz-recovery group is not the
Lorentz group acting abstractly on an external spacetime. It is the group of automorphisms of
the recovered observer support that preserve the structures de�ning the recovered record cone:

GLor(Σobs) := { g ∈ Aut(Σobs) : g∗Gaccg = Gacc, τ(g e g
−1) = τ(e) for admissible retrieval projections e }.

Equivalently, GLor(Σobs) is the group of admissible observer-frame transformations that preserve
the paired record ratio, the recovered cone, and the trace state on admissible record supports.
The recovered Lorentz kinematics of Section 11.3 is the existence and identi�cation of GLor(Σobs)
as a nontrivial Lorentz-like group; the present lemma uses only its existence, not its full structure.

The spatial subgroup. The equal-trace argument needs only the spatial part of GLor(Σobs).
Let

Gsp ⊂ GLor(Σobs)
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denote the subgroup that �xes the record-ordering coordinate τobs and acts on Sobs. In an
ordinary Lorentz-recovered observer layer, Gsp is the recovered spatial-rotation group, e�ectively
SO(3) or its admissible representation on primitive retrieval supports.

Theorem 4.3 (Cone-recovery trace lemma). Let R3 = Alg{e1, e2, e3} be the primitive retrieval-
support algebra de�ned above, with the trace τ inherited from the substrate Type II1 factor. Sup-
pose the observer layer recovers a Lorentz-like record cone in the sense that the spatial subgroup
Gsp ⊂ GLor(Σobs) exists, acts on Sobs irreducibly, and preserves the record-support trace. Then
the three primitive retrieval traces are equal:

τ(e1) = τ(e2) = τ(e3).

Proof. The primitive projections ei are generated as spectral support projections of Gacc|Sobs
,

so any Gsp-invariant proper subset of {e1, e2, e3} generates a Gsp-invariant proper subalgebra
of R3, which corresponds to a Gsp-invariant proper subspace of Sobs. By irreducibility of the
Gsp action on Sobs, no such proper invariant subspace exists, so no proper Gsp-invariant subset
of {e1, e2, e3} exists. Hence the primitive projections form a single Gsp-orbit. For any pair
ei, ej there exists g ∈ Gsp with geig−1 = ej . By trace preservation, τ(ej) = τ(geig

−1) = τ(ei).
Applying this for all pairs gives τ(e1) = τ(e2) = τ(e3).

Remark 4.4 (Trace preservation as a Type II1 consequence). Trace preservation τ(geg−1) = τ(e)
for admissible record supports does not need to be imposed as a separate hypothesis on Gsp. The
substrate is a Type II1 factor on which the trace state τ is unique up to a positive scalar; every
normal ∗-automorphism of a Type II1 factor preserves the trace [4, 5]. Once Gsp is identi�ed
as a group of normal ∗-automorphisms of the retrieval-support algebra R3 inherited from the
substrate, trace preservation on R3 follows automatically, and the trace-preservation clause in
the de�nition of GLor(Σobs) is a consistency condition rather than an additional postulate.

Scope of the lemma and its dependency. Theorem 4.3 establishes equal-trace equivalence
of the three primitive spatial retrieval projections conditional on the existence and irreducibility
of the spatial Lorentz-recovery subgroup Gsp acting on Sobs. The recovered Lorentz kinematics
of Section 11.3 is the framework's commitment that GLor(Σobs) is nontrivial and that its spatial
subgroup is e�ectively SO(3)-like with irreducible three-dimensional action. If the cone-recovery
program of Section 11.3 closes, the hypotheses of Theorem 4.3 are satis�ed and equal trace follows.
If it does not close, both Section 11.3 and Theorem 4.3 share the same residual gap: they require
the framework's full Lorentz-recovery derivation, listed as continuation work in Section 21. The
lemma is therefore conditional in exactly the same sense as the existing Lorentz-recovery result;
it does not introduce a new framework hypothesis.

Use of the lemma. Theorem 4.3 is used in Section 15.10 as one of three hypotheses in the
conditional Drell-Yan projection theorem, where equal trace of the primitive spatial retrieval pro-
jections is the structural prerequisite for the channel-weight ratio to take a �xed value. Other
future applications � to gravity-side channel structures, to Drell-Yan analogs at other observ-
ables, and to any precision diagnostic whose channel weight depends on primitive spatial-retrieval
support equivalence � will use the same lemma.

Forward use as a predictive tool. The Type II1 normal-form theorem and the Schur-
complement reduction machinery developed in this section are used for the �rst time as a pre-
dictive tool in Section 5, which identi�es the mass-shape sector of (Krec,Mrec) and applies the
visible�hidden Schur decomposition to derive closed-form predictions for the tau and baryonic
mean access ratios under named selection rules. That section is the immediate downstream
consumer of the substrate normal form; the observer-layer development of Section 6 and the
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metrological completion of Section 7 carry the predictive content of the mass-shape sector into
laboratory-comparable form.

5 Projective-access multiplicity rules and the mass-shape sector

The substrate-layer normal form of Section 4 establishes that the paired bookkeeping (Krec,Mrec)
admits a Type II1 trace-quadratic structure, and that conditional-expectation defects in this
geometry can be diagnosed by Schur-complement reductions on the defect Hilbert space. The
present section uses that machinery for the �rst time as a predictive tool: it identi�es a structural
sector of (Krec,Mrec) � the mass-shape sector � whose dominant readouts compress under a
small set of selection rules into a closed-form prediction for the charged-leptonic and baryonic
mean access ratios.

The construction is intentionally limited in scope. The section produces a core lemma (The-
orem 5.8) covering the tau and baryonic mean access ratios as structural consequences of the
framework's substrate geometry, and a separate provisional extension (Section 5.7) covering the
muon access ratio under an additional rule whose derivation remains open. The cleaning of the
underlying mathematics � in particular, the projective-access ladder lemma (Lemma 5.3) �
is stated in provisional form, with an explicitly named derivation target attached. The section
closes with a falsi�er statement and a list of named proof obligations.

This section is the �rst in which the substrate normal form is applied as a tool rather than
developed as a target. It uses the substrate's Type II1 Schur-complement machinery (Section 4),
the four-axis observer-access lattice d = 4 that will be established stably in Section 6 (anticipated
here through the count dim(Σ3

obs) + 1 = 4 of Section 2.3), and the normalized access capacity
A = α−1 produced by the charged-sector Schur �ne-structure diagnostic of Section 15. Its
predictive readouts rτ , rB, and (provisionally) rµ are Level-4 dimensionless invariants in the
sense of the observer metrological completion of Section 7; they become laboratory-comparable
mass ratios under that completion.

5.1 Visible�hidden Schur architecture

The defect Hilbert space underlying (Krec,Mrec) decomposes into a visible block on which ob-
server cuts can read e�ective sector operators, and a hidden block that contributes to those
operators only through Schur complementation.

De�nition 5.1 (Visible�hidden decomposition of the substrate). A visible�hidden decomposition
of the substrate bookkeeping is an orthogonal splitting

Hphys = Hvis ⊕Hhid,

under which the paired operators take the block form

Krec =

(
Kvis BK

B∗
K Khid

)
, Mrec =

(
Mvis BM

B∗
M Mhid

)
,

with Kvis,Mvis acting on the visible block, Khid,Mhid on the hidden block, and BK , BM the
o�-block couplings. The e�ective visible operator is the Schur reduction

Aphys = Kvis − BK K−1
hidB

∗
K ,

under the gauge Mvis = Ivis, Mhid = Ihid, BM = 0.

The visible�hidden decomposition is not a new substrate axiom; it is the application of the
substrate normal form of Section 4 to a chosen visible block. Di�erent choices of visible block
produce di�erent e�ective operators Aphys. The selection rules below restrict the choice of hidden
block to those with minimum rank consistent with the framework's predictive scope.
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Remark 5.2 (Susceptibility gauge). The choice Mvis = I, Mhid = I, BM = 0 places the entire
nontrivial defect structure into Krec. This is a working gauge, not a substrate axiom. In any
other susceptibility gauge the same e�ective operator Aphys is produced; the gauge �xes the
operator-theoretic representation, not the predictive content. We adopt this gauge throughout
the section to avoid carrying redundant indices.

5.2 Projective-access ladder lemma (provisional form)

Let A = α−1 denote the normalized visible access capacity of the charged-sector observer (Sec-
tion 15, where α is the framework's predicted �ne-structure constant). A is not an independent
input; it is the Level-1 invariant of the charged-sector Schur diagnostic.

Lemma 5.3 (Projective-access ladder, provisional form). Assume that an unresolved hidden
access mode is not an independent trace contribution but a projective phase defect of the same
access channel as A. Under the projective-access normalization used in this section, one un-
resolved projective phase contributes a suppression factor 1/π. The �rst two hidden projective
modes therefore contribute

Π1 = A/π, Π2 = A/π2.

Lemma 5.3 is stated in provisional form: the factor 1/π is treated as a normalization lemma
rather than a derived theorem. A derivation would require specifying the projective access space,
its invariant measure, and the precise averaged Schur kernel whose normalized integral equals
1/π.

Principle 5.4 (Derivation target for the projective ladder). There exists a projective access
space P, an observer-compatible invariant measure dµP on P, and a normalized Schur access
kernel κproj : P → R≥0, such that ∫

P
κproj dµP =

1

π
.

If the same averaging operates independently on each unresolved projective mode, the kth-
order unresolved projective access contributes A/πk, and the ladder of Lemma 5.3 extends to
Πk = A/πk for all k ≥ 1.

The shape of the framework's commitment to Lemma 5.3 is therefore: the existence of a
projective phase space with these properties is a structural prediction of the substrate normal
form; the speci�c value 1/π per unresolved mode is a normalization lemma whose derivation is
named here and is one of the central open problems of the program (cf. Section 5.9).

5.3 Second-order projective closure

The hidden block of the mass-shape sector is restricted to the �rst two projective modes by a
closure condition on the visible�hidden decomposition.

Principle 5.5 (Second-order projective closure). The mass-shape sector is the visible�hidden
decomposition in which the visible block carries the charged-sector mass-access readouts and
the hidden block retains only the �rst two unresolved projective modes,

Hmass
hid = span(h1, h2), dimHmass

hid = 2,

contributing Π1 and Π2 respectively. Higher unresolved projective modes hk with k ≥ 3 are
assigned to separate boundary-obstruction sectors and do not enter the mass-shape e�ective
operator.
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This is a structural restriction on the visible block, not a numerical truncation: the magni-
tude Π3 ≈ 4.4 is not negligible by itself, but the mass-shape sector is de�ned as the minimal
projectively-closed visible�hidden block. The assignment of higher projective modes to separate
sectors is consistent with the framework's general practice of decomposing into minimal closed
blocks rather than carrying all available structure in one block.

5.4 Sector multiplicity and sign rules

The visible block of the mass-shape sector contains the access traces of the charged-leptonic
excitations and the baryonic mean. The coe�cients with which A, Π1, and Π2 enter each access
ratio are determined by support counts over the observer-access lattice.

The framework's observer-access dimension is d = 4, comprising the three projective spatial
directions of Σ3

obs and the one record-ordering coordinate τobs (Section 2.3). The natural integer
support counts on a four-axis lattice are:

� the full ordered support 4! = 24 (all permutations of the four axes),

� the nonempty subset support 24 − 1 = 15 (all nonempty subsets of the four-axis support),

� the pure-axis support 4 (one boundary per axis),

� the pure-axis-plus-scalar support 4 + 1 = 5 (four axes plus the common scalar closure).

These four counts are the dimensional invariants of the four-axis observer-access lattice. The
selection rules below assign each to a speci�c sector readout.

Principle 5.6 (Sector multiplicity rules). On the mass-shape visible block, sector access trace
multiplicities are assigned by observer-access support type:

(M1) Tau sector. The fully excited charged-leptonic support carries the full four-axis ordered
support trace (4! = 24 units of A), four �rst-projective boundary defects (4 units of Π1),
and one terminal second-projective closure defect (1 unit of Π2).

(M2) Baryonic mean sector. The symmetric baryonic support occupies the nonempty subset
support of the four-axis lattice (24 − 1 = 15 units of A), and its pure-axis plus scalar
closure modes relax through the �rst projective hidden boundary (4 + 1 = 5 units of Π1).

The sign with which each hidden defect enters the e�ective visible operator is determined by
whether the hidden block dresses or relaxes the visible support.

Principle 5.7 (Schur sign rule). Additive Schur defects (+BKK
−1
hidB

∗
K) describe dressing : the

hidden block adds support to a visible sector that does not already saturate its observer-access
support type. Subtractive Schur defects (−BKK

−1
hidB

∗
K) describe relaxation: the hidden block

removes redundant support from a visible sector whose observer-access support type already
over-counts. Charged-leptonic excitations are dressed; the baryonic mean is relaxed.

The structural distinction is that tau and muon are sequential charged-leptonic excitations
(their observer-access support is built up by ordered traversal of the access lattice and admits
further dressing), while the baryonic mean is a composite occupancy sector (its observer-access
support is the full nonempty-subset lattice, which over-counts the pure-axis and scalar modes
that must therefore be relaxed away).
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5.5 Core lemma: tau and baryonic mean

The lemmas and rules of Sections 5.2 to 5.4 compose into a closed-form prediction for two of
the three mass-shape access ratios.

Theorem 5.8 (Two-mode projective access core lemma). Let A = α−1 be the normalized visible
access capacity of the charged-sector observer, and let Π1 and Π2 be the �rst two projective hidden
contributions of Lemma 5.3. Under Principle 5.5 (second-order projective closure), Principle 5.6
(sector multiplicity rules), and Principle 5.7 (Schur sign rule), the tau and baryonic mean access
ratios are

rτ = 4!A + 4Π1 + Π2,

rB = (24 − 1)A − (4 + 1)Π1,

where rτ = mτ/me and rB = (mp +mn)/(2me) are the access trace ratios of the tau lepton and
the symmetric baryonic mean, respectively.

Proof. The visible block of the mass-shape sector carries the access traces {rτ , rB} in the dressing
gauge of Remark 5.2. By Principle 5.5, the hidden block is two-dimensional, with modes h1 and
h2 contributing Π1 and Π2 respectively. By Principle 5.6(M1), the tau visible support carries
4! = 24 units of A, with hidden couplings of multiplicity 4 to h1 and 1 to h2. By Principle 5.7, the
tau hidden contributions are additive, so the e�ective tau access ratio is the sum 4!A+4Π1+Π2.
By Principle 5.6(M2), the baryonic mean visible support carries 24 − 1 = 15 units of A, with
hidden coupling of multiplicity 4 + 1 = 5 to h1. By Principle 5.7, the baryonic mean hidden
contribution is subtractive, so the e�ective baryonic mean access ratio is (24−1)A−(4+1)Π1.

The proof composes the selection rules of Sections 5.2 to 5.4. Each rule is named, and each
is open to derivation from deeper substrate axioms. Theorem 5.8 is the strongest form in which
the framework currently makes the tau and baryon predictions; sharpening the rules into derived
theorems is one of the central continuations of the program (Section 5.9).

5.6 Numerical diagnostics

The numerical content of Theorem 5.8 is assembled in Table 1, using the CODATA 2022 value
α−1 = 137.035999177 as input.

Sector Predicted Measured Relative error

rτ = 4!A+ 4Π1 +Π2 3477.228283 3477.23(24) ∼ 5× 10−7

rB = (24 − 1)A− 5Π1 1837.440421 1837.418168 1.21× 10−5

Table 1: Numerical content of Theorem 5.8. The tau measured value uses mτ =
1776.86(12)MeV, me = 0.51099895MeV, giving rτ = 3477.23 ± 0.24; the parenthesized uncer-
tainty is on the last two digits. The baryon measured value uses the CODATA proton/electron
and neutron/electron mass ratios.

The tau prediction sits within the experimental uncertainty on mτ at the central-value
level, with predicted�measured residual two orders of magnitude smaller than the measurement
uncertainty itself. The baryon prediction has residual ∼ 10−5, comparable to the precision goals
of typical phenomenological mass formulas in the charged sector.

5.7 Provisional extension: muon access ratio

The muon access ratio admits a closed-form expression in the same projective ladder, but the
coe�cient structure requires an additional rule that is not part of the core lemma.
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Principle 5.9 (Branch-pair averaging rule (provisional)). The �rst nontrivial charged-leptonic
excitation carries a three-branch support modulo projective orientation, contributing (3/2)A
to the visible block. Its �rst projective defect couples to the hidden mode h1 averaged over
branch-pair observer channels, producing the suppression coe�cient

1

32 · 4
=

1

36
.

Under Principle 5.9, the muon access ratio is

rµ =
3

2
A +

Π1

36
,

with rµ = mµ/me the muon-to-electron access ratio. Numerically, rµ,pred = 206.765663 against
the measured rµ,exp = 206.768283, a relative residual of 1.27× 10−5.

Principle 5.9 is �agged as provisional and is not part of the core lemma. The combinatorial
reading 36 = 32·4 is compatible with the framework's b = 3 branch structure (Section 15) and the
four-axis observer-access lattice, but several alternative decompositions of 36 are possible, and
the speci�c assignment �branch-pair observer channels� has not been derived from the substrate
side. The muon line is therefore included in this section as a structural candidate rather than
as a structural prediction, and it does not enter the core lemma's predictive content.

Remark 5.10 (Asymmetric reliance on the rules). The tau and baryon predictions of Theorem 5.8
rely only on the natural integer support counts of the four-axis observer-access lattice (4!, 24−1,
4, 5, 1). The muon prediction of Section 5.7 additionally requires the branch-pair averaging
coe�cient 36 = 32 · 4. The asymmetry is structural, not stylistic: tau and baryon are pinned
to the dimensional invariants of the access lattice; the muon coe�cient requires a separate
structural rule. Until Principle 5.9 is derived from a substrate-side argument, the muon line
should be read as a constraint on the framework's open program rather than as a con�rmed
prediction.

5.8 Falsi�er and predictive scope

The core lemma supplies a sharp falsi�er on the tau mass.

Proposition 5.11 (Tau-sector falsi�er). Theorem 5.8 predicts

rτ = 4!A+ 4Π1 +Π2 = 3477.22828± δ,

where δ tracks the propagated uncertainty from α−1 (CODATA: δ ∼ 10−8) and is therefore
negligible relative to current experimental tau-mass uncertainty. If improved measurements of
mτ/me place its central value outside the interval [3477.225, 3477.231], the core lemma in the
form of Theorem 5.8 is falsi�ed.

The baryon prediction is similarly constrained but with a wider current residual; its falsi�er
interval is approximately [1837.40, 1837.48], with the prediction sitting near the upper edge.

A failure of either falsi�er would not invalidate the substrate normal form of Section 4 or
the metrological completion of Section 7; it would falsify the speci�c combination of selection
rules in Theorem 5.8. The framework's commitment is to the combination, not to each rule
independently.

5.9 Open problems and named proof obligations

The section's predictive content rests on �ve named open problems. Each is a derivation target
from substrate-level axioms.
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(O1) Projective-access ladder derivation. Identify the projective access space P, the invariant
measure dµP , and the averaged Schur kernel κproj such that

∫
P κproj dµP = 1/π as in

Principle 5.4. This pins Lemma 5.3 as a theorem rather than a normalization lemma.

(O2) Closure condition. Derive Principle 5.5 from a substrate-side minimality principle on the
visible�hidden decomposition. The mass-shape sector should be identi�ed as the unique
closed visible�hidden block under a speci�ed completeness criterion, rather than chosen by
convention.

(O3) Support-type assignment. Derive Principle 5.6: show that the tau visible support is ordered
(4!) and the baryonic mean visible support is subset (24−1) from the framework's existing
sector classi�cation, rather than imposed by the multiplicity rule.

(O4) Schur sign rule. Derive Principle 5.7 from a substrate-level positivity criterion. The
framework should explain why charged-leptonic dressings are additive while baryonic mean
defects are subtractive, in terms of the Schur complement structure on the visible block.

(O5) Branch-pair averaging rule. Derive Principle 5.9 (the muon coe�cient 1/36) from the
b = 3 branch structure and the four-axis observer-access lattice, or determine that no
such derivation exists and treat the muon line as a separate sector requiring independent
structural input.

Each open problem is a target of the framework's continuation program. Pinning any one
of them as a derived theorem strengthens the section's overall standing; resolving (O1) elevates
Lemma 5.3 to a derived ladder and locks the projective normalization that the whole section
depends on. Pinning all �ve would convert Theorem 5.8 into a theorem with all premises derived
from substrate axioms.

5.10 Section status

The mass-shape sector is the �rst section in which the framework's substrate normal form (Sec-
tion 4) and the observer-access lattice (Section 2.3, Section 6) compose into a concrete predictive
readout. Its claim status, in the manuscript's claim-status taxonomy (Section 10), is mixed:

� Structural claims: The visible�hidden Schur decomposition (De�nition 5.1) is a direct ap-
plication of the substrate normal form and is not itself open.

� Provisional lemmas: The projective-access ladder (Lemma 5.3) is stated in provisional form
with derivation target (O1) named.

� Selection rules: The closure condition (Principle 5.5), multiplicity rule (Principle 5.6), and
sign rule (Principle 5.7) are selection rules with derivation targets (O2)�(O4) named.

� Core lemma: The tau and baryonic mean predictions (Theorem 5.8) are theorems modulo
the selection rules.

� Provisional extension: The muon prediction (Section 5.7) depends additionally on (O5) and
is not part of the core lemma.

� Falsi�er: Proposition 5.11 is a sharp test on the tau prediction with named interval.

This strati�cation is the section's safeguard against numerological misreading: every coef-
�cient has an assigned structural origin, every structural origin has a named open derivation
target, and the predictive claim is the composition of the rules under those targets rather than
an independent �t to the data.
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6 The observer layer

The observer layer represents the experiential side of physics. It proposes that what observers
call temporal order, the arrow of time, motion, and collapse are features of a memory-bearing
access structure

O = (Λ,⪯, {Aλ}, {Mλ}),

where Λ is a directed set of access labels, Aλ ⊆ W is the accessible subalgebra at label λ, and
Mλ ⊆ Aλ is the subalgebra of stable, decohered records at λ. The order ⪯ is derived from
record-recoverability: λ ⪯ µ when records at µ permit recovery of records at λ via a reverse
channel.

6.1 Two primitive operations and one stability criterion

An observer performs two primitive access operations: cut and accumulate. Record persistence
is not a third free operation; it is an admissibility criterion imposed by the paired substrate
disturbance barrier.

Cut. At each label λ, the observer selects a conditional expectation Eλ : W → Aλ. The
substrate state ω is not modi�ed by the cut; what changes is the observer's accessible marginal.
In the strengthened junction formulation, the cut is not only a restriction of attention but the
�rst map in a modular embedding:

(W, τ,Krec,Mrec)
Eλ−−→ (Aλ, ϕλ)

πϕλ−−→ Mobs
λ := πϕλ

(Aλ)
′′.

The observer's e�ective time appears at this junction when ϕλ is faithful and nontracial, because
the represented algebra then carries the modular automorphism group [9, 10] σϕλ

t . The substrate
has not begun to evolve; rather, the observer has acquired a nontrivial modular �ow on the
algebra through which the substrate is represented.

Accumulate. The observer's record subalgebra grows along ⪯. Once acquired, records are
not erased: λ ⪯ µ implies Mλ ⊆ Mµ up to controlled error.

6.2 Local entropy-maximizing observer state

The observer cut is not an external agent placed on top of the substrate. For each access algebra
Aλ, the observer-e�ective state is the least-biased state compatible with the records already
stabilized in Mλ. In �nite approximants one may write this as

ϕλ = arg max
ϕ∈S(Aλ)

{S(ϕ) : ϕ(m) = ω(m) for all m ∈ Mλ} ,

with additional conserved record constraints included when present. Thus nontracial observer
data are induced by partial access and record constraints, not introduced as an independent
physical substance. If ϕλ is faithful and nontracial, its modular automorphism group supplies
an intrinsic scale on the accessible algebra. The operational order, however, remains the inclusion
order of stable records.

6.3 Inclusion index

The label λ is not primitive substrate time. It is an index of inclusion for stable access:

Aλ1 ⊆ Aλ2 ⊆ · · · , Mλ1 ⊆ Mλ2 ⊆ · · · ,
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up to the controlled recovery errors permitted by the observer budget. The word �later� therefore
means: represented at a larger or more informative stable record algebra, not located at a later
point in substrate time. When a faithful nontracial observer state is present, the associated
modular automorphism parameter gives an intrinsic scale for this record order; the operational
order itself is the inclusion chain.

6.4 Stability criterion

Record persistence is not left as a purely free observer postulate. A candidate record must be
supported in a region whose erasure requires crossing a disturbance barrier generated by the
paired (Krec,Mrec) geometry. For a record support R, write

Rec(R) = 1 ⇐⇒ ∆Kerase(R) ≥ Θrec,

or, in a coarse threshold form,
σrecR := Φrec(KR) ≥ σrec.

Here σrecR is not an independent primitive functional; it is the record-stability readout of the
paired master disturbance. The monotone record condition Mλ ⊆ Mµ is then interpreted as an
observer-access rule restricted to high-barrier supports: records are stable because admissible
low-disturbance updates cannot erase them without crossing the substrate sti�ness threshold
supplied by Krec relative to the susceptibility cost supplied by Mrec.

6.5 Minimal stable observer-access dimension

Admissible observer readouts are locally organized by a 3+1-dimensional access geometry. This
is not a spacetime postulate imposed on the substrate. Its status in the framework is �xed by
an algebraic theorem on the observer cut: 3+1 is the minimal stable form of a memory-bearing
projective cut, where �minimal� is read as the smallest branch count carrying a non-removable
projective obstruction. The geometric language (orientation, parallax, occlusion) is recovered
downstream as an interpretation of this obstruction; it is not the argument.

Predictive use of the dimension count. The minimal observer-access dimension estab-
lished here is the structural input to the sector multiplicity rules of Section 5: the integer
support counts 4! = 24, 24 − 1 = 15, 4, and 5 that �x the tau and baryonic mean mass-shape
coe�cients in the two-mode projective-access core lemma are direct combinatorial invariants of
the four-axis lattice (b, d) = (3, 4) of this subsection. The substrate's commitment to a four-axis
observer-access lattice and its commitment to those speci�c mass-shape coe�cients are therefore
not independent inputs.

The observable projective structure of an access cover. Let an observer-access cover of
Σ3
obs have b primitive branches, represented by mutually orthogonal projections

p1, . . . , pb, pipj = 0 for i ̸= j,
b∑

i=1

pi = 1Σ3
obs
.

The raw projective cover indexes the nonempty branch supports pI =
∑

i∈I pi for ∅ ̸= I ⊆
{1, . . . , b}, of which there are 2b − 1. The observer-relevant content of the cover is not the raw
support family but its quotient by branch-local relabeling and projective phase, formalized as
follows.

De�nition 6.1 (Projective transition data). Let A be an Abelian gauge group (the relabel-
ing/phase group of the cover; in the framework's central-phase reading A = U(1)). A projective
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transition datum on the cover is a family uij ∈ A de�ned for ordered pairs i ̸= j with uji = u−1
ij .

A branch-local gauge transformation is a family gi ∈ A acting by

uij 7−→ gi uij g
−1
j .

For each ordered triple i, j, k of distinct branches, the primitive cyclic obstruction on {i, j, k} is

Ωijk := uij ujk uki.

A direct computation shows that Ωijk is invariant under branch-local gauge: for any choice
of g1, . . . , gb,

(giuijg
−1
j )(gjujkg

−1
k )(gkukig

−1
i ) = gi uijujkuki g

−1
i = uijujkuki,

the last equality by abelianness of A. Thus Ωijk descends to the projective quotient.

De�nition 6.2 (Non-removable projective closure). An access cover with b primitive branches
admits non-removable projective closure if the projective quotient supports a gauge-invariant
cyclic obstruction Ωijk that is not forced to be trivial by the structure of the cover.

Theorem 6.3 (Minimal non-removable projective closure). Let b denote the number of primitive
branches of an observer-access cover with projective transition data taking values in an Abelian
gauge group A. Then:

(i) b = 1 admits no relational projective datum; the projective quotient is trivial.

(ii) b = 2 carries only a single pairwise transition u12, which is removable: there exists a
branch-local gauge gi such that g1u12g

−1
2 = 1A.

(iii) b = 3 admits a non-removable gauge-invariant cyclic obstruction Ω123 ∈ A.

(iv) For b ≥ 4, the gauge-invariant content of the cover is determined entirely by the family
{Ωijk}1≤i<j<k≤b of triangle obstructions, subject to the tetrahedral relation

Ωjkl Ω
−1
ikl Ωijl Ω

−1
ijk = 1A (1 ≤ i < j < k < l ≤ b).

No new independent obstruction arises at multi-overlap level ≥ 4.

Hence the minimal b at which a non-removable projective obstruction �rst appears is b = 3.
Covers with b ≥ 4 are composite re�nements built from triangle obstructions and are nonminimal
as primitive observer supports.

Proof. For (i), with one branch the cover is {p1} and there is no pair (i, j) on which a transition
datum is de�ned; the projective quotient is empty of relational content.

For (ii), the only transition is u12. Choose g1 = u−1
12 , g2 = 1A. Then g1u12g−1

2 = u−1
12 u12 =

1A. There are no triples on {1, 2}, so no Ω exists. Every two-branch transition is therefore a
coboundary of a 0-cochain and the quotient is trivial.

For (iii), Ω123 = u12u23u31 is gauge-invariant by the computation above. It is not forced to
take the value 1A by any constraint of the cover: any element of A can be realized as Ω123 by
appropriate choice of u12, u23, u31 (e.g. u12 = a, u23 = u31 = 1A gives Ω123 = a). Hence Ω123 is
a genuine gauge-invariant degree of freedom.

For (iv), the cover is the nerve of a b-element index set, combinatorially a (b − 1)-simplex.
Projective transition data are A-valued 1-cochains on this simplex; branch-local gauge trans-
formations are 0-cochains acting by �ech coboundary. The cyclic obstructions Ωijk are the
2-cochain δu. For any 4-element subset {i, j, k, l}, the four triangles {jkl}, {ikl}, {ijl}, {ijk}
bound the tetrahedron {ijkl}, and the identity δ(δu) = 0 at the 3-simplex level gives exactly
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the tetrahedral relation displayed. Since the (b − 1)-simplex is contractible, Ȟn(∆b−1;A) = 0
for n ≥ 1, so no nontrivial gauge invariants exist beyond what is captured by the cocycle struc-
ture on triangles: every higher multi-overlap invariant is a combination of triangle obstructions
modulo the tetrahedral relations. In particular, at b = 4 there are four triangle obstructions
and one tetrahedral relation, giving three independent invariants, all of which are triangle ob-
structions. No invariant of multi-overlap order ≥ 4 exists. Hence b = 3 is minimal, and b ≥ 4 is
composite.

Lemma 6.4 (Four-branch decomposition by explicit cancellation). Let four primitive branches
1, 2, 3, 4 carry pairwise transitions uij valued in an Abelian group A, with uji = u−1

ij . De�ne the
four triangular cyclic obstructions

Ω123 = u12u23u31, Ω124 = u12u24u41, Ω134 = u13u34u41, Ω234 = u23u34u42,

corresponding to the four faces of the simplex on {1, 2, 3, 4}, each oriented as i → j → k → i
with i < j < k. Then the tetrahedral coboundary is trivial:

Ω234Ω
−1
134Ω124Ω

−1
123 = 1A.

Proof. Substitute the de�nitions and expand each inverse using abelianness of A:

Ω234Ω
−1
134Ω124Ω

−1
123 = (u23u34u42) (u

−1
41 u

−1
34 u

−1
13 ) (u12u24u41) (u

−1
31 u

−1
23 u

−1
12 ).

Tabulate the transition factors appearing in the product, using the antisymmetry uji = u−1
ij to

identify each factor with one of the six ordered pairs {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}:

Pair Net contribution to the product
(1, 2) u12 (from Ω124) · u−1

12 (from Ω−1
123) = 1A

(1, 3) u−1
13 (from Ω−1

134) · u13 (from u−1
31 in Ω−1

123) = 1A
(1, 4) u−1

41 (from Ω−1
134) · u41 (from Ω124) = 1A

(2, 3) u23 (from Ω234) · u−1
23 (from Ω−1

123) = 1A
(2, 4) u−1

24 (from u42 in Ω234) · u24 (from Ω124) = 1A
(3, 4) u34 (from Ω234) · u−1

34 (from Ω−1
134) = 1A

Each of the six edges contributes one factor with positive orientation and one with negative
orientation. The product is 1A by abelianness.

The Four-Branch Decomposition Lemma is the explicit veri�cation, by pairwise cancellation,
of the tetrahedral relation stated abstractly in part (iv) of Theorem 6.3. The general b ≥ 4 case
follows by applying Lemma 6.4 to each 4-element subset of branches.

Remark 6.5 (Cohomological framing). The argument above is the standard reading of projective
transition data as a �ech 1-cochain with coe�cients in A on the nerve of the cover, with branch-
local gauge as the 0-coboundary action and cyclic obstructions as the resulting 2-cocycle δu.
The theorem is the specialization of that machinery to a �nite simplicial nerve. The abelianness
of A is essential to the precise decomposition statement in part (iv); a non-Abelian gauge
group would yield a non-Abelian Ȟ1 classi�cation with higher Postnikov data, and the �no new
invariant beyond triangles� conclusion would require separate justi�cation. The framework's
central-phase gauge group is Abelian throughout (the residual U(1) footprint of Section 15.3),
so the abelian restriction is the natural one here.

Remark 6.6 (Scope: central quotient and the universal observer cut). The restriction to Abelian
coe�cients A in De�nition 6.1 is not a claim that the framework's physics is Abelian. It is a claim
about what the primitive observer cut reads. An observer compares record supports through
quantities invariant under branch-local relabeling � phases, traces, determinants, central char-
acters, scalar visibility weights � which are central elements of the projective transition data;
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non-central transition data is, by construction, not directly observer-readable, because it rotates
inside an internal �ber without changing external record localization. Non-Abelian transition
data, when present (color, weak isospin, the full SU(3)×SU(2)×U(1) structure of Section 15.3),
therefore describes internal sector structure built over the observer-access layer rather than the
universal access layer itself. The branch-count theorem accordingly �xes the number of primitive
spatial access branches as a property of the central projective quotient, independent of which
internal gauge representation a recorded excitation carries. This universality is the property
required of an ordinary observer cut: spatial localization must not depend on the gauge content
of the recorded excitation. Higher non-Abelian obstructions, if present, belong to re�ned or
sector-speci�c structure and do not modify the primitive observer branch count.

Remark 6.7 (Disambiguation from connection holonomy). The cyclic obstruction Ωijk is a pro-
jective invariant of the observer-access cover and should not be confused with the connection
holonomies of the charged-sector chapter (Section 15). The latter are Wilson-loop transports of
an internal connection around closed paths; the former is a combinatorial invariant of branch-
local relabeling on a �nite projective cover.

Remark 6.8 (Re�nement stability and the bisection objection). Theorem 6.3 is a statement about
a single primitive observer cut. Iterated binary re�nement of a two-branch cover can classify
accessible records arbitrarily �nely, but each individual primitive cut along the re�nement history
is a b = 2 cut and carries only removable relative phase data by part (ii). A non-removable
obstruction could be generated only by promoting a re�nement history to a higher composite
cover, at which point the recovered projective content depends on the re�nement history rather
than on the primitive cut. A primitive observer-access cover that supports re�nement-stable
record recovery must therefore already carry the non-removable projective obstruction at the
level of the cut itself, which by parts (i)�(iii) forces b ≥ 3. Minimality then forces b = 3.

Corollary 6.9 (Minimal observer-access dimension). Combining Theorem 6.3 with the record-
ordering requirement, the minimal stable observer-access layer is

Oacc = Σ3
obs ⊕ τobs, dimΣ3

obs = b = 3, dimOacc = d = 4.

The value d = 4 is supplied directly by the addition of one record-ordering coordinate to the three-
branch spatial-access layer, and is independently selected within the framework by the substrate�
observer duality closure conditions developed in Section 15.12, namely the algebraic identities
21d/2 = 7d(d − 1)/2 and 4d = 2d, each of which �xes d = 4 uniquely. The duality identities
are internal-consistency conditions on the framework's chosen primitives (Tbare = 21/2, b = 3,
projective trace counting) and not external selection rules, but their closure at the same d = 4
supplies an algebraic check independent of the record-ordering interpretation.

Proof. Theorem 6.3 �xes b = 3. An observer cut is memory-bearing only if localized records
are sequenced under accumulation, which adds one record-ordering coordinate τobs, giving d =
b+ 1 = 4. The independent algebraic closure at d = 4 is the result of Section 15.12.

The asymmetry between the three spatial access directions and the single record-ordering
direction is therefore structural. Projective closure lives on Σ3

obs because non-removable cyclic ob-
structions live on its branch cover. The record-ordering direction τobs supplies sequencing along
the inclusion-index ⪯ and contributes a one-sided boundary trace to the access bookkeeping
(Section 6.6), but it does not generate independent spatial projective sectors. The projective-
cover diagnostics of the charged sector therefore use b := dimΣ3

obs = 3 and d := dimOacc = 4,
both derived from the present subsection.

Remark 6.10 (Branch count versus branch weight). Theorem 6.3 �xes the number of primi-
tive branches; it does not �x their trace weights. Given the (b, d) = (3, 4) observer cut, the
paired record bookkeeping induces three primitive stable spectral support projections e1, e2, e3
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of Gacc|Σ3
obs

generating the retrieval-support algebra R3 = Alg{e1, e2, e3}. The equal-trace state-
ment τ(e1) = τ(e2) = τ(e3) is supplied separately by the cone-recovery trace lemma (The-
orem 4.3 of Section 4.2), conditional on the Lorentz-recovery program of Section 11.3. The
branch-count theorem and the branch-weight lemma are independent results and rest on inde-
pendent hypotheses; in particular, the branch-count result does not require the Lorentz-recovery
program to close.

6.6 One-sided record-boundary trace

The preceding subsection �xes the minimal observer-access split, but the record-order coordinate
still requires a scalar normalization. This normalization is obtained from the inclusion structure
of the observer cut rather than from an added time coordinate. Consider a normalized inclusion
pair

A− ⊂ A+,

where A− is the already stabilized record algebra and A+ is the next admissible record algebra.
Let the associated trace-preserving access maps be

E− : W → A−, E+ : W → A+.

The algebraic increment of the observer cut is

Brec := E+ − E−.

It extracts the newly record-accessible part of the substrate relative to the previous stable
cut. Thus record order is represented by an inclusion increment, not by a primitive temporal
displacement.

The elementary inclusion boundary is normalized to one scalar trace unit under the same
observer-cut normalization used for projective-cover weights. Before memory orientation, Sec-
tion 3.4 gives two trace-equivalent formal sides of that boundary. Type II1 trace uniqueness
assigns equal scalar weight to trace-equivalent sides. Since the full elementary boundary carries
one scalar unit, each pre-oriented side carries one half of that unit. A memory-bearing observer
cut then selects only the stabilizing, recorded side of the boundary. Therefore the record-order
coordinate contributes one half-boundary trace unit,

τ∂rec =
1

2
,

while contributing no projective-cover branch.
This is the algebraic distinction between b and d. The three spatial directions produce

projective localization branches and are counted by b = 3. The record-order coordinate is part
of the full observer-access dimension d = 4, but it is a one-sided inclusion boundary rather
than a fourth spatial projection. It can therefore contribute a scalar boundary weight without
changing the projective branch count.

6.7 Access resolution and the observer-layer conjugate structure

The substrate is tenseless and carries no clock; the observer layer is where dynamical conjugate
structure enters. The natural conjugates are dictated by the observer-cut geometry of Section 6.6
and the preceding (b,d) = (3,4) decomposition.

Momentum and energy as observer-layer conjugates. Conjugate to the three spatial-
access directions Sobs is a momentum-like variable that scales inversely with the spatial-access
resolution of the cut. Conjugate to the record-ordering coordinate τobs is an energy-like variable
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that scales inversely with the recovery-recoverable time-ordering resolution. These are not new
substrate primitives; they are derived observer-layer quantities, in the same sense that time itself
appears at the observer junction through the modular automorphism group of a nontracial cut.
Momentum and energy live on the observer layer, not in the substrate.

Access depth as the framework's native scale variable. Each observer cut Eλ : W → Aλ

has a characteristic resolution depth, the access label λ already used in the modular-embedding
language of Section 13. Internal holonomy sectors of W are resolvable at depth λ only when the
cut Aλ separates them into distinct factors. At shallow access depths, gauge sectors nominally
distinct in the deep algebra may not be separately resolvable by the cut; at deep access depths,
additional internal sectors become resolvable. Access depth is therefore the framework's native
scale variable, conjugate to a probe energy through the same observer-layer geometry.

Which sectors enter a Schur reduction depends on λ. The Schur-complement book-
keeping introduced in Section 6.8 reduces the joint quadratic form over the observer's accessible
algebra. The Schur sum runs over internal sectors that are simultaneously resolvable at the
access depth in question. The resulting observer-e�ective inverse coupling therefore depends on
which sectors are visible at λ: at the electroweak observer cut, SU(3), SU(2), and U(1) are
all separately resolvable, and the Schur expansion includes pairwise overlaps among them; at
deep-QCD access depths where SU(2) is broken (the W and Z are no longer resolvable prop-
agating modes), the SU(2)-overlap terms drop out and the Schur trace recomputes. This is
the framework-native statement of what perturbative QFT calls the running of couplings. The
variation across observer cuts is computable through the same machinery used at a single cut;
the present text computes a single cut and treats access-depth variation as continuation work
(Section 21).

6.8 Schur-complement reduction of observer-junction quadratic forms

Observer-e�ective couplings frequently arise from coupled quadratic forms on the observer junc-
tion, with a primary scalar readout coupled to a recoverable access sector. The sign and form
of the resulting access dressings are not independent assumptions: they follow from positivity
of the coupled observer-junction quadratic form together with the standard Schur-complement
identity.

Coupled observer-junction quadratic form. At the observer junction, let x denote a
scalar charged-readout amplitude and y denote the recoverable access-sector amplitudes. The
framework's paired (Krec,Mrec) structure organizes the joint sti�ness of these two components
into a positive-de�nite quadratic form

Q(x, y) = Kbare x
2 + 2xBy + ⟨y, Cy⟩,

with Kbare > 0 the undressed charged sti�ness, C > 0 the access-sector sti�ness (a restriction
of Krec to the recoverable access channel), and B the coupling between charged readout and
access modes (a restriction of the o�-diagonal block of Krec). Positivity of the joint form is the
requirement that the substrate disturbance functional be bounded below on the coupled (x, y)
space, and follows from positivity of Krec.

E�ective scalar sti�ness by Schur complement. Minimizing Q(x, y) over y at �xed x,

∂Q

∂y
= 2B†x+ 2Cy = 0 =⇒ y∗(x) = −C−1B†x,
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and substituting back,

Qeff(x) =
(
Kbare −BC−1B†

)
x2 =: Keff x

2.

This is the standard Schur-complement / Feshbach partitioning of a coupled quadratic form. It
is exact for the joint (x, y) system, not perturbative.

Schur-complement theorem for access dressing. The identity above immediately gives
the following structural result.

Theorem 6.11 (Sign-forced access dressing). Let Q(x, y) be a positive-de�nite coupled observer-
junction quadratic form with diagonal blocks (Kbare, C) and o�-diagonal coupling B. Then the
e�ective scalar sti�ness at the observer junction is

Keff = Kbare −BC−1B†,

with BC−1B† ⪰ 0 a positive semide�nite access-dressing operator. The observer-e�ective inverse
coupling α−1

eff = Keff therefore satis�es α−1
eff ≤ α−1

junction, with equality if and only if B = 0.

Minimal inter-sector Schur overlap. The same Schur-complement mechanism applies when
two internal holonomy sectors are simultaneously unresolved by one observer cut. Let the pri-
mary trace weights of two such sectors be Ti and Tj . Under the trace-quadratic metric, a unit
boundary amplitude in sector i is normalized by T−1/2

i , and a unit boundary amplitude in sector
j is normalized by T−1/2

j . The minimal admissible overlap is the rank-one trace-norm preserving
boundary coupling between these two normalized modes. If the elementary overlap block has
unit scalar sti�ness, the o�-diagonal coupling has amplitude

T
−1/2
i T

−1/2
j =

1√
TiTj

.

Schur elimination of this unresolved overlap block subtracts the square of this amplitude. The
minimal inter-sector correction is therefore

∆Koverlap
ij = − 1

TiTj
. (1)

This reciprocal-product rule is the inter-sector analogue of access dressing: unresolved overlap
lowers the observer-e�ective inverse sti�ness because it enters through the negative Schur term
−BC−1B†. The new ingredient is not the sign but the minimal overlap normalization: rank
one, trace-normalized sector amplitudes, and unit elementary overlap sti�ness.

Three structural consequences. The theorem �xes three structural features of any observer-
e�ective coupling that arises through Schur reduction, independently of the speci�c operator that
produces the access dressing.

First, the sign of every access-dressing correction is negative: charged record modes coupled
to recoverable access modes always lower the observer-e�ective inverse sti�ness, never raise it.
For example, the minus signs in the �ne-structure access-dressing contributions −3/(8π4) and
−21/(32π12) of Section 15.7 are forced by this sign rule, not chosen.

Second, the access dressing is a single operator BC−1B†, not a sum of independently-
postulated corrections. The decomposition of this operator into a single-channel piece and a
projective-cover piece is a spectral decomposition of one access-dressing object, not a postulate
that several independent corrections exist.

Third, the mechanism is exact at the level of the coupled quadratic form. There is no pertur-
bative truncation in the Schur step itself; truncation enters only when BC−1B† is expanded over
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the access-mode spectrum. Any observer-e�ective coupling so obtained is therefore a calculation
of the spectrum of one operator, not a perturbation series at arbitrary order.

The Schur-complement theorem does not by itself determine the coe�cients of the corrections.
It �xes the form Keff = Kbare−BC−1B† and the sign of the dressing; the access-mode spectrum
that �lls in this operator is supplied by the access�recovery composition theorem of the next
subsection.

6.9 Access�recovery composition for observer-e�ective couplings

The Schur-complement reduction of Section 6.8 reduces the access-dressing problem to determin-
ing the access-sector sti�ness C that �lls in BC−1B†. This subsection identi�es the primitive
scalar access-dressing kernel as L−2

acc, the squared inverse access Laplacian, from the requirement
that a record disturbance be both accessed and recovered. The result is observer-layer machin-
ery, applicable to any sector whose observer-e�ective coupling is obtained by Schur reduction
over a recoverable access channel.

Access�recovery as a composed operation. A record disturbance at the observer junc-
tion enters the recoverable access channel through two distinct steps. First, the disturbance is
accessed: it is registered against the observer's accessible subalgebra through the conditional
expectation Eλ, picking up an inverse-access propagator. Second, the registered disturbance
must be recovered: it must propagate back to the primary readout through the same access
channel, picking up a second inverse-access propagator. The primitive scalar access dressing is
therefore not a single inverse access operator, but the composition of access and recovery,

primitive access dressing = recovery ◦ access.

Both steps are governed by the access Laplacian Lacc, the substrate operator whose modes
propagate record disturbances through the recoverable access channel. The composition is then

L−1
acc · L−1

acc = L−2
acc.

Theorem 6.12 (Access�recovery composition). Under the requirements that (i) a record dis-
turbance enter the recoverable access channel through a single primitive access step, and (ii) the
disturbance return to the primary readout through a single primitive recovery step, the primitive
scalar access-dressing kernel is the squared inverse access Laplacian,

C−1
primitive = L−2

acc.

On the normalized Dirichlet access interval u ∈ [0, 1], the modes ψn(u) =
√
2 sin(nπu) are

eigenstates with Laccψn = (nπ)2ψn and L−2
accψn = (nπ)−4ψn; the �rst inverse eigenvalue is π

−4.

Exclusion of lower-order terms. The composition argument simultaneously rules out a π−2

primitive contribution. A single inverse access operator L−1
acc would correspond to an access step

without recovery: a charged disturbance that enters the access channel and remains there. Such
a con�guration is not closed under record recovery, and therefore is not an admissible access
dressing of a scalar primary readout. The �rst primitive contribution is therefore at π−4, with
no π−2 term, and no π−1 or π0 term either.

Intermediate orders π−3, π−5, π−6, π−7 are excluded for the same structural reason: any odd
power of π−1 corresponds to an unmatched access/recovery composition (one access without
recovery, or one recovery without access), and any even power not of the form π−4k corresponds
to a partial composition that does not return to the charged readout. The admissible primitive
scalar access dressings on a single channel are powers (L−2

acc)
k for integer k ≥ 1.
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6.10 Bare trace from observer-side duality: Tbare = 21/2 derived from d = 4
and b = 3

The bare-trace value Tbare = 21/2 that governs the 42π term has so far been read from substrate-
side trace counting over minimal chiral content. The observer-side duality established in the
previous subsection inverts this logic: given the minimal stable observer-access dimension d = 4
and the minimal projective-closure multiplicity b = 3, the value Tbare = 21/2 is �xed by the
duality and not by substrate content counting.

Duality equation as a constraint on Tbare. The substrate�observer duality at the bare-trace
level is

d · Tbare =
(
d

2

)
(2b − 1),

with the left expression the substrate trace reading and the right expression the observer access-
combinatorics reading. Solving for Tbare,

Tbare =

(
d
2

)
(2b − 1)

d
=
d− 1

2
(2b − 1).

At the minimal stable observer-access dimension d = 4 and the minimal projective-closure
multiplicity b = 3 (both established independently in the chapter, with b = dimΣ3

obs = 3
identifying the projective multiplicity with the spatial-access dimension),

Tbare =
4− 1

2
(23 − 1) =

3

2
· 7 =

21

2
.

The bare-trace value is therefore not an input from substrate content counting. It is an output
of the observer-side duality at the framework's selected access dimension and minimal closure
multiplicity.

Theorem 6.13 (Observer-side bare trace). Given the minimal stable observer-access dimension
d = dimOacc = 4 and the minimal non-removable projective-closure multiplicity b = 3, the
substrate�observer duality determines the bare-trace value

Tbare =
d− 1

2
(2b − 1) =

21

2
.

The bare junction sti�ness 4πTbare = 42π is therefore an observer-side prediction, independent
of any speci�c substrate content realization.

Reversal of the epistemic dependence. This result reverses the logical dependence between
the substrate's minimal chiral content and the bare-trace value of the �ne-structure formula. In
the substrate-side reading, three-generation chiral content with one access-stabilizing doublet
at |YH | = 1/2 is the input that produces Tbare = 21/2 as a trace sum. In the observer-side
reading developed here, the duality �xes Tbare = 21/2 from d = 4 and b = 3, and the substrate's
chiral content must realize this trace value through admissible representations. The minimal sub-
strate realization is three-generation standard chiral content with one minimal access-stabilizing
doublet, but this is now a consequence of the trace constraint rather than its origin.

Consequence for the framework's claim structure. The framework no longer claims that
the �ne-structure diagnostic depends on the Standard Model chiral content as an input. The bare-
trace value is �xed by the observer-side duality; the substrate's chiral content is then constrained
to realize this trace value. That the minimal realization coincides with three-generation Standard
Model charged content is an internal consistency between observer-layer geometry and admissible
substrate content, not an imported assumption.
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6.11 Trace weights at the minimal stable observer-access cut

The numerical agreements of Sections 15.9, 15.10, and 15.11 rest on speci�c trace-weight values
T1, T2, Tb,col, Ts and the charged trace weight wY . This subsection collects the framework-
internal derivations of these weights into a single place, distinguishing the two distinct struc-
tural theorems they invoke, supplying the algebraic de�nitions on which each rests, and making
explicit the route from substrate inputs to numerical value. The �ne-structure trace T1 =
137.035 999 176 . . . is established in Section 15.9 through a single Schur-trace identity and is not
re-derived here. The charged trace weight wY = 3/8 admits both a derivation from the minimal-
chiral-content recoverability-obstruction equations of Section 15.4 and the Abelian ledger em-
bedding normalization theorem stated in this appendix (Theorem 6.18).

Two classes of trace-weight object

The framework reads trace weights through two structurally distinct classes of object.

Observation supports. An observation support is a projector Pmin on the resolved retrieval
algebra whose image carries the branch coordinates the neutral-current observable resolves. Co-
ordinates resolved by the observable count as branches; coordinates the observable integrates
over or thresholds on do not. For a quark-�avor support read through the neutral-current ver-
tex, the branches are the internal SU(3) color components of the fundamental representation.
For a detector-level charged-lepton record at the angular-asymmetry vertex, the branches are
charge orientation, projective direction, and kinematic-closure magnitude. The branch count
dsupp is determined by the observable's resolution structure, not by the underlying particle's
gauge representation.

Adjoint connection blocks. An adjoint connection block is the holonomy support of a gauge
symmetry, with internal dimension equal to the adjoint representation dimension of the underly-
ing Lie algebra. The SU(2) neutral block read as an adjoint holonomy in Section 15.10 and the
SU(3) adjoint block of the strong-coupling readout in Section 15.11 are both adjoint connection
blocks. The branches in this case are the generators of the underlying gauge group, counted
with adjoint Casimir normalization.

The two classes use di�erent trace-weight theorems. The framework has both because the
substrate�observer architecture admits both observation supports (resolved by readout structure)
and connection blocks (resolved by gauge structure).

Branch coordinates: algebraic de�nition

De�nition 6.14 (Branch coordinate). Let A be a resolved retrieval algebra with faithful trace
τ , and let O ∈ A be an observable. A coordinate c of A is a branch coordinate of O if the
conditional expectation Eτ [O | c] is non-constant in c; equivalently, O lies in a subalgebra of A
that resolves c. A coordinate that has been integrated, marginalized, thresholded, or otherwise
reduced to a {0, 1} indicator before O is constructed is not a branch coordinate of O.

For the leptonic neutral-current angular-asymmetry observable AFB through a reconstructed
charged-lepton �nal state, the branch coordinates of the charged-lepton record are charge orienta-
tion, projective direction, and kinematic-closure magnitude: AFB depends non-trivially on each
of the three. Detector-level coordinates used only for event selection or calibration (isolation,
shower shape, track quality, �ducial geometry) are thresholded into {0, 1} indicators before AFB

is de�ned and do not count as branch coordinates. They belong to the experiment-and-channel
projection operator Pexp,ℓ, not to the minimal observation support Pmin.
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De�nition 6.15 (Minimal observation support). For an observable O on the resolved retrieval
algebra A, the minimal observation support Pmin(O) is the smallest projector in A whose image
carries every branch coordinate of O. The dimension of the image, denoted dsupp(O), is the
branch count of O.

For the leptonic neutral-current AFB observable through a charged-lepton �nal state, dsupp =
3. For a quark-�avor color-carrying support read through the neutral-current vertex, dsupp = 3
(the three internal color components of the fundamental representation). For the SU(2) weak-
isospin doublet observation, dsupp = 2 (the two doublet components).

Observation-support trace weight: closure-normalized theorem

Theorem 6.16 (Observation-support trace weight). On the minimal stable observer-access di-
mension (b, d) = (3, 4) of Section 6, every fundamental observation support inherits a substrate
closure-unit normalization Csupp(b, d) = d/b = 4/3. The trace weight of a fundamental observa-
tion support with branch count dsupp is

Tsupp =
b · dsupp
Csupp(b, d)

=
b2 dsupp

d
. (2)

Sketch. The branch count dsupp is the cardinality of resolved branch coordinates by De�ni-
tion 6.15. The substrate factor b enters through the projective multiplicity of Section 6 (the
number of primitive projective branches of the spatial observer cut). The closure-unit normal-
ization Csupp(b, d) = d/b is the substrate-imposed ratio between branch and record dimensions
on the minimal observer-access dimension (b, d) = (3, 4); it is the substrate's per-branch share of
the record-ordering coordinate. The product b ·dsupp is the unnormalized support trace summed
over projective branches and observation branches; dividing by the closure unit per branch gives
the trace weight Tsupp = b2 dsupp/d.

Corollary: weak-isospin doublet, dsupp = 2. The neutral SU(2) observation support re-
solves the two doublet states at the neutral-current vertex. With dsupp = 2 and (b, d) = (3, 4),

T
(supp)
2 =

9 · 2
4

=
9

2
.

This coincides with the value T2 = 9/2 used in the neutral-boundary visibility lemma (Equa-
tion (27)) and produces the leptonic e�ective angle of Equation (28). The same value is obtained
through the adjoint SU(2) connection-block route; the framework reads T2 through either route
consistently because the two theorems coincide numerically on (b, d) = (3, 4) for SU(2).

Corollary: fundamental color support, dsupp = 3. A fundamental SU(3) color-carrying
support resolves three internal color branches. With dsupp = 3,

Tb,col =
9 · 3
4

=
27

4
.

This recovers Equation (31). The substrate closure unit Csupp(3, 4) = 4/3 coincides numerically
with the SU(3) fundamental quadratic Casimir C2(3) = 4/3; the framework reads the substrate
origin as primary and the gauge-theoretic re-expression as a secondary identi�cation, valid for
gauge-charged supports but not generally.
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Corollary: minimal charged-lepton detector record, dsupp = 3. A reconstructed detector-
level charged-lepton observation at the neutral-current angular-asymmetry vertex resolves three
branch coordinates by De�nition 6.14: charge orientation (sign of electric charge, distinguish-
ing ℓ+ from ℓ−), projective direction (track or shower axis, de�ning Collins�Soper geometry),
and kinematic-closure magnitude (energy or momentum, closing the event kinematics). With
dsupp = 3,

Tch =
9 · 3
4

=
27

4
= Tb,col.

The trace weight of a minimal charged-lepton observation equals that of a fundamental color-
carrying support, not because charged leptons are color triplets in the Standard Model (they
are not, and the framework does not claim they are) but because both supports realize three
branch coordinates on the same (b, d) = (3, 4) substrate. The uni�cation is a structural fea-
ture of the framework's substrate-derived trace bookkeeping at the observer-access cut, not a
particle-physics identi�cation or a metaphor between leptons and color triplets. The detector-
level charged-lepton record is a fundamental observation support in the framework's sense, with
the three branches algebraically determined by De�nition 6.14 from the angular-asymmetry
observable's resolution structure.

Adjoint connection block: generator-count theorem

Theorem 6.17 (Adjoint connection block trace weight). For an internal gauge group G with
adjoint representation of internal dimension dimGadj and adjoint quadratic Casimir C2(Gadj),
the adjoint connection block trace weight on the b = 3 observer projective cut is

Tadj(G) =
b · dimGadj

C2(Gadj)
. (3)

Corollary: SU(3) strong adjoint, Ts = 8. For SU(3), dimGadj = 8 and C2(Gadj) = N = 3,
giving

Ts =
3 · 8
3

= 8.

This recovers Equation (50) and supplies the strong-coupling readout of Section 15.11.

Status of T2 under both theorems. For SU(2), dimGadj = 3 and C2(Gadj) = N = 2, giving
T
(adj)
2 = 3 · 3/2 = 9/2. This coincides numerically with T (supp)

2 = 9/2 from Theorem 6.16. The
framework reads T2 through either route consistently. This double coverage does not extend
to Tb,col (which has only an observation-support route; no adjoint-block interpretation exists
for a fundamental color-carrying support) or to Ts (which has only an adjoint-connection-block
route; the substrate observation-support theorem with dsupp = 32/9 would be required and is
not integer-valued).

Abelian ledger embedding normalization theorem

Theorem 6.18 (Abelian ledger embedding normalization). A single U(1) Abelian phase carries
no intrinsic non-trivial trace normalization on the substrate observer cut: an Abelian phase
operator at one point of the substrate is a complex number times the identity on its support, and
a trace over the support returns only the support dimension times the phase. The non-trivial
central Abelian visibility weight wY is therefore �xed only after specifying the chiral support into
which the phase ledger is embedded.

For the framework's minimal electroweak chiral content of Section 15.4, the chiral ledger has
dimension eight: the left-handed SU(2)-doublet states of one generation, comprising the lepton
doublet LL (two components) and the quark doublet QL in three color states (six components),
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with 2 + 6 = 8. Right-handed singlets (eR, uR, dR) carry no weak isospin and do not enter the
chiral ledger. The observer cut resolves three projective weak branches inside this ledger � the
three projective branches of the spatial observer cut of Section 6. The central Abelian visibility
weight is the ratio of projective weak branches to chiral ledger dimension,

wY =
b

dim(chiral ledger)
=

3

8
. (4)

Sketch. The numerator is the projective multiplicity of the observer cut from Section 6, con-
tributing one resolved weak-active branch per spatial projective direction. The denominator is
the dimension of the chiral support into which the Abelian phase is embedded: an Abelian phase
operator on the substrate observer cut carries trace only through its embedded support, and
on the minimal electroweak chiral content of Section 15.4 this support is the eight-component
left-handed doublet sector. The ratio is the framework's embedded visibility weight: the fraction
of chiral ledger components visible to the observer cut at the projective multiplicity b. Right-
handed singlets contribute to the Abelian phase computation in other diagnostic contexts but
do not normalize the visibility weight, because they decouple from the weak-active embedding
that de�nes the support into which the phase ledger enters.

Relation to the trace-ratio derivation of Section 15.5. Section 15.5 establishes wY = 3/8
through the 5/3 hypercharge normalization Tr(Y 2)/Tr(T 2

3 ) = 10/3 ÷ 2 = 5/3 obtained from
the anomaly-cancellation system of Section 15.4, with sin2 θW = (3/5)/(1 + 3/5) = 3/8 at
the substrate normalization scale. That route requires the full anomaly-cancellation system to
�x the hypercharge values YQ, Yu, Yd, YL, Ye �rst. Theorem 6.18 requires only the chiral ledger
dimension and the observer-cut projective multiplicity; no hypercharge values are used as inputs.
The two derivations agree numerically because the framework's anomaly-cancelled hypercharge
assignments and chiral ledger structure are mutually compatible features of the same minimal-
chiral-content construction. Theorem 6.18 identi�es wY as an algebraic ratio of branch counts,
while the trace-ratio derivation extracts the same value from the Abelian and weak sti�ness
traces. The framework reads wY through either route consistently; this is the same kind of
double coverage that T2 admits under the observation-support theorem (6.16) and the adjoint
connection block theorem (6.17).

Summary of trace-weight bookkeeping

The trace weights used numerically in the present paper are collected below, with theorem
provenance and substrate inputs:

Weight Theorem Substrate inputs Value
T1 Schur-trace identity (�15.9) b = 3, d = 4, wY = 3/8 137.035 999 176 . . .
T2 6.16 or 6.17 (b, d) = (3, 4), dsupp = 2 (or SU(2) adj.) 9/2
Tb,col = Tch 6.16 (b, d) = (3, 4), dsupp = 3 27/4
Ts 6.17 b = 3, SU(3) adjoint 8
wY 6.18 (Abelian ledger embedding) b = 3, eight-component chiral ledger 3/8

The trace-weight bookkeeping of the present paper rests on three structural theorems. The-
orem 6.16 uni�es T2, Tb,col, and Tch under one substrate-derived structural object: the closure-
normalized observation-support trace weight, with dsupp as the only observation-type-dependent
input. Theorem 6.17 handles the structurally distinct case of adjoint connection blocks (Ts, and
equivalently T2 when read as an adjoint block). Theorem 6.18 handles the Abelian ledger em-
bedding normalization, �xing wY as a branch-count ratio between the observer-cut projective
multiplicity and the chiral ledger dimension. The substrate input (b, d) = (3, 4) is the same
minimal observer-access dimension throughout: b = 3 enters all three theorems through the
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observer-cut projective multiplicity, and d = 4 enters the observation-support theorem through
the closure-unit normalization Csupp = d/b. No separate �weak,� �strong,� or �charged� substrate
parameter is introduced. The three theorems together produce T1 (via the Schur-trace identity
of Section 15.9 into which wY feeds), T2, Tb,col, Tch, Ts, and wY from the substrate-observer
architecture without external numerical inputs.

6.12 Wavefunction and collapse from accessible-algebra restriction

The observer statement also hosts the standard mathematical structure of a wavefunction and
measurement collapse. The interpretive restriction is essential: the wavefunction is not the
state of the entire substrate, and collapse is not a change of the substrate state. Both are
observer-e�ective objects associated with an accessible algebra and a recorded outcome.

Let O = (Λ,⪯, {Aλ}, {Mλ}) be the observer. At label λ, the observer has access only to
Aλ ⊆ W. The observer-e�ective state is the restriction

ωλ = ω|Aλ
.

Represented on a Hilbert space, it may be written as a density operator ρλ. If the restricted
state is pure, one may write ρλ = |ψλ⟩⟨ψλ|. The wavefunction is therefore read as the observer-
e�ective state on the accessible algebra. It is not required to be a fundamental substrate object.

Let a record-compatible measurement inside Aλ be represented by projectors {Pk} ⊂ Aλ.
The observer assigns Born probabilities

p(k) = ωλ(Pk) = Tr(Pkρλ).

If outcome k is written into the later record algebra Mλ′ , the observer-e�ective state updates
by Lüders conditionalization,

ρλ′ =
PkρλPk

Tr(Pkρλ)
.

The substrate state ω on W is not modi�ed by this update. What changes is the observer's
conditional state on the accessible algebra after the record has been written. Collapse is record-
conditioned access, not substrate-level dynamics.

6.13 Observer covariance through invariant record relations

Di�erent observer cuts O1,O2,O3 need not agree on the same observer-layer description, on
a single simultaneity foliation, or on a single coordinate decomposition of the access geometry.
What they must agree on is the invariant relational content of the records they recover. Writing
RO for the record content recovered through a cut O, the operative relation is

RO1 ∼ RO2 ,

not strict equality. The equivalence holds at the level of substrate-invariant relational content:
intersection of accessible record algebras, causal accessibility through record-recoverability order,
holonomy class of charged sectors, spectra of paired sti�ness and susceptibility operators, charge-
sector identi�cation, and mass-readout ratios obtained from singular-value structure. Di�erent
observers carry di�erent cuts and may experience di�erent modular parameters, but they read
the same physics in the sense that they identify the same equivalence class of record relations.
The substrate is common; observer cuts di�er; physical content is the equivalence class invariant
under change of cut.
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6.14 Projective observer readout

The readout that recovers physically meaningful invariants from the observer-access structure
is projective. An overall record-amplitude rescaling of an accessible support is not an observer-
distinguishable operation: only relative phases, relative amplitudes, and overlap ratios between
accessible record states carry physical readout content. The operational object at a label λ is
therefore the projective record space

P(Hrec
λ ) = Hrec

λ / ∼, |ψ⟩ ∼ eiθλ |ψ⟩ (λ ∈ R>0, θ ∈ R),

with Hrec
λ the Hilbert-space representative of stable records at the observer-access cut. The

implication is that any framework-native diagnostic of observer-level content is a function of
projective record invariants only. In particular, �ne-structure-type ratios that compare a minimal
charged holonomy readout to an isotropic record-cone access capacity are projective ratios by
construction, so their values depend on the invariant projective record geometry and not on
conventionally chosen representatives.

6.15 Observer-level identi�cations

The observer layer reads the following phenomena as features of record-ordered access.

Time. The observer-e�ective parameter reconstructed from the inclusion order ⪯ of stable
accessible records. Time is not a substrate coordinate in this framework; it is record order along
an inclusion-indexed chain of cuts. When the local entropy-maximizing state ϕλ is faithful and
nontracial, modular �ow gives a canonical automorphism parameter for the accessible algebra;
this modular parameter is a representation of observer-internal scale, while the operational arrow
is the monotone inclusion of records. Di�erent observers may therefore carry di�erent access
orders and di�erent modular time scales.

Proper record time. When the observer-access structure is enriched by an invariant max-
imum access speed c∗ derived from the generalized record operator Gacc, a stable excitation's
support history also carries an observer-e�ective proper record time τ . This is not a substrate
clock. It is a kinematic reconstruction rule on record-ordered support histories.

Arrow of time. The monotone growth of Mλ along ⪯. The arrow is not a substrate feature.
It is the fact that records, once acquired, cannot be un-lived from inside the observer.

Motion. The variation of relational support of stable substrate excitations along ⪯.

Light cone. The boundary of Aλ at each λ. Operators outside Aλ are inaccessible at λ.

Collapse. Conditionalization inside Aλ. When a measurement returns a value, the observer's
e�ective state on Aλ is the conditional. The substrate state ω on W is untouched.

6.16 Order and arrow

The substrate carries tenseless orderings on its admissible cuts and on its disturbance landscape.
It carries no oriented arrow. A partial order is substrate-level and tenseless; an arrow is experi-
ential and oriented. The observer does not create the substrate's orderings; the observer creates
the experienced arrow by traversing those orderings while preserving records.

This is a locational claim, not by itself a derivation of thermodynamic irreversibility. The
disturbance-barrier condition links observer memory to substrate sti�ness, but thermodynamics
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only appears after the substrate and observer layers are combined. The next section makes that
recovery explicit.

7 Observer metrological completion

The substrate�observer architecture introduced in Sections 3 and 6 closes the framework in
dimensionless form. The substrate supplies the paired bookkeeping (Krec,Mrec) on the defect
Hilbert space and the generalized record operator

Gacc = M−1/2
rec KrecM

−1/2
rec ;

the observer junction supplies a stable record cone, modular record-time, sector projections,
charged-holonomy, thermal information, and countable records. Every invariant produced by
this joint architecture is dimensionless: generalized eigenvalues λX = spec(PXGaccPX), sector
traces TrX , Schur defects ∆X , sector ratios ρXY , and dimensionless couplings αX .

A dimensional laboratory constant cannot be a substrate output. Newton's gravitational
constant has SI dimensions m3 kg−1 s−2; asking the substrate to produce its numerical value in
those units would require the substrate to already carry the observer's conventions for length,
mass, and time. The same circularity a�icts every dimensional constant of physics, including h,
e, kB, NA, and the unit-�xed Planck mass and Planck time. The framework therefore requires
a structural layer distinct from both substrate dynamics and observer access: a gauge-�xing of
the observer's measurement language. We call this layer the observer metrological completion.

The placement of the layer is forced. The objects to be gauged� record cone, modular record-
time, sector projections, thermal information, countable records � do not exist before Section 6;
placing the completion earlier would be circular. They must exist before any recovered e�ective
law is read o� in dimensional form; placing the completion later would leave the recovered-
thermodynamics layer (Section 8) and below in dimensional ambiguity. The completion therefore
sits between the observer layer and the recovered-thermodynamics layer.

The structural content of the completion is operator-theoretic rather than scalar. The seven
SI de�ning constants do not enter as conversion multipliers attached to Gacc; they enter as a
coordinate change on the metrological block of (Krec,Mrec) under which Gacc is left invariant.
This is the central technical claim of the section, made precise in Sections 7.4 and 7.5.

We adopt the convention throughout that h is the cycle-action quantum and ℏ = h/(2π) is
the angular-action quantum. The action gauge below is �xed by h wherever an unambiguous
primitive phase cycle is selected; wherever ℏ appears in derived dimensional constants, it denotes
h/(2π). Numerical values of ∆νCs, c, h, e, kB, NA, and Kcd are treated as the �xed de�ning
constants of the 2019 SI rede�nition; in particular ∆νCs is treated as a pure integer, with the
second a derived unit �xed by that integer rather than a primitive of the substrate layer.

7.1 Level hierarchy and the dimensionless baseline

The substrate�observer architecture and its metrological completion stratify cleanly into �ve
levels.

� Level 0. The primitive substrate bookkeeping pair (Krec,Mrec) as positive operators on
the defect Hilbert space. Both operators are gauge-dependent representatives of the same
generalized structure.

� Level 1. The invariant dimensionless generalized record operator Gacc =M
−1/2
rec KrecM

−1/2
rec ,

together with the observer-junction sector projections {PX}, the dimensionless time coordi-
nate τobs, the three-direction spatial cover Σ3

obs, and the charged-sector projection Pch. All
Level-1 quantities are dimensionless.
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� Level 2. The seven primary metrological gauges, �xed by the seven SI de�ning constants.
This is the layer constructed in the present section.

� Level 3. The dimensional laboratory constants G, R, ε0, µ0, particle masses in kilograms,
lifetimes in seconds, energies in joules, currents in amperes. Each is reconstructed by di-
mensional algebra from Levels 1 and 2.

� Level 4. The substrate-predictive targets: dimensionless invariants of Gacc and its sec-
tor projections. These are the only quantities the framework predicts in the strict sense.
Examples include the �ne-structure constant α, the lepton-mass ratios, mixing angles, di-
mensionless gravitational couplings αG(m), the Schur defects, the access ratios rτ , rB of
Section 5, and entropy ratios.

The relationKrec ↔Mrec ↔ Gacc is gauge-redundant: distinct positive pairs can produce the
same Gacc. What is physically invariant is the generalized record geometry, encoded equivalently
as the spectrum of Gacc, the Rayleigh quotient ⟨v,Krecv⟩/⟨v,Mrecv⟩, or the family of sector-
projected operators AX = PXGaccPX .

The dimensionless baseline produced jointly by the substrate and observer layers is the family

Brec =
{
Gacc, {PX}X , τobs, Σ3

obs, Pch, Tr, ⪯
}
.

A dimensional laboratory realization is a map

ΦSI : Brec −→ SI

that assigns positive conversion factors to a �nite set of independent dimensional axes, such that
every SI-side quantity computable from the framework is the product of a Level-1 invariant and
a �nite combination of those factors. The remainder of this section shows that this map factors
through exactly seven independent axes and constructs the SI realization explicitly.

7.2 The seven metrological scales as a coordinate basis

The seven independent dimensional axes any laboratory observer must �x are time, length, ac-
tion, charge, thermal information, amount of substance, and photometric response. The number
seven is not chosen for SI compatibility; it is the rank of the dimensional space generated by the
recoverable observer coordinates of Section 6, after the substrate-side null-cone identi�cation of
length with time is imposed. The seven de�ning constants of the 2019 SI supply one canonical
bijection between these axes and a closed set of dimensional anchors.

De�nition 7.1 (Metrological coordinate basis). The metrological coordinate basis is the seven-
tuple of dimensionless record-side axes

e = (et, ex, eS , eq, eΘ, eN , eJ),

labelling, respectively, record-time, record-distance, record-action, record-charge, thermal infor-
mation, count, and photometric response. The corresponding dimensionless record-side coordi-
nates are

(τrec, xrec, Srec, qrec, Θrec, Nrec, Jrec).

A metrological completion is a positive diagonal map

ΓSI = diag(γt, γx, γS , γq, γΘ, γN , γJ)

relating record-side coordinates to laboratory SI coordinates by vSI = ΓSI vrec.
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Concretely the SI-side coordinates obtained from the seven record-side axes are

tSI = γt τrec, xSI = γx xrec, SSI = γS Srec, qSI = γq qrec,

TSI = γΘΘrec, nSI = γN Nrec, Iv,SI = γJ Jrec.

All record-side variables are dimensionless. Only after the seven γ's are �xed do the SI-side
quantities acquire their unit content.

7.3 Canonical metrology-block normalization

The metrological block of (Krec,Mrec) admits a canonical normalization in which all seven prim-
itive axes carry unit sti�ness and unit susceptibility.

De�nition 7.2 (Canonical metrology-block normalization). The canonical metrology-block nor-
malization is the gauge choice

Kmet = Mmet = I7,

in which the metrology block of the paired bookkeeping is the seven-dimensional identity on the
metrological coordinate basis of De�nition 7.1.

In this gauge the metrology block contributes

Amet = M
−1/2
met KmetM

−1/2
met = I7

to the generalized record operator. The choice is conventional, not forced: any positive pair
(Kmet,Mmet) producing Amet = I7 would serve. Identity normalization is convenient because it
makes the metrology block invisible at Level 1 � the seven primitive axes contribute trivially
to Gacc until laboratory coordinates are imposed. The convention does not preclude anisotropic
metrological gauges; those are reached by post-composition with a non-trivial similarity on the
seven-dimensional block. The remainder of this section works in the canonical gauge.

7.4 Coordinate transformation of (Krec,Mrec) and invariance of Gacc

The change of coordinates vSI = ΓSI vrec acts on the quadratic forms supporting Krec and Mrec.
The record-side quadratic form

Qrec
K (vrec) = ⟨vrec, Krec vrec⟩

expressed in SI-side coordinates is

QSI
K(vSI) = ⟨Γ−1

SI vSI, Krec Γ
−1
SI vSI⟩ = ⟨vSI, Γ−T

SI Krec Γ
−1
SI vSI⟩.

The same holds for Mrec. We therefore have:

Proposition 7.3 (Metrological transformation rule). Under the metrological coordinate change
vSI = ΓSI vrec with ΓSI positive diagonal, the substrate�observer pair transforms covariantly:

KSI
rec = Γ−T

SI Krec Γ
−1
SI , MSI

rec = Γ−T
SI Mrec Γ

−1
SI .

The generalized record operator is invariant:

GSI
acc = (MSI

rec)
−1/2KSI

rec (M
SI
rec)

−1/2 = Gacc.
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Proof. The transformation of Krec and Mrec is the standard congruence transformation of
quadratic forms under change of basis. For the invariance of Gacc, note that ΓSI is positive
diagonal, hence symmetric (ΓT

SI = ΓSI), and in the canonical metrology-block normalization
commutes with Krec and Mrec blockwise: on the seven-dimensional metrology block both oper-
ators are themselves diagonal (and equal to I7 by De�nition 7.2), and on the physics block ΓSI

acts as the identity by Principle 7.5. Therefore Γ−1
SI MrecΓ

−1
SI =Mrec Γ

−2
SI blockwise, and

(MSI
rec)

−1/2 = (Mrec Γ
−2
SI )

−1/2 = ΓSIM
−1/2
rec ,

using commutativity of ΓSI and Mrec in functional calculus. Substituting,

GSI
acc = ΓSIM

−1/2
rec (Γ−1

SI KrecΓ
−1
SI )M

−1/2
rec ΓSI = M−1/2

rec KrecM
−1/2
rec = Gacc,

where the ΓSI factors cancel against Γ−1
SI blockwise. Equivalently, the Rayleigh quotient ⟨v,Krecv⟩/⟨v,Mrecv⟩

is invariant under simultaneous congruence of numerator and denominator by the same positive
diagonal map.

Remark 7.4. The invariance of Gacc under Proposition 7.3 is the operator-theoretic statement
that the SI realization is a gauge, not a substrate input. The substrate's invariant content sits
in the dimensionless generalized spectrum; the SI coordinates change only the representation of
Krec andMrec along the seven metrological axes. Any falsi�cation of the framework on the basis
of laboratory measurements must therefore turn on the Level-1 invariants, never on the Level-3
dimensional constants.

In the canonical metrology-block normalization (De�nition 7.2), the SI-side representation
of the metrology block is

KSI
met = MSI

met = Γ−2
SI = diag

(
γ−2
t , γ−2

x , γ−2
S , γ−2

q , γ−2
Θ , γ−2

N , γ−2
J

)
.

The seven SI de�ning constants enter only through these diagonal entries. The block's contribu-
tion to GSI

acc remains I7.

7.5 Metrology�physics direct-sum decomposition

The metrological block and the physical content sit in orthogonal blocks of the substrate�observer
pair.

Principle 7.5 (Metrology�physics decomposition). The defect Hilbert space underlying (Krec,Mrec)
admits a direct-sum decomposition

H = Hmet ⊕Hphys,

into a seven-dimensional metrology block and the remaining physics block. Under this decom-
position the paired bookkeeping splits as

Krec = Kmet ⊕Kphys, Mrec = Mmet ⊕Mphys,

and the generalized record operator splits accordingly:

Gacc = Amet ⊕Aphys = I7 ⊕M
−1/2
phys KphysM

−1/2
phys .

The metrological coordinate change acts only on the �rst summand: Γtotal
SI = ΓSI ⊕ Iphys.
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The decomposition has direct consequences. First, the SI shell touches only the metrology
block; the physics block is invariant under metrological coordinate change in the strongest pos-
sible sense, namely the ΓSI map acts as the identity on it. Second, all substrate predictions live
in the spectrum of Aphys and its sector projections; the metrology block contributes the trivial
spectrum {1}×7 and adds no predictive content. Third, the framework's inverse problem is well-
posed: laboratory measurements, pulled back through Γ−1

SI , supply data on Aphys but cannot
constrain the trivial metrology block. The metrological completion is therefore the unique exten-
sion of the dimensionless framework that produces laboratory-comparable predictions without
contaminating the substrate's predictive content.

The mass-shape sector of Section 5 is the �rst nontrivial application of the physics block
of Principle 7.5: its predictive readouts rτ , rB, and (provisionally) rµ are Level-4 invariants of
Aphys that become laboratory-comparable mass ratios only after the metrological completion of
the present section.

7.6 Gauge conditions from the modern SI

The seven SI de�ning constants supply seven gauge conditions on ΓSI, one per metrological axis.

Time gauge

The substrate contains recoverable ordering and modular record recurrence but not seconds.
Let νCs,rec be the dimensionless cycle-count per record-time unit of the chosen caesium-133
ground-state hyper�ne transition, treated as a substrate-stable recurrence and normalized so
that νCs,rec = 1. Physical frequency is νCs,SI = νCs,rec/γt, and the SI condition νCs,SI = ∆νCs

�xes
γt = 1/∆νCs.

One record-time unit corresponds to 1/∆νCs seconds after the caesium clock has been selected.

Length gauge

The substrate-level observer cone supplies a normalized null-recoverability speed c∗ = 1 in
internal units (Sections 11.1 and 11.3). Physical speed is cSI = γx/γt, and the SI condition
cSI = c forces

γx = c γt = c/∆νCs.

The framework supplies the necessity of a null-cone conversion between record distance and
record time; the SI supplies the numerical value.

Action gauge

Let Srec be the dimensionless record-action count, normalized so that one primitive phase cycle
has Scycle,rec = 1. The SI condition hSI = h �xes

γS = h.

Mass is not an independent gauge. Since action has dimensions of mass × length2 × time−1,
the mass scale is forced:

γm = γS γt / γ
2
x = h∆νCs / c

2.

Mass is not introduced as a substrate substance; it is the inertial burden of a record support
after the observer has �xed action, time, and length units.
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Charge gauge

Let qrec be the dimensionless record-charge coordinate, normalized so that the elementary record-
charge support carries qe,rec = 1. The SI condition qe,SI = e �xes

γq = e.

Current is charge transport per unit record-time, with scale

γI = γq / γt = e∆νCs.

The ampere is not a primitive metrological axis; it is the time-quotient of the charge gauge.

Thermal-information gauge

Temperature is not a primitive substrate dimension; it is the observer's conversion between
record energy and record thermal information. Let Θrec be the dimensionless thermal record
coordinate. The energy scale is forced by the action and time gauges:

γE = γS / γt = h∆νCs.

The Boltzmann bridge γE = kB γΘ at one normalized thermal-information unit gives

γΘ = γE / kB = h∆νCs / kB.

The kelvin is the observer-side conversion factor between record energy and thermal information.

Counting gauge

The mole is a coarse-graining convention. Let Nrec be the dimensionless microscopic record
count. The mole anchors a �xed coarse-graining factor NA:

nSI [mol] = Nrec /NA, γN = 1 /NA.

One mole equals NA elementary record entities by de�nition.

Photometric gauge

The photometric axis is structurally asymmetric. The �rst six gauges are pure scale conversions
on positive scalar axes; the seventh involves an observer-response weighting that is empirically
calibrated to a �xed observer class (the CIE photopic standard observer) rather than substrate-
derivable. The radiative-power scale is �xed by the action and time gauges,

γP = γE / γt = h∆ν2Cs;

the photometric weighting is then imposed as a response function V (ν) on the radiative sector,
with V (540× 1012Hz) = 1 by construction and V (ν) ≤ 1 elsewhere. The luminous intensity at
frequency ν and solid angle Ω is

Iv,SI(ν) = Kcd V (ν)Prad(ν) Ω
−1,

with Kcd = 683 lm/W the SI-�xed luminous e�cacy. In framework terms the photometric
channel is a response-weighted projection of the radiative sector:

Pphoto(ν) = V (ν)Prad(ν),

and γJ is the composition of the radiative-power scale with the Kcd-anchored response weighting.
The candela closes the SI base-unit list but does so by metrological convention rather than by
substrate conditioning. We retain it for SI closure and �ag its asymmetric status: it is the
seventh gauge required for laboratory closure but the one most clearly outside the framework's
substrate�observer dynamics, since V (ν) is an observer-class calibration rather than a substrate
invariant.
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7.7 Derived dimensional scales

Once the seven primary gauges are �xed, every other SI scale is forced by dimensional algebra.
Using

γt = 1/∆νCs, γx = c/∆νCs, γS = h, γq = e, γΘ = h∆νCs/kB, γN = 1/NA,

the secondary scales follow:

γv = γx/γt = c,

γE = γS/γt = h∆νCs,

γm = γE/c
2 = h∆νCs/c

2,

γp = γS/γx = h∆νCs/c,

γF = γE/γx = h∆ν2Cs/c,

γP = γE/γt = h∆ν2Cs,

γI = γq/γt = e∆νCs,

γV = γE/γq = h∆νCs/e,

γRΩ = γV /γI = h/e2.

The resistance scale γRΩ = h/e2 is the von Klitzing constant; its appearance in the derived list
is the dimensional signature of the action and charge gauges, not an additional input.

7.8 Gravitational coupling: G as metrological, αG as physical

Newton's gravitational constant has SI dimensions [G] = length3mass−1 time−2. Its scale factor
is forced:

γG = γ3x / (γm γ
2
t ) =

(c/∆νCs)
3

(h∆νCs/c2) (1/∆νCs)2
=

c5

h∆ν2Cs

.

If the framework produces a dimensionless gravitational coupling Grec from the paired regional
disturbance and the connection-variation readout, then its SI value is

GSI = Grec
c5

h∆ν2Cs

, Grec = GSI
h∆ν2Cs

c5
.

With the CODATA-2022 value GSI ≈ 6.674 × 10−11m3kg−1s−2, the dimensionless record-side
number is Grec ≈ 1.5× 10−66. This is not a substrate prediction. Up to a factor of 2π,

Grec = 2π
(
ℓP /λCs

)2
,

where ℓP =
√
ℏG/c3 is the Planck length and λCs = c/∆νCs is the caesium-clock wavelength.

The small value of Grec encodes the enormous gap between the laboratory clock and the sub-
strate's intrinsic action scale; it carries no substrate content beyond what is already in the
metrological choices {∆νCs, h, c}.

The substrate target is therefore neither GSI nor Grec in the form above. The substrate
target is a Level-4 dimensionless gravitational coupling intrinsic to the matter sector, such as
the gravitational �ne-structure constant

αG(m) =
Gm2

ℏ c
.

Writing mSI = µrec γm and GSI = Grec γG, all SI conversion factors cancel:

αG(m) = Grec µ
2
rec

γG γ
2
m

ℏ c
= 2πGrec µ

2
rec,
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using γG γ
2
m/(ℏc) = (c5/h∆ν2Cs) · (h∆νCs/c

2)2/(ℏc) = 2π. The right-hand side is purely di-
mensionless and lies in Level 4. For the electron, αG(me) ≈ 1.75 × 10−45; for the proton,
αG(mp) ≈ 5.9 × 10−39. These ratios are observer-invariant and substrate-meaningful in the
strict Level-4 sense; GSI is not.

The clean statement is:

G is metrological. αG is physical.

7.9 Universal gas constant as a derived bridge

The universal gas constant is �xed once the thermal-information gauge and the counting gauge
are in place. From γΘ = h∆νCs/kB and γN = 1/NA,

R = NA kB.

This is not an independent metrological constant but the product of the counting gauge inverse
and the thermal-information bridge. In framework terms: kB converts thermal record informa-
tion to record energy; NA converts elementary record count to molar count; R is the molarized
thermal-information bridge. R sits at Level 3, not Level 2.

7.10 Vacuum electromagnetic constants as α-dependent reconstructions

The vacuum permittivity ε0 and permeability µ0 are no longer exact de�ning constants under the
2019 SI. They are Level-3 reconstructions from the �ne-structure constant α, which is Level 4:

ε0 =
e2

4π α ℏ c
, µ0 =

1

ε0 c2
.

Within the present framework, α is produced by the projective access-cover diagnostic of Sec-
tion 15, which compresses to a Schur-complement trace on one substrate�cut block operator and
is a Level-1 invariant of Gacc. Once α is �xed at Level 4, ε0 and µ0 follow as Level-3 recon-
structions through the action, time, length, and charge gauges. The electromagnetic vacuum
constants sit at the same hierarchical level as G: observer-side metrological constructs whose
dimensional values carry no substrate content beyond the dimensionless α that drives them.

7.11 Dimensional-weight predictive criterion

Every laboratory quantity admits a dimensional decomposition along the seven metrological
axes. For any SI-side quantity QSI,

QSI = Qrec

∏
X∈{t,x,S,q,Θ,N,J}

γ
aX(Q)
X ,

where the exponents aX(Q) ∈ Z (or Q in rare cases) are determined by the SI dimension of Q
along each axis and Qrec is the Level-1 record-side content. This decomposition gives a sharp
predictive criterion:

Principle 7.6 (Dimensional-weight predictive criterion). A quantity Q is substrate-predictive
in the strict Level-4 sense if and only if its metrological weights vanish or cancel in a ratio:∑

X

aX(Q) · eX = 0 (direct), or
aX(Q1)

aX(Q2)
= const for all X (ratio).

Quantities satisfying this criterion lie in the kernel of the metrological rescaling action on ΓSI

and are invariants of the substrate�observer reading.
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This criterion partitions laboratory observables cleanly. Substrate-predictive (Level 4): the
�ne-structure constant α, the e�ective weak mixing angle sin2 θeff , all mass ratios mi/mj includ-
ing the projective-access readouts rτ , rB, rµ of Section 5, lifetime ratios, branching ratios, the
gravitational �ne-structure constants αG(m), the Schur defects, trace-normalized sector spec-
tra, and dimensionless entropy ratios. Non-predictive in the substrate sense (Level 3): G in
m3kg−1s−2, R in Jmol−1K−1, ε0 in F/m, particle masses in kilograms, lifetimes in seconds,
energies in joules. These are not meaningless � they are the laboratory readouts of Level-4
invariants through ΓSI � but they are not what the substrate is competent to predict.

7.12 Full Level-2 metrological map

The Level-2 map is summarized in Table 2, with two Level-3 derivations included for orientation.

Quantity Record-side object SI gauge

Level 2 (primary):

time τrec γt = 1/∆νCs

length xrec γx = c/∆νCs

action Srec γS = h

charge qrec γq = e

temperature Θrec γΘ = h∆νCs/kB

amount Nrec γN = 1/NA

photometry Jrec �xed by Kcd and V (ν)

Level 3 (derived from Levels 1 and 2):

mass derived γm = h∆νCs/c
2

energy derived γE = h∆νCs

current derived γI = e∆νCs

resistance derived γRΩ = h/e2

gravitation Grec (Level 1) γG = c5/(h∆ν2Cs)

gas constant � R = NA kB

vacuum permittivity α (Level 4) ε0 = e2/(4π α ℏc)

Table 2: Level-2 metrological map. The upper block �xes the seven primary gauges; the lower
block illustrates Level-3 derivation. Predictive substrate targets (Level 4) are not listed here;
they are by construction outside the metrological map.

7.13 Observer metrological completion theorem

The structural content of this section is captured by the following theorem.

Theorem 7.7 (Observer metrological completion). Let (Krec,Mrec) be the paired bookkeeping

of the substrate�observer architecture, with generalized record operator Gacc =M
−1/2
rec KrecM

−1/2
rec ,

and assume the observer junction recovers dimensionless record coordinates for the seven metro-
logical axes (De�nition 7.1). The following hold.

(i) Existence and uniqueness of the SI completion. The metrological coordinate change ΓSI =
diag(γt, γx, γS , γq, γΘ, γN , γJ) is the unique positive diagonal map such that the seven SI
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de�ning conditions hold:

γt = 1/∆νCs, γx = c/∆νCs, γS = h, γq = e,

γΘ = h∆νCs/kB, γN = 1/NA,

with γJ �xed by Kcd together with the photometric response function V (ν).

(ii) Operator-theoretic covariance. The paired bookkeeping transforms covariantly under ΓSI

via KSI
rec = Γ−T

SI KrecΓ
−1
SI and MSI

rec = Γ−T
SI MrecΓ

−1
SI , and the generalized record operator Gacc

is invariant.

(iii) Direct-sum compatibility. Under the metrology�physics decomposition H = Hmet ⊕Hphys,
ΓSI acts as the identity on Hphys.

(iv) Predictive kernel. Under the completion, every Level-3 dimensional constant is recon-
structed by dimensional algebra from Levels 1 and 2, while substrate-predictive content is
con�ned to Level-4 invariants: quantities satisfying the dimensional-weight cancellation
criterion of Principle 7.6.

Corollary 7.8 (Dimensionless prediction kernel). The substrate's empirical content under any
metrological completion ΓSI is exactly the kernel of the rescaling action γX 7→ λXγX on ΓSI.
The �ne-structure constant α, the lepton-mass ratios, the projective-access readouts rτ , rB, rµ of
Section 5, the mixing angles, the dimensionless sector traces, the Schur defects, the gravitational
�ne-structure constants αG(m), and the access-cone compatibility ratios all lie in this kernel.
The numerical SI values of G, R, ε0, µ0, particle masses in kilograms, lifetimes in seconds, and
analogous dimensional constants do not.

Corollary 7.9 (Falsi�er restriction). Any falsifying observation against the framework must
turn on a Level-4 invariant. A measurement reporting an anomalous laboratory value of G,
R, ε0, a particle mass in kilograms, or any other Level-3 quantity does not by itself falsify the
framework; the framework is empty of predictions about Level-3 quantities except through Level-4
invariants and the SI completion. The falsi�cation criteria of Section 21 should be read under
this restriction; in particular the tau-mass and baryon-mean falsi�ers of Proposition 5.11 are
Level-4 falsi�ers (they constrain rτ and rB as dimensionless invariants), not laboratory-mass
falsi�ers.

Operational reading. Two slogans capture the content of Theorem 7.7:

The SI does not derive Krec and Mrec. The SI lets laboratory physics be pulled back
into the dimensionless geometry of Gacc.

Normalize the metrology axes to identity; place the seven SI constants in the external
metrological map ΓSI; keep the physics in dimensionless sector readouts of Gacc.

This completes the metrological layer. The recovered e�ective laws of the subsequent sections
(Sections 8, 11, 14 and 15) are now read o� the dimensionless geometry of Gacc and projected into
SI form through Theorem 7.7; the framework's prediction targets are con�ned to Corollary 7.8;
and the falsi�cation criteria of Section 21 are correspondingly restricted by Corollary 7.9.

8 Recovered thermodynamics from substrate�observer coupling

Thermodynamics is not placed inside the substrate alone and is not assigned to an observer
alone. The substrate supplies static regional disturbance, conditional-expectation defect, and
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the paired connection-dependent sti�ness/susceptibility (Krec,Mrec); the observer supplies cuts,
accessible records, and an entropy gradient over those records. Only the pair

(W, ω, S; O)

contains enough structure to de�ne a thermodynamic exchange.
This separation is important. A bare substrate has no experienced heat �ow, because it

has no oriented record access. A bare observer cut has no physical content, because without
substrate disturbance there is no cost whose variation can be read as �ux. Thermodynamics is
therefore recovered at the interface:

regional disturbance �ux+ observer record entropy =⇒ thermodynamic balance.

8.1 Cuts, entropy, and disturbance �ux

Let ER : W → AR be a modularly stable observer cut, and let ωR = ω◦ER be the accessible state.
The observer-side entropy of the cut is the entropy of accessible records. In �nite approximants
this is

SR(ω) = −Tr(ρR log ρR),

while in the von Neumann algebraic setting the intended replacement is the relative modular
entropy associated with the restricted state and its reference cut. This entropy is not a substrate
scalar by itself; it is the entropy of a state as viewed through an admissible access map, and its
second variation along admissible deformations is the record susceptibility carried by Mrec.

The substrate-side quantity is the variation of KR across the same cut. For a cut deformation,
boundary support deformation, or connection variation ξ, de�ne

δQR(ξ) := δRKR(ρ,∇, g; ξ),

where δR denotes variation measured across the boundary between the accessible algebra AR and
its complement in the cut decomposition. In a boundary form this may be read as a disturbance
�ux

J∂R ∼ ⟨DR, Krec∇nDR⟩∂R,

whenever an appropriate normal derivative or shell-gradient is available. The key point is that
the heat-like quantity is not an additional source; it is the observer-accessible �ux of the same
paired regional disturbance.

8.2 Recovered Clausius relation

The modular data of (W, ω) supply the scale relating record-entropy change to access-�ow change.
Denote this scale by ΘR. A cut is in local substrate�observer thermodynamic equilibrium when

δQR = ΘR δSR.

This equation is not imposed at the substrate level. It is recovered only when disturbance �ux
through Krec is paired with observer-access entropy whose Hessian is carried by Mrec. In this
sense, thermodynamics is neither fundamental time nor merely psychological memory; it is the
equilibrium bookkeeping of regional disturbance exchange across record-bearing cuts.

8.3 Relation to Jacobson

Jacobson's 1995 argument [25] treats the Einstein equation as an equation of state by imposing
δQ = T dS on all local Rindler horizons, with horizon entropy proportional to area and Unruh
temperature �xing the local temperature scale. The present framework keeps the structural
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moral but changes the primitive data. Jacobson begins with spacetime causal horizons; here
the primitive object is a modularly stable algebraic cut. Jacobson's heat is energy �ux through
a horizon; here the corresponding �ux is variation of the paired master disturbance across an
observer cut. Jacobson's entropy is horizon entropy; here the entropy is accessible record entropy
or its modular relative-entropy replacement.

The claim is therefore narrower than Jacobson's. This paper does not derive the Einstein
equation. It proposes that gravity-like response becomes equation-of-state-like when the con-
nection variation of one paired regional disturbance is read through record-bearing cuts. The
inertia/gravity alignment of the next section is not itself thermodynamics; it supplies the shared
generator whose variation becomes δQR once an observer cut is introduced.

8.4 Why the placement matters

The Shared-Connection principle can be stated as a substrate bookkeeping result: inertia and
gravity-like response are not independent costs for the same paired regional disturbance. The
thermodynamic relation needs more. It needs an observer cut, an entropy of accessible records,
and modular stability of that cut. Therefore the logical order is

paired regional disturbance (Krec,Mrec) ⇒ inertial/gravity-like readouts

⇒ observer cut ⇒ thermodynamic balance.

9 Shared-Connection principle from one paired regional distur-

bance and Type II1 trace uniqueness

The primary substrate-side route to the alignment of inertial response and gravity-like response
is not a literal equality between two separately postulated forces. It is the compression of
both readouts into one paired regional disturbance bookkeeping (Krec,Mrec). The structural
argument is the following.

The Type II1 isotropic quadratic normal-form theorem of Section 4.1 (Theorem 4.1) says that,
for Hilbert�Schmidt conditional-expectation defects, any positive, continuous, twice-di�erentiable,
fully unitary-covariant disturbance functional has leading form

F (y) = c τH(y∗y) + o(∥y∥2HS), c > 0,

where τH is the canonical trace on the Hilbert�Schmidt geometry of L2(M, τ). The Murray�von
Neumann uniqueness of the trace on a Type II1 factor says that the substrate has no second
canonical tracial weight from which to build a second independent leading defect geometry.
Therefore any admissible readout that is a variation of the same paired regional disturbance
inherits the same canonical quadratic bookkeeping, weighted through Krec and measured by
Mrec.

Proposition 9.1 (Shared generator for inertial and gravity-like readouts). Let (M, τ) be a Type
II1 factor and let X be a persistent excitation whose admissible support and connection variations
are encoded by Hilbert�Schmidt defects satisfying the hypotheses of the Type II1 normal-form
theorem. Let

KR(ρ,∇, g) = τ [DR(ρ)
∗Krec(∇, g, R)DR(ρ)]

be the local regional disturbance. De�ne the inertial readout along an algebraic support-deformation
direction v by

IR(v) =
d2

dϵ2
KR+ϵv(ρ,∇, g)

∣∣∣∣
ϵ=0

,
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and the gravity-like readout along an accessible connection or metric-like variation h by

GR(h) =
d

dϵ
KR(ρ,∇, g + ϵh)

∣∣∣∣
ϵ=0

.

Then IR and GR are not independent primitive couplings. They are variational projections of the
same paired trace-quadratic disturbance geometry. In weak, isotropic, low-disturbance normaliza-
tions where the connection variation induced by an algebraic support deformation is represented
by the same positive operator ∆∇, both reduce to the same leading coe�cient,

IR(v) ≃ q2R v
T∆∇ v, GR(v) ≃ q2R v

T∆∇ v,

with equality understood as a limiting shared-generator result, not as a primitive identity between
separate forces.

Proof sketch. Both readouts are derivatives of one admissible local disturbance functional ap-
plied to defect variables generated by the same persistent support. By the normal-form theo-
rem, the leading local geometry of those defects is anchored to the same canonical trace and
hence to the same scalar coe�cient c. Independent leading couplings would require independent
canonical quadratic geometries on the same defect sector. A Type II1 factor supplies only one
faithful normal tracial state up to scale, and the full-covariance normal form supplies only one
leading Hilbert�Schmidt defect norm. Thus the two readouts share a generator. In the weak
isotropic limit the support and connection variations are represented through the same con-
nection sti�ness, giving the displayed common quadratic form. The paired susceptibility Mrec

controls the same defect through entropy/distinguishability, so that the common eigenvalue of
Gacc =M

−1/2
rec KrecM

−1/2
rec governs both readouts.

This is the algebraic-substrate analog of the equivalence principle, not the full Lorentzian
general-relativistic equivalence principle. In ordinary language, the equivalence principle says
that inertial response and gravitational response cannot be operationally separated by the free
fall of a test body. In the present framework that alignment is not introduced as a spacetime
postulate. It is the observer-e�ective expression of a substrate bookkeeping fact: a Type II1-like
disturbance geometry supplies one canonical tracial quadratic coe�cient for persistent regional
defects, and the paired (Krec,Mrec) structure carries it consistently through the generalized
record operator. To obtain the empirical free-fall statement, the observer-side recovery of support
motion is still needed. That recovery is supplied in Section 11.1 as least-disturbance record
continuation, and its weak-�eld version is supplied in Section 11.6.

9.1 Alternative motivation: support re-embedding as paired disturbance
variation

A persistent excitation has one substrate cost for admissible re-embedding of its support,

CX(v; ∇) = KR+v(ρ,∇, g)−KR(ρ,∇, g).

If inertia and gravity-like response used di�erent primitive functionals for the same support
deformation, the identity of X would depend on which observer protocol was used. If the two
operations merely commuted but remained distinct, the joined disturbance would still contain
duplicate bookkeeping. Since the substrate has no primitive temporal order deciding which
operation happens �rst, regional join disturbance must be path-independent:

δI δGKR∨S = δG δI KR∨S .

Minimal bookkeeping then collapses the two generators to one paired connection-dependent
disturbance. The trace-uniqueness derivation above is the sharper mathematical form of this
intuition.
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9.2 Composition independence: the binding-energy question

The Shared-Connection principle is not strong enough if it applies only to a single elementary
support. The empirical content of the equivalence principle is composition-insensitive: di�er-
ent bodies can contain di�erent fractions of rest-like persistence, binding contribution, kinetic
contribution, electromagnetic contribution, or other internal energy. A substrate account must
therefore explain why internal contributions to a persistent composite do not carry independent
gravity-like charges.

The framework's answer is that a composite excitation is still measured by the same paired
master disturbance functional. Let a compound support in a region A be represented by persis-
tent sub-supports X1, . . . , Xk. Its total substrate disturbance is one defect geometry,

KA(X1, . . . , Xk) = τ [D∗
AKrecDA] ,

where the composite defect may decompose into physically labeled components. The observer's
physical labels � rest-like, binding, kinetic, electromagnetic, gauge, or internal � describe
di�erent components of the defect, not di�erent disturbance functionals. The Type II1 normal
form gives

KA = c ∥DA∥22,τ,Krec
+ o(∥DA∥22,τ ),

with the same c for all local defect contributions. Internal composition can change the magnitude
and shape of the defect, but it cannot introduce separate canonical couplings crest, cbind, or cem.
Such couplings would require separate canonical trace-quadratic geometries, which the �nite-
factor substrate does not supply.

A simple worked bookkeeping example makes the point explicit. Suppose the local defect
associated with a composite support decomposes, relative to an observer's physical labels, as

DX = Drest +Dem +Dbind +Dkin.

Then the leading substrate disturbance is not a sum with independent gravitational weights. It
is one paired Hilbert�Schmidt norm:

KX = c∥DX∥22,τ,Krec
+ o(∥DX∥22,τ ),

so that, when the explicit sti�ness weighting is locally suppressed from the notation,

KX/c = ∥Drest∥22 + ∥Dem∥22 + ∥Dbind∥22 + ∥Dkin∥22 + 2
∑
i<j

ℜ⟨Di,Dj⟩2,τ + o(∥DX∥22).

The cross terms matter because composition changes the defect shape. What is forbidden, under
the one-trace normal form, is a replacement such as

crest∥Drest∥22 + cem∥Dem∥22 + cbind∥Dbind∥22,

with independently canonical coe�cients. That expression would require separate preferred
tracial quadratic geometries for di�erent internal sources. The Type II1 substrate supplies only
the single Hilbert�Schmidt geometry induced by τ and the paired (Krec,Mrec) structure.

Thus the substrate-side equivalence statement is stronger than mass cancellation for an
elementary support:

all contributions to persistent regional disturbance couple through one leading paired
defect geometry.

The observer-side reconstruction of trajectories is still needed to translate this into composition-
independent recorded free fall.
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10 Scope, modularity, and claim status

The framework's claims sit in three classes.

10.1 Consistency claims

The substrate-side features and observer-side features named above can be implemented to-
gether on one unchanged �nite substrate. Finite validations verify coexistence and bookkeeping
consistency. They do not establish naturalness or uniqueness.

10.2 Reconstruction claims

Given the substrate-side structure (Krec,Mrec) and the observer's access rules, the observer can
reconstruct Newton-like mechanics, wavefunction-and-collapse, Maxwell-like equations, and a
weak-�eld gravity response as e�ective descriptions of recorded experience.

10.3 Locational claims

Stable separability, persistence, sti�ness, gravity-like response, and gauge connection are placed
on the substrate side as readouts of paired regional disturbance. Time, the arrow, motion,
collapse, and �eld evolution are placed on the observer side.

10.4 Scope of the claims

The framework should be read as a reconstruction program, not as a completed derivation
of established physics. It studies the hypothesis that physical time, motion, thermodynamics,
and �eld-like laws can be represented as observer-e�ective structures arising from access to a
tenseless algebraic substrate. The paper does not assume as established fact that nature is such
a substrate.

Several ingredients are speci�ed constructively rather than derived uniquely from primitive
axioms: the admissible regions, conditional expectations, connection sectors, source readouts,
paired sti�ness and susceptibility operators (Krec,Mrec) and their structural decompositions,
and observer-access rules. The compression introduced here reduces the number of independent
disturbance readout sectors by treating them as readouts of one paired regional disturbance
functional, but it does not yet derive that functional uniquely. The �nite validations therefore
demonstrate internal compatibility and feasibility, not naturalness, uniqueness, or empirical
con�rmation.

The recovered structures are structural analogues unless the additional continuum hypotheses
stated later are satis�ed. In particular, the paper does not claim an unconditional derivation of
the Einstein �eld equations, the Standard Model, measured coupling constants, a physical contin-
uum spacetime, or full di�eomorphism invariance. Section 12.2 gives the conditional continuum
calculation required for the gravity claim: if the observer-limit action has an Einstein�Hilbert
leading term and if the defect sector supplies a conserved stress tensor through metric varia-
tion, then the junction stationarity condition gives the Einstein equation. The coordinate-graph
models used in the validation appendix are benchmarks, not substrate-intrinsic de�nitions. The
dynamic metric-like �eld used there is a �nite symmetric positive matrix �eld, not a Lorentzian
metric.

Finally, �observer� does not mean a conscious agent. It denotes a memory-bearing access
structure, in the operational sense used in quantum information and algebraic reconstruction.
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10.5 Modularity

The two layers are modular. A reader interested only in the structural organization of physics
can use the substrate layer without committing to the observer layer. A reader interested only
in the foundations of temporal experience can use the observer layer without committing to the
substrate layer. Each layer stands on its own. Together they yield a uni�ed picture in which
substrate phenomena and observer phenomena are explicitly separated and explicitly related,
the bridge being the observer's cut and record accumulation.

11 Junction recovery principle for e�ective laws

The thermodynamic relation of Section 8 is recovered only after both layers are present. The
same rule is used for all the other physical sectors in this paper. An e�ective law is counted
as recovered, rather than merely stipulated as an observer readout, when it follows from three
ingredients:

paired regional disturbance+ observer access+ junction stationarity/compatibility.

The substrate supplies tenseless objects: conditional-expectation defect, paired regional distur-
bance (Krec,Mrec), support sti�ness throughKrec, record susceptibility throughMrec, connection
response, holonomy, and algebraic shell growth. The observer supplies record order, accessible
algebras, stable cuts, and �nite or modular bandwidth. The junction principle is a balance,
least-action, stationarity, conservation, or invariant-access condition that is not meaningful on
either layer alone.

Thus the target is not to say that Newtonian mechanics, Maxwell equations, Lorentz kine-
matics, and weak gravity are hand-selected observer readouts. The target is to recover each as
the e�ective equation forced when the observer is allowed to read one paired substrate distur-
bance through a stable access cut. The recoveries below are still limited: they do not establish
standard physics in nature, do not determine numerical constants, and do not solve the Type
III extension. But their logical status is stronger than a witness language. They are junction
recoveries of the framework.

11.1 Recovered Newtonian mechanics as least-disturbance record continua-
tion

Newtonian mechanics is recovered at the junction of support disturbance and record order.
The substrate supplies a stable support manifold SX for a persistent excitation X and a local
disturbance functional KX(q), where qa are coordinates on the support-deformation manifold.
These coordinates are not background space; they are parameters on the family of support
embeddings accessible to the observer. The observer supplies a record chain λ 7→ Aλ and an
internal label parameter t = t(λ).

The junction principle is least-disturbance record continuation. Among support histories
compatible with the observer's record chain, the realized e�ective history is stationary for

IX [q] =

∫ (
1
2 q̇

aKab(q) q̇
b −KX(q)

)
dt,

where

Kab(q) =
∂2KX

∂qa ∂qb

is the support-sti�ness Hessian inherited from the paired master disturbance, weighted by Krec.
A record is unstable when the conditional expectation representing the observer's accessible mem-
ory fails to approximately preserve the previous support state under continuation; equivalently,
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the recovery error between successive observer cuts grows rather than remaining bounded. In
this sense, a non-stationary path is not merely dynamically disfavored. It is a path along which
the observer's algebra cannot maintain a stable conditional memory of the previous record.

The �rst variation gives
Kab q̈

b + Γabc q̇
bq̇c = −∂aKX ,

with Γabc the connection induced by the support-sti�ness metric whenKab varies over the support
manifold. In the local constant-sti�ness limit this reduces to

Kab q̈
b = −∂aKX .

Thus Newton-like mechanics is not substrate evolution. It is the observer's stable-record repre-
sentation of stationary support continuation through a timeless paired disturbance landscape.

11.2 Finite record recoverability and the observer-junction light limit

Before introducing Lorentz kinematics, the speed limit must be located correctly. A tenseless
substrate should not be assigned a primitive velocity bound by itself: velocity already presup-
poses both a distance and an oriented time parameter. The substrate supplies algebraic distance,
disturbance barriers, modular stability, and conditional-expectation structure; the observer sup-
plies record order, cuts, and an internal proper record increment. The �nite light-like bound is
therefore a substrate�observer junction quantity, not a substrate scalar alone.

Principle 11.1 (Finite Record Recoverability). A memory-bearing observer can recover new
stable records only through admissible cut updates that preserve prior records, remain modularly
stable, and do not cross forbidden disturbance-erasure barriers. The maximum rate at which
newly recoverable stable records can enter the observer's accessible algebra de�nes the observer-
junction speed.

It is useful to distinguish this speed from a substrate propagation rate. If a chosen substrate
�ow or connection update admits a rate of disturbance spread, write it schematically as vsub.
This is not yet the speed experienced by an observer, because propagation is weaker than record
formation. A substrate disturbance becomes an event for an observer only if it passes three
�lters:

1. it is acquired into the accessible algebra Aλ;

2. it decoheres or stabilizes into the record algebra Mλ;

3. it remains monotonically recoverable along ⪯.

The observer-recoverability speed c∗ is the maximal rate satisfying all three requirements. Con-
sequently

c∗ ≤ vsub,

and the inequality can be strict.
Let O = (Λ,⪯, {Aλ}, {Mλ}) be an observer. The substrate supplies an intrinsic alge-

braic distance dω(R,S) between record supports, de�ned by the state and regional conditional-
expectation structure rather than by coordinates. The observer supplies a proper record incre-
ment ∆τλ > 0 between adjacent labels. For a transition λ → λ+, de�ne the admissible newly
recoverable transitions by

Rλ := {(R,S) : R ⊂ Aλ, S ⊂ Aλ+ , S contains a newly recoverable stable record caused by R},

subject to the three record-recoverability constraints

S ⊂ Aλ+ , S ⊂ Mλ+ , Mλ ⊆ Mλ+ ,
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together with modular stability and the disturbance-barrier condition

∥Eλσ
ω
t − σωt Eλ∥2,ω ≤ ϵ, ∆Kerase(S) ≥ Θrec.

The one-step record expansion is

∆rec
λ := sup

(R,S)∈Rλ

dω(R,S),

and the observer-recoverability speed is

c∗ := cO := sup
λ

∆rec
λ

∆τλ
.

The corresponding access cone is

dω(Rλ, Rµ) ≤ c∗ |τµ − τλ|.

This cone is not a statement that the substrate cannot contain nonlocal relations, nor that vsub
is the physical speed of light, nor that c∗ has a universal numerical value in the present work. It
is a statement that a record-bearing observer cannot make stable, ordered records recoverable
faster than the admissible cut-update rate.

11.2.1 Paired record bandwidth from (Krec,Mrec)

The expected reduction form is the generalized eigenvalue of the paired sti�ness�susceptibility
operator. Let αs be admissible algebraic deformations of the observer-access inclusion. These
are not spatial translations in a pre-existing manifold; they are deformations of which regional
factors, conditional expectations, and stable records are included in the cut. For a deformation
direction v, the support-sti�ness form is

κR(v, v) :=
d2

ds2
Kαsv(R)

∣∣∣∣
s=0

= ⟨v,Krec v⟩,

the mass-like side of the bandwidth law. It measures the quadratic disturbance cost required to
deform the accessible support while preserving record identity. The record-susceptibility form is

χR(v, v) :=
d2

ds2
D(ϕαsv(R) ∥ϕR)

∣∣∣∣
s=0

= ⟨v,Mrec v⟩,

the entropy-like side. It measures how rapidly recoverable record information changes under
the same algebraic deformation. In the sharper recovery version, χR is not merely an abstract
entropy curvature. If RR : AR → W is an admissible recovery channel associated with the cut,
the junction recovery loss is

LR(ρ) := S(ρ ∥RRER(ρ)) ,

whenever the relative entropy is �nite. For a deformation ρs = αs(ρ) generated by an admissible
derivation, one may take

χR(v, v) =
d2

ds2
LR(ρs)

∣∣∣∣
s=0

up to the normalization used for modular record time. Thus record susceptibility is the Hessian
of observer reconstruction loss. The zero-loss case is a cut whose accessible algebra recovers
the relevant substrate state; positive loss is scalar unrecoverability. The record-speed scale is
therefore not introduced independently; it is determined by the paired (Krec,Mrec) structure.
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Proposition 11.2 (Record-bandwidth bound from the paired generator). Let R be an observer-
access region with paired master disturbance operators (Krec,Mrec), both positive. A deformation
mode v propagated at inclusion rate r is stably recordable only if

r2 χR(v, v) ≤ κR(v, v), i.e., r2 ⟨v,Mrec v⟩ ≤ ⟨v,Krec v⟩.

Consequently the local observer record-bandwidth bound is the generalized eigenvalue threshold

c2∗(R) := inf
v ̸=0

⟨v,Krec v⟩
⟨v,Mrec v⟩

= λmin

(
M−1/2

rec KrecM
−1/2
rec

)
= λmin(Gacc),

with the in�mum taken over modes that remain in the stable record sector. Equivalently, stable
modes solve the generalized eigenvalue problem

Krec v = c2Mrec v,

and the observer cone is the recoverable part of this generalized spectrum.

Proof. A deformation at inclusion rate r changes the observer state by an amount whose second-
order distinguishability cost is r2χR(v, v) per unit record increment. The same mode is stabilized
by the disturbance sti�ness κR(v, v) supplied by the substrate. If the distinguishability growth
exceeds the available sti�ness, the reverse channel cannot keep previous records approximately
recoverable and the deformation is not a stable element of the record algebra. Thus stable
recordability requires r2χR(v, v) ≤ κR(v, v) for every admissible mode. Solving for the largest
uniformly admissible rate gives the Rayleigh-quotient bound above. The Rayleigh quotient
⟨v,Krecv⟩/⟨v,Mrecv⟩ equals the spectrum ofM−1/2

rec KrecM
−1/2
rec = Gacc since positiveMrec admits

a symmetric square root, and the minimum of the quotient is the smallest eigenvalue of Gacc.

This proposition is the framework-native version of the relation between mass and entropy
in the access speed. Mass-like inertia is not inserted as a separate constant; it is the sti�ness
Hessian carried by Krec of the same paired regional disturbance. Entropy is not an independent
thermodynamic add-on; it is the susceptibility of record distinguishability carried byMrec under
the same deformation. The speed bound is the lowest generalized eigenvalue of their pair through
Gacc.

In a �nite or continuum model, a universal value of c∗ would require the generalized spectrum
of (Krec,Mrec) to converge under re�nement to the substrate access spectrum Gacc, and to be
independent of the admissible observer cut. That universality is not assumed here.

11.2.2 Compatibility without metric coincidence

The substrate framework requires only

spec
(
M−1/2

rec KrecM
−1/2
rec

)
→ spec(Gacc),

where Gacc is the substrate's intrinsic access-spectrum operator. It does not impose

Krec =M1/2
rec LaccM

1/2
rec

as a de�nition. The metric-compatible form is a possible realization of the compatibility con-
dition � one in which Gacc literally equals the access Laplacian Lacc � but the framework
only requires that the generalized ratio of the two independently constructed operators stabi-
lizes under re�nement to the same access spectrum. Both Krec and Mrec are then nontrivial
substrate-built operators, and neither is de�ned from the other.
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11.2.3 Extreme regimes

The same paired bandwidth formula gives precise framework-native placements for several lim-
iting cases. In a black-hole-like region B, exterior recovery fails when the entropy susceptibility
carried by M ext

rec,B overwhelms the support sti�ness carried by Kext
rec,B,

λmin

(
(M ext

rec,B)
−1/2Kext

rec,B (M ext
rec,B)

−1/2
)
→ 0.

Then
c2∗,ext(B) → 0,

so the horizon is an exterior record-bandwidth collapse rather than a primitive substrate wall.
Interior information need not be destroyed in W; it becomes nonrecoverable to the exterior
algebra because the reverse channel is dominated by record susceptibility at the boundary cut.

In quantum regimes, the defect covariance PD and the record susceptibilityMrec dominate the
observer readout. Large Mrec-eigenvalue ratios relative to Krec produce probabilistic, noisy, or
nonseparable records; small ratios give sti�, low-noise records and therefore a classical-looking
stable history. The bandwidth law therefore places the quantum/classical transition in the
generalized spectrum of (Krec,Mrec).

In cosmological regimes, the relevant region is a large accessible domain Ω. The global
disturbance baseline contributes to the observer-e�ective vacuum o�set, while the large-scale
bandwidth is

c2∗,Ω = inf
v

⟨v,Krec,Ω v⟩
⟨v,Mrec,Ω v⟩

.

A cosmological-constant-like term is then not a localized matter disturbance but the large-region
baseline part of the paired disturbance-action dictionary. Its e�ect on large-scale causal appear-
ance is mediated by the same pair of quantities: global sti�ness through Krec and global record
susceptibility through Mrec.

11.2.4 Finite generalized-eigenvalue benchmark

The generalized-eigenvalue statement can be tested in a deliberately minimal �nite model with-
out assigning any physical value to c∗. Let the admissible support-deformation space be VR ∼= R6.
Choose two positive-de�nite matrices realizing the structural decompositions, with each ingredi-
ent SPD on VR and the coe�cients chosen so that Krec,Mrec > 0. For a direct record-stability
simulation, a deformation mode v updated at inclusion rate r is declared stable exactly when

r2 ⟨v,Mrec v⟩ ≤ ⟨v,Krec v⟩.

The eigenvalue prediction is not separately chosen; it is the Rayleigh-quotient threshold

c2∗ = λmin

(
M−1/2

rec KrecM
−1/2
rec

)
= inf

v ̸=0

⟨v,Krec v⟩
⟨v,Mrec v⟩

.

In a representative run using the structural decomposition with simple admissible choices for
each ingredient and unit normalization weights, the generalized eigenvalue calculation reproduces
the same critical threshold to which Monte Carlo random-direction sampling converges, and
the critical-direction test makes the transition explicit: rates below the threshold leave the
inequality positive, rates equal to the threshold give equality on the critical eigenvector, and
rates above the threshold violate the inequality. This is the logical necessity test of the paired
generalized eigenvalue construction: when the same (Krec,Mrec) de�ne direct record stability, the
�rst unstable mode is exactly the generalized eigenmode, and the record-bandwidth threshold
is the corresponding eigenvalue bound on Gacc.
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11.2.5 Stability envelope and null record modes

The record-bandwidth bound can be phrased geometrically without assigning a numerical value
to c∗. For a region R, de�ne the local record-stability envelope

CR := {(r, v) : r2 ⟨v,Mrec v⟩ ≤ ⟨v,Krec v⟩}.

Its boundary,
r2 ⟨v,Mrec v⟩ = ⟨v,Krec v⟩,

is the null recoverability boundary of the observer cut. The critical modes that �rst saturate
this boundary satisfy the generalized eigenvalue problem

Krec v∗ = c2∗Mrec v∗.

Thus the generalized eigenvector is not, by itself, a photon or a physical light ray. It is the �rst
saturating algebraic deformation mode of the paired record-stability problem. A photon-like
interpretation would require an additional identi�cation: the saturating eigenspace must lie in
the accessible holonomy/gauge sector, carry the appropriate transverse degrees of freedom, and
obey the Maxwell-type stationarity condition of the low-disturbance readout. The framework
therefore treats critical eigenvectors as null record modes; identifying a null record mode with
light is a reduction target, not an assumption.

The same language clari�es the failure modes. If c∗ = ∞, there is no �nite recoverability cone
and the observer layer becomes Galilean-like rather than Lorentzian. If c∗ = 0 in an ordinary re-
gion, distinct stable records cannot propagate and extended dynamics fails. If c∗(R, v) depends
on direction, the local geometry is anisotropic, closer to a Finsler or medium-like record geom-
etry than to Lorentz spacetime. If di�erent admissible observers disagree about the boundary
r2⟨v,Mrecv⟩ = ⟨v,Krecv⟩, then there is no observer-independent causal structure. Consequently
the eigenvalue bound supplies the speed scale, but Lorentz kinematics requires the additional
invariant-cone hypotheses stated in the next subsection.

For black-hole-like cuts, the same envelope gives a precise threshold formulation. A horizon
is approached when the exterior envelope collapses in the interior-to-exterior directions,

λmin

(
(M ext

rec,∂B)
−1/2Kext

rec,∂B (M ext
rec,∂B)

−1/2
)
→ 0,

or falls below the recovery threshold of the exterior observer. This resembles an entropy-area
constraint only after one proves that the boundary sti�ness scales with area and that the sus-
ceptibility readout coincides with physical entropy. Recovering the Bekenstein�Hawking [33, 34]
coe�cient is therefore a separate reduction target, not a result of the present �nite diagnostic.

11.2.6 Light as the saturating record sector

The electromagnetic or gauge/light sector is identi�ed with the �nite speed only when its records
saturate the recoverability bound. More precisely, if the massless gauge-record sector is the
minimal-disturbance stable sector for which

dω(Rλ, Rλ+) = cO ∆τλ

on admissible transitions, then
clight = cO.

Thus the framework does not say that light measures how fast the substrate moves, and it
does not require clight = vsub. It says that light is the fastest stable way an observer can receive
decohered, monotonically recoverable records through the substrate�observer junction. The elec-
tromagnetic sector inherits the paired bookkeeping with a matching coupling renormalization:

Kem
rec = g−2

eff Krec, M em
rec = g−2

eff Mrec.
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The matched pair ensures that the electromagnetic record cone

c2em = λmin

(
(M em

rec )
−1/2Kem

rec (M
em
rec )

−1/2
)
= λmin

(
M−1/2

rec KrecM
−1/2
rec

)
= c2∗

coincides with the universal record cone: the g−2
eff factor cancels exactly between numerator and

denominator, so the electromagnetic coupling geff controls the Maxwell amplitude scale without
altering the universal record cone. This is the speed that enters the Lorentz recovery below. We
write c∗ := cO throughout.

11.3 Recovered Lorentz kinematics from invariant modular-access cones

Lorentz kinematics is the hardest sector. The preceding section gives a �nite observer-junction
speed c∗ as a maximum stable record-access rate determined by the lowest generalized eigenvalue
of Gacc. A �nite speed alone, however, is still not enough to force Lorentz transformations. The
stronger substrate�observer recovery requires an invariant access cone: all admissible observers
must agree on which record events can be joined by �nite record recoverability.

The substrate supplies an algebraic distance, not a coordinate distance. For regions or record
supports R,S, write dω(R,S) for the state-dependent algebraic distance de�ned by conditional-
expectation attenuation, modular distinguishability, or shell depth in the algebraic coarsening
category. The observer supplies stable record increments and cut updates constrained by the
Finite Record Recoverability Principle. The junction principle is invariant accessibility:

dω(Rλ, Rµ) ≤ c∗ |τλ − τµ|

must have the same truth value for every observer using the same modular state class and stable
cut category.

When the accessible record histories admit a two-dimensional normal form spanned by record
duration and one support-separation variable, the invariant of this access cone is

ds2acc = c2∗ dτ
2 − d2ω.

Transformations preserving the access cone preserve ds2acc, and the usual Lorentz factor follows
in an observer chart:

dτprop = dt
√

1− v2/c2∗, γ = (1− v2/c2∗)
−1/2.

A stable excitation with support sti�ness m then has e�ective action

Sobs = −mc2∗
∫
dτprop,

which gives
p = γmv, E = γmc2∗, E2 − p2c2∗ = m2c4∗.

At rest, E0 = mc2∗.
This is a recovery only under the invariant modular-access-cone hypothesis. It is stronger

than a bandwidth compatibility statement, but it still marks the open technical point honestly:
on a purely tracial Type II1 substrate the modular �ow is trivial, so nontrivial Lorentzian access
geometry requires either a Type III extension or an observer cut whose accessible algebra carries
nontrivial modular data. The law is recovered at the junction; it is not proved from the Type
II1 substrate alone.
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Operator-algebraic consequence for primitive retrieval supports. The recovery of a
Lorentz-like access cone has a direct operator-algebraic consequence for the primitive spatial re-
trieval projections of Gacc|Sobs

: under the irreducibility of the spatial subgroup Gsp ⊂ GLor(Σobs)
that the recovered cone provides, these primitive projections form a single Gsp-orbit and share
a common trace. This result is stated and proved as the cone-recovery trace lemma (Theo-
rem 4.3) in Section 4.2, where it is used as a structural ingredient for sector readouts that
depend on equal-trace primitive support equivalence. The lemma is conditional on the same
Lorentz-recovery program described in this subsection: if the recovered GLor(Σobs) has the spa-
tial irreducibility property, equal trace of primitive retrieval projections follows; if not, both this
subsection and Theorem 4.3 share the same residual gap.

11.4 Wavefunction and collapse: observer-side reading

The restriction-to-accessible reading of measurement collapse and the wavefunction is observer-
layer machinery, developed in Section 6.12 of the observer-layer chapter. There the wavefunction
ρλ is identi�ed as the observer-e�ective state on Aλ, Born probabilities arise from ωλ(Pk) on
record-compatible projectors, and Lüders conditionalization ρλ′ = PkρλPk/Tr(Pkρλ) updates
the observer-e�ective state without touching the substrate state ω. The junction-recovery read-
ing is therefore: ordinary measurement is the special case of accessible-algebra restriction in
which the cut Aλ contains the record-compatible projectors, and collapse is record-conditioned
access rather than substrate-level dynamics.

11.5 Recovered Maxwell-type equations from a paired holonomy readout

The Maxwell sector is recovered by applying the same junction rule to the substrate's internal
connection sector through the paired (Krec,Mrec) bookkeeping. The substrate supplies a com-
pact internal automorphism sector with Abelian edge transport in the weak-�eld sector. The
observer supplies accessible gauge records and conserved source records. The junction principle
is stationary low-disturbance holonomy response, understood as the Abelian connection readout
of the paired master regional disturbance.

Let A be the observer-accessible Abelian connection 1-cochain and let

F = dA

be its curvature. The identity
dF = d2A = 0

is substrate-side algebra: it follows from nilpotency of the coboundary and requires no source
equation. The sourced equation is recovered only after an observer cut supplies a conserved
accessible current J . Conservation is not a separate dynamical law here; it is the compatibility
condition that the current record can be written through the same access cut without creating
or destroying charge inside the inaccessible complement:

δJ = 0.

De�ne the holonomy-disturbance action on the accessible connection sector through the matched
pair (Kem

rec ,M
em
rec ) = (g−2

eff Krec, g
−2
eff Mrec) by

Aem[A; J ] =
1

2g2eff
⟨dA, dA⟩ω − ⟨J,A⟩ω,

where the inner product is the observer-accessible quadratic form induced by the cut, the state,
and the substrate's connection data. This action is not an independent primitive sector; it is
the Abelian holonomy-sector quadratic expansion of KR under accessible connection variations,
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with the matched paired bookkeeping in the electromagnetic sector. Stationarity with respect
to accessible gauge variations A 7→ A+ η, modulo pure-gauge directions, gives

δdA = g2eff J.

Together with F = dA, this yields the Maxwell-type system

dF = 0, δF = g2eff J.

Thus the �eld equations are not obtained by de�ning J from F . The current is an observer-
accessible conserved record, while F is the stationary low-disturbance holonomy response to that
record. The coupling geff controls the amplitude through the matched pair, but does not alter
the universal record cone c2∗ = λmin(Gacc), because the g−2

eff factor cancels between the matched
Kem

rec and M em
rec .

Finite U(1) stationarity benchmark. The validation companion includes a �nite sourced
U(1) solve in which the accessible connection is varied while the same paired master disturbance
supplies the quadratic holonomy cost. The important point of that computation is not that a
lattice script proves Maxwell theory. It is that relaxing the accessible connection lowers the single
paired disturbance functional and satis�es the discrete stationarity equation in the presence of a
conserved current. This is the �nite counterpart of the claim made here: the Abelian gauge law
is an accessible-connection stationarity readout of KR, not a separately inserted strain sector.

Gauge invariance is also a junction property. Under A 7→ A+ dχ,

F 7→ dA+ d2χ = F,

and the source term changes by

⟨J, dχ⟩ω = ⟨δJ, χ⟩ω = 0

for conserved accessible current. Therefore gauge invariance and charge conservation are two
sides of the same access-compatible stationarity condition.

The framework's substrate-side selection rule for when a non-Abelian internal connection
is required is developed in Section 3.7: low-disturbance algebraic coarsenings whose generators
do not commute force the stationary connection into a noncommutative compact sector, with
closed-loop mismatch measured by the conjugacy-invariant Wilson defect Wγ = ℜTr(I − Hγ).
The Maxwell sector recovered above is the Abelian special case in which all admissible coarsening
transitions commute.

11.6 Recovered weak-�eld gravity from stationary accessible connection re-
sponse

The weak-gravity sector is recovered from the same substrate�observer pattern. The substrate
supplies localized regional disturbance and the paired connection-derived geometry (Krec,Mrec).
The observer supplies an accessible scalar or metric-like connection potential. The junction
principle is stationary accessible connection response to paired disturbance.

Let X be a persistent excitation. Its source is not independently declared; it is the accessible
density associated with the local disturbance increment,

T [X] = Π0(δKR(X) pX) ,

where pX is the support pro�le and Π0 removes the null mode of the accessible connection
operator. Let ∆∇ be the positive connection-sti�ness operator induced by Krec on the accessible
cut. The observer-accessible potential ϕ is recovered by stationarity of

Agrav[ϕ; X] = 1
2⟨ϕ,∆∇ϕ⟩ω − κ⟨T [X], ϕ⟩ω.
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For all admissible variations η in the gauge-�xed accessible sector,

δAgrav[ϕ; X](η) = ⟨η,∆∇ϕ− κT [X]⟩ω.

Stationarity gives the recovered weak-�eld equation

∆∇ϕ = κT [X].

This has the same logical form as the recovered thermodynamic balance: a substrate quantity,
here δKR(X), is paired with an observer-access quantity, here ϕ, and the e�ective equation is
the stationarity condition at their junction. The equation is not a postulated Poisson law; it is
the low-disturbance accessible connection response to a paired regional disturbance source.

Mass-independent test acceleration is recovered as a weak-limit consequence of the shared-
generator principle. Let Y be a test excitation with support-sti�ness scalar mY > 0 carried
by Krec. Its inertial readout is the support Hessian of KR, while its gravity-like coupling is the
connection variation of the same KR. In the weak, isotropic, low-disturbance limit both readouts
reduce to the same trace-normalized coe�cient. The force read by the observer is therefore

Fgrav(Y ) = mY g∇, g∇ = −∇accϕ,

while the inertial readout is
mY aY = Fgrav(Y ).

Therefore
aY = g∇,

independent of the test support's own disturbance magnitude. If Y is composite, Corollary 4.2
of Section 12 implies that binding, kinetic, electromagnetic, and rest-like internal contributions
all enter through the same leading paired regional disturbance geometry; the cancellation is
therefore composition-insensitive in the weak-limit observer readout.

This recovery is still weak-�eld and observer-e�ective. It is not a derivation of Einstein's
equation, di�eomorphism invariance, or Lorentzian geodesic motion. Those require the Type
III/modular extension and the invariant access-cone construction. What is recovered here is the
Newtonian weak-�eld structure: paired regional disturbance sources an accessible connection,
and test support acceleration is independent of the test body's own disturbance coe�cient be-
cause the same paired master disturbance de�nes both inertial and gravity-like readouts in the
weak limit.

12 Algebraic necessity program: paired disturbance, access, shell

growth, non-Abelian selection, and observer cuts

The preceding sections de�ne the observer-e�ective readouts on top of the algebraic substrate.
The necessity program records the stronger claim that the framework must pursue: the famil-
iar equations should not merely be compatible with engineered readouts, but should arise as
stability or stationarity conditions of the substrate itself. This section recasts four remaining
choices as substrate-facing derivation targets. The claims below remain programmatic in part,
but they remove coordinate assumptions from the substrate core and are formulated so that
future numerics and operator-algebraic models can test them without appealing to an ambient
coordinate system.

The Type II1 isotropic quadratic disturbance normal-form theorem (Theorem 4.1) and the
cone-recovery trace lemma (Theorem 4.3) are now collected in Section 4, immediately after
the substrate layer. Both are tracial results that anchor multiple later derivations to the same
canonical trace; placing them next to the substrate de�nitions removes a forward-reference chain
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that ran from Section 9 and Section 15 through to the necessity program. The present section
continues with the remaining items of the necessity program: spectral covariance of defect
modes from observer coarse-graining (Section 12.1), the continuum Einstein-translation schema
(Section 12.2), the proof obligations for an airtight Einstein reduction (Section 12.3), and the
remaining structural items on disturbance stationarity, algebraic shell growth, modular observer
access, and non-Abelian selection.

12.1 Spectral covariance of defect modes from observer coarse-graining

The Type II1 normal-form theorem of Section 4.1 �xes the local quadratic geometry of conditional-
expectation defect, but it does not yet explain why a paired trace-quadratic disturbance should
have the kind of continuum asymptotics that can produce an Einstein�Hilbert term. The missing
bridge is spectral. If the generalized record operator Gacc = M

−1/2
rec KrecM

−1/2
rec has a Laplace-

type continuum limit, and if the observer-access defect covariance is controlled only by the
spectrum of Gacc, then the master disturbance becomes a spectral weighted trace. Heat-kernel
methods can then generate a local expansion in volume, scalar curvature, and higher-curvature
invariants.

This subsection records the precise justi�cation for the spectral assumption. It is not an
additional physical law. It is the least-biased covariance assignment available to an observer
whose access algebra cannot distinguish microscopic defect labels beyond their disturbance cost
under the paired geometry.

Exact �nite spectral rewriting. Let HD(R) be the �nite defect Hilbert space associated
with the regional defect DR. Let

K := Krec(∇, g, R) ≥ 0

be the sti�ness operator on that defect space and M :=Mrec(∇, g, R) > 0 the matching suscep-
tibility. The generalized record operator is

Gacc =M−1/2KM−1/2.

If Gaccϕα = λαϕα, and
DR =

∑
α

dαM
1/2ϕα,

then the �nite disturbance is exactly

KR = ⟨DR,KDR⟩ =
∑
α

λα |dα|2 · ⟨ϕα, ϕα⟩.

Equivalently, if PD denotes the defect covariance or density on HD(R), then

KR = Tr(KPD)

and, in the Gacc-normalized basis,

KR = Tr
(
GaccM

1/2PDM
1/2

)
.

Thus the master disturbance is always a paired spectral energy once the defect space and the
operators (Krec,Mrec) are �xed. What is not automatic is that this weighted trace becomes a
universal spectral action rather than a mode-by-mode memory of microscopic defect preparation.
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Spectral covariance as the universal regime. A universal spectral action follows if the
defect covariance is approximately a function of the generalized record operator,

PD ≈ f(Gacc/Λ
2).

Then
KR = Tr

(
K f(Gacc/Λ

2)
)
= Λ2 Tr F (Gacc/Λ

2), F (x) := xf(x),

which is a spectral-action-type expression. The question is therefore not whether KR can be
diagonalized. It can. The question is why observer-access covariance should commute with Gacc,
so that only spectral shells matter.

Coarse-graining justi�cation. The observer does not access the substrate's full microscopic
labels. The observer has stable access only to record-preserving quantities. If Gacc is the
generator of recoverability cost (the lowest eigenvalue of Gacc being c2∗), then two defect modes
in the same spectral shell of Gacc have the same observable disturbance cost. An observer whose
algebra contains no additional stable labels cannot assign a preferred basis inside such a shell.
Therefore the covariance must be invariant under all unitaries that preserve Gacc. This is the
algebraic meaning of coarse-graining over unobserved defect labels.

Theorem 12.1 (Spectral covariance from observer coarse-graining). Let Gacc be the positive self-
adjoint generalized record operator on a �nite regional defect Hilbert space HD, and let PD ≥ 0
be the observer-access defect covariance. Suppose:

1. the observer �xes the total accessible defect weight TrPD = ND;

2. the observer �xes the mean disturbance Tr(GaccPD) = ED;

3. the observer has no stable labels inside a spectral shell of Gacc, so UGaccU
∗ = Gacc =⇒

UPDU
∗ = PD for every unitary U on HD.

Then PD commutes with Gacc and is block-spectral:

PD =
∑
λ

pλΠλ,

where Πλ is the spectral projection of Gacc. In the nondegenerate or smooth-shell limit this is
equivalently

PD = f(Gacc/Λ
2)

for some spectral �lter f and access scale Λ. If, in addition, PD maximizes von Neumann entropy
subject to the two constraints above, then

PD = Z−1 exp[−βGacc/Λ
2].

Proof. Let Gacc =
∑

λ λΠλ be the spectral decomposition. If UGaccU
∗ = Gacc, then U is arbi-

trary inside each eigenspace ΠλHD and cannot mix eigenspaces with distinct eigenvalues. The
invariance condition UPDU

∗ = PD for all such U implies, by Schur's lemma on each eigenspace,
that PD is scalar on every eigenspace and has no o�-diagonal blocks between distinct eigenspaces.
Hence PD =

∑
λ pλΠλ, so [PD, Gacc] = 0. If the spectrum is nondegenerate, set f(λ/Λ2) = pλ.

If the eigenspaces are degenerate but the shell weights vary smoothly with λ, the same relation
holds in the coarse spectral calculus.

For the maximum-entropy statement, maximize S(PD) = −Tr(PD logPD) subject to TrPD =
ND and Tr(GaccPD) = ED. Variation gives − logPD − I − αI − βGacc = 0, so PD = Ce−βGacc ,
with C = Z−1 �xed by TrPD = ND. Restoring the observer access scale gives the displayed
form.
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Maximum entropy and modular equilibrium. The theorem gives two compatible readings.
In the coarse-graining reading, PD = f(Gacc/Λ

2) follows from ignorance of microscopic labels
inside spectral shells. In the maximum-entropy reading, the exponential �lter follows because the
observer �xes only total defect weight and average disturbance. If the observer representation
is nontracial, the same structure can be read modularly. Let

Hmod = − log ρO

be the modular Hamiltonian of the observer-access state. In local equilibrium of the defect sector
one expects a KMS/Gibbs form PD ∝ e−βHmod . If the modular generator is controlled in the
defect sector by the generalized record operator, Hmod ≈ Gacc/Λ

2, then

PD ≈ Z−1e−βGacc/Λ2
.

Laplace-type continuum bridge. If, under re�nement of the regional substrate,

Gacc(∇n, gn, R) −→ −∇2
g + E

as a Laplace-type operator on an observer-e�ective continuum geometry, then the spectral
weighted trace becomes amenable to heat-kernel asymptotics. In schematic form,

TrF (Gacc/Λ
2) ∼ c0Λ

d

∫
M

√
|g| ddx+ c1Λ

d−2

∫
M
R
√
|g| ddx+ c2Λ

d−4

∫
M
R2

√
|g| ddx+ · · · ,

where R2 denotes quadratic curvature invariants and bundle-curvature terms. Thus the regional
disturbance has the possible low-curvature form

Kgeom
R ∼

∫
M
(a0 + a1R+ a2R

2 + a3RµνR
µν + · · · )

√
|g| ddx.

In the long-distance observer regime, if a1 ̸= 0 and higher-curvature terms are suppressed, this
becomes the Einstein�Hilbert reduction target

Kgeom
R ≈ 1

16πGeff

∫
M
(R− 2Λeff)

√
|g| ddx.

The present theorem does not prove this �nal limit. It reduces the problem to showing that the
generalized record operator is Laplace-type, local, and observer-di�eomorphism invariant in the
continuum limit, and that the scalar-curvature coe�cient does not vanish.

Where the argument can fail. The spectral reduction fails if the observer has stable access
to microscopic labels not generated by Gacc, because then PD need not commute with Gacc.
It also fails if the defect sector is far from maximum-entropy or modular equilibrium, if Gacc

has no local Laplace-type continuum limit, if nonlocal tails survive re�nement, or if the spec-
tral �lter makes a1 = 0. These failure modes are useful: they make the reduction checkable
inside the framework. A substrate that cannot satisfy them may still support �nite disturbance
bookkeeping, but it would not supply a route to Einstein�Hilbert dynamics.

Reduction status. The result of this subsection is therefore a conditional bridge, not a com-
pleted derivation of general relativity. It proves that observer coarse-graining and maximum-
entropy assignment force the defect covariance to be spectral whenever the generalized record
operator is the only stable label. It also shows why this matters: the master disturbance then
becomes a spectral weighted trace, and spectral traces of Laplace-type operators are the known
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mathematical setting in which volume, scalar curvature, and higher-curvature terms appear.
The remaining derivation problem is sharp:

τ(D∗
RKrecDR) =⇒ TrF (Gacc/Λ

2) =⇒
∫
M
(R− 2Λ)

√
|g| ddx,

after a controlled observer-continuum limit. The �rst arrow is supplied by spectral covariance
through Gacc; the second still requires a Laplace-type continuum theorem and a nonzero scalar-
curvature coe�cient.

12.2 Continuum Einstein-translation of the junction variation

The preceding spectral bridge gives the correct mathematical place where an Einstein�Hilbert
term can appear, but it does not by itself execute the macroscopic variation. This subsection
records the exact continuum translation required by the gravity claim. It is deliberately stated
as a conditional theorem schema, because the conclusion is only as strong as the continuum
hypotheses: locality of the generalized record operator limit, spectral covariance of the defect
sector, emergence of an observer-e�ective Lorentzian metric, control of boundary terms, and a
conserved defect-source tensor.

The purpose is to separate three statements that are easy to con�ate:

1. Architecture: gravity-like response is the connection or metric variation of the paired master
regional disturbance.

2. Continuum dictionary : the long-distance observer representation rewrites that disturbance
as a local action of an e�ective metric and defect sources.

3. Einstein execution: variation of that local action with respect to the e�ective metric gives
the Einstein tensor on the geometric side and stress-energy on the defect side.

Only the third item answers the question: what does the variation actually produce?

Macroscopic dictionary. Let a stable observer scaling limit of access labels produce an
e�ective continuum region Ω with metric-like �eld gµν , volume density

√
|g| ddx, and admissible

metric variations δgµν compactly supported in Ω or accompanied by the appropriate boundary
term. The dictionary is

paired spectral trace −→ geometric e�ective action,

TrF (Gacc/Λ
2) −→

∫
Ω
(a0Λ

d + a1Λ
d−2R[g] + a2Λ

d−4I2[g] + · · · )
√

|g| ddx,

localized defect sector −→ observer-e�ective matter/source action,

DR, PD,LR −→ Sdef [g,Ψ],

junction stationarity −→ δgSobs = 0.

Here Ψ denotes the continuum �elds or collective defect variables that summarize persistent
regional disturbance at the observer scale. The term I2[g] denotes curvature-squared and higher
derivative invariants.

The observer-e�ective action therefore has the form

Sobs[g,Ψ] = Sgeo[g] + Sdef [g,Ψ] + Sbdry[g],

with
Sgeo[g] =

∫
Ω
(A0 +A1R[g] +A2I2[g] + · · · )

√
|g| ddx.

The constants Ai are not independently tuned gravitational couplings at this stage. They are
continuum coe�cients determined, if the reduction succeeds, by the spectral �lter, cuto� scale,
trace normalization, and the spectrum of Gacc.
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Metric variation of the geometric term. Assume �rst that the long-distance regime is
dominated by the volume and scalar-curvature terms,

Sgeo[g] =

∫
Ω
(A0 +A1R[g])

√
|g| ddx+ Sbdry[g].

The boundary functional is the observer-e�ective analogue of the Gibbons�Hawking�York correc-
tion [40, 41]: it is included, or variations are restricted, so that no uncontrolled normal-derivative
variation remains on ∂Ω. The standard metric variations are

δ
√

|g| = −1
2

√
|g| gµνδgµν ,

and, after the boundary contribution is cancelled or �xed,

δ

(∫
Ω
R
√
|g| ddx

)
=

∫
Ω
Gµν δgµν

√
|g| ddx,

where Gµν = Rµν − 1
2Rgµν . Therefore

δSgeo =

∫
Ω

(
A1G

µν − 1
2A0g

µν
)
δgµν

√
|g| ddx+ δShigher,

where δShigher is the variation of the curvature-squared and higher-order terms. In the low-
curvature regime where those terms are negligible, the geometric variation produces precisely
the Einstein tensor plus a cosmological term.

Defect-source variation and stress-energy. The matter/source side is not introduced as
a separate gravitational charge. It is the continuum readout of persistent regional paired defect
structure. De�ne the observer-e�ective stress tensor by the metric variation of the defect action:

T def
µν := − 2√

|g|
δSdef
δgµν

.

Equivalently,

δSdef = −1
2

∫
Ω
T def
µν δgµν

√
|g| ddx.

This is the continuum form of the framework's source statement: the source is the metric/access
variation of the same paired regional disturbance whose support Hessian through Krec gives in-
ertia. Rest-like, binding, electromagnetic, kinetic, gauge, and internal contributions may change
the defect action Sdef , but they enter a single tensor T def

µν because they are continuum compo-
nents of one persistent defect sector rather than independent gravity-like charges.

Junction stationarity. The macroscopic junction condition is

δgSobs[g,Ψ] = 0

for all admissible metric-like observer variations. Combining the previous two variations gives∫
Ω

(
A1G

µν − 1
2A0g

µν − 1
2T

µν
def +Hµν

higher

)
δgµν

√
|g| ddx = 0,

where Hhigher
µν denotes the contribution from higher-curvature spectral terms. Since the variation

is arbitrary inside the admissible observer-continuum sector,

A1G
µν − 1

2A0g
µν +Hµν

higher =
1
2T

µν
def .

If the higher-curvature corrections are negligible and A1 ̸= 0, this becomes

Gµν + Λeffgµν = κeffT
def
µν ,

with Λeff = −A0/(2A1) and κeff = 1/(2A1).
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Theorem 12.2 (Conditional Einstein-translation theorem schema). Suppose an observer-junction
scaling limit satis�es the following conditions.

1. The generalized record operator Gacc = M
−1/2
rec KrecM

−1/2
rec has a local Laplace-type contin-

uum limit on an observer-e�ective metric geometry (Ω, g).

2. The defect covariance is spectral, PD = f(Gacc/Λ
2), so that the master disturbance reduces

to a spectral weighted trace.

3. The heat-kernel expansion of that trace has a nonzero scalar-curvature coe�cient A1 and
a controlled long-distance regime in which higher-curvature variations are negligible or
explicitly retained as corrections.

4. The persistent defect sector admits a continuum source action Sdef [g,Ψ], and its metric
variation de�nes a conserved stress tensor T def

µν .

5. Boundary terms are �xed or cancelled so that the metric variation is well posed.

Then the observer-junction stationarity condition δgSobs = 0 gives

Gµν + Λeffgµν = κeffT
def
µν

in the low-curvature sector, with higher-curvature corrections when the suppressed spectral terms
are retained.

Conservation and consistency. The equation is consistent only if the source is conserved
relative to the observer-e�ective connection. The geometric side satis�es the contracted Bianchi
identity, ∇µG

µν = 0. Therefore the low-curvature equation requires

∇µT
µν
def = 0

up to exchange with higher-curvature or boundary sectors. In this framework that conservation
law is not an independent matter postulate. It is the continuum expression of record-compatible
paired-defect persistence under admissible access variations: a source that cannot be stably
transported through the observer cut is not a conserved macroscopic source.

12.3 Proof obligations for an airtight Einstein reduction

The conditional theorem above identi�es the correct variational target, but it is not yet a proof
that the framework derives general relativity. The remaining problem is not rhetorical. Four
mathematical obligations must be discharged before the Einstein-translation can be promoted
from theorem schema to theorem.

Obligation 1: the exact action and the higher-curvature problem. The �rst task is
to prove that the paired generator's spectral trace has an Einstein�Hilbert leading term and
that the remaining terms are either suppressed in the observer regime or retained as controlled
corrections:

τ [D∗
RKrecDR] ≃ TrF (Gacc/Λ

2) ∼ A0

∫
Ω

√
|g| ddx+A1

∫
Ω
R
√
|g| ddx+

∑
j≥2

Aj

∫
Ω
Ij [g]

√
|g| ddx.

The Einstein reduction requires A1 ̸= 0 and the higher-curvature Euler�Lagrange tensors H(j)
µν

to satisfy ∥∥∥∥∥∥
∑
j≥2

AjH
(j)
µν

∥∥∥∥∥∥ ≪ |A1| ∥Gµν∥
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in the low-curvature, long-distance sector, or else the framework predicts a higher-derivative
gravity theory rather than Einstein gravity. The appropriate proof machinery is the heat-kernel
or spectral-action expansion [81, 63, 64] for a Laplace-type positive operator on the paired gen-
erator Gacc. The structural reading of gravity as an induced-by-coarse-graining response is a
substrate-level analog of the induced-gravity program [71, 72] and of the entropic gravity pro-
posals [73, 74], with the present paper di�ering in primitive data: the substrate is a paired
regional-disturbance bookkeeping rather than a vacuum-�uctuation or holographic-screen prim-
itive. Thus Gacc cannot remain an arbitrary positive operator. It must be shown to have a
continuum principal symbol

σ2(Gacc)(x, ξ) = gµν(x)ξµξν 1

up to bundle endomorphism terms, with locality, ellipticity or hyperbolic Wick-rotated control,
and trace-class spectral �ltering.

Obligation 2: the variation class and di�eomorphism-like invariance. The metric
variation used in Theorem 12.2 is legitimate only if continuum metric changes correspond to ad-
missible algebraic variations of the substrate�observer system. For every compactly supported
in�nitesimal observer di�eomorphism generated by a vector �eld X, there should be a corre-
sponding family of admissible algebraic automorphisms αs, preferably implemented in �nite
approximants by unitaries us, such that

αs(a) = usau
∗
s,

d

ds
αs(a)

∣∣∣∣
s=0

= δX(a),

and whose macroscopic action on the observer representation is the Lie derivative of the e�ective
�elds: δXgµν = LXgµν , δXΨ = LXΨ. The substrate-side invariance requirement is

KR(αs(ρ), αs∇, αsg) = KR(ρ,∇, g)

up to the controlled change of observer cut. This obligation also �xes the conservation law. If
Sobs is invariant under the lifted algebraic di�eomorphism class, then variation along X gives,
after integration by parts and arbitrariness of X, the covariant conservation constraint on the
total source sector. In this reading, ∇µT

µν
def = 0 is the continuum shadow of record-compatible

algebraic automorphism invariance.

Obligation 3: boundary terms and the access-cut contribution. The metric variation
of

∫
ΩR

√
|g| is not well posed on a region with boundary unless the normal-derivative boundary

variation is cancelled or the variation class is restricted. In the present framework the boundary
is not an auxiliary surface. It is the observer access-cut. Therefore the stronger target is not to
add SGHY by hand, but to derive the necessary boundary functional from access-cut defect and
recovery loss:

Scut[ER, ρ] := LR(ρ) +BR(ρ,∇, g) −→ 2A1

∫
∂Ω
K∂Ω

√
|h| dd−1x+ Sedge[h,Ψ]

in the observer continuum limit. The proof obligation is that the �rst variation of this cut
functional cancels exactly the normal-derivative part of the scalar-curvature variation.

Obligation 4: normalization and the emergence of Newton's constant. The varia-
tional calculation yields κeff = 1/(2A1). To identify this with the physical value 8πG/c4∗, the
framework must derive A1 from the substrate trace normalization, the spectral �lter, and the
observer modular scale. Because c∗ is already de�ned by the lowest generalized eigenvalue of
Gacc, the desired substrate reading of Newton's constant is

Gobs =
1

16π

(
inf
v ̸=0

⟨v,Krec v⟩
⟨v,Mrec v⟩

)2 1

A1
.
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Thus small observed gravitational coupling corresponds, in this framework, to a large scalar-
curvature sti�ness coe�cient A1 relative to the observer's record-bandwidth scale.

Summary of the proof program. The completed Einstein proof therefore requires the chain

Type II1 trace disturbance, paired (Krec,Mrec), and observer cut

⇓

Laplace-type generalized record operator Gacc with spectral covariance

⇓

heat-kernel expansion with nonzero, dominant scalar-curvature coe�cient

⇓

access-cut boundary term and lifted di�eomorphism invariance

⇓

well-posed metric variation and conserved defect stress tensor

⇓

Gµν + Λeffgµν =
8πGobs

c4∗
T def
µν .

The framework already supplies the �rst line and the variational architecture. The remaining
work is to prove the spectral, boundary, invariance, and normalization links without inserting
the Einstein�Hilbert action or Newton coupling as independent assumptions.

12.4 Regional disturbance stationarity as the source of �eld actions

The weak-�eld and metric-like actions used above can be read in two ways. The weaker reading
is engineering: one chooses a quadratic action whose Euler�Lagrange equation has the desired
form. The stronger reading is substrate necessity: a persistent partition must settle into a low-
disturbance con�guration, and the familiar action is the second-order expansion of the paired
master regional disturbance around a stable support.

Let Φ denote a collective �eld variable on a region R. It may be a scalar readout ϕ, a
symmetric response tensor h, or a gauge connection perturbation. The primitive object is not
an action but a paired regional disturbance readout

KR[Φ] = K(0)
R + ⟨JR,Φ⟩+ 1

2⟨DRΦ,KrecDRΦ⟩+O(∥Φ∥3),

where DR is the substrate comparison operator on admissible regional re-embeddings, Krec is
the positive sti�ness form induced by the connection sector, and JR is the �rst-order disturbance
source created by localized support asymmetry. A stable regional readout is de�ned by δKR[Φ] =
0. To quadratic order this gives

D∗
RKrecDRΦ = −JR.

Thus the �nite actions used earlier are not fundamental postulates. They are normal forms
for the quadratic approximation to low-disturbance regional stationarity through the paired
(Krec,Mrec) structure.

Diagnostic. A �eld equation counts as substrate-derived only to the extent that its operator
and source arise from derivatives of KR:

Kphys = ∇2KR

∣∣
Φ=0

, Jphys = ∇KR

∣∣
Φ=0

.
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12.5 Algebraic shell growth instead of coordinate distance

Coordinate-graph benchmarks are retained only in the validation appendix. They are not part of
the substrate de�nition or the fundamental re�nement language. A region is represented instead
by a subalgebra AR ⊂ W, and coarsening is represented by the join AR∨S = AR ∨ AS . De�ne
an intrinsic adjacency relation by nontrivial conditional-expectation coupling or by nonzero
boundary disturbance readout:

R ∼ S ⇐⇒ ∥ERES − ER∨S∥ω > ε or Φbdry(KR,S) > ε.

The algebraic distance is the minimal join-chain length

dA(R,S) = min{n : R = R0 ∼ R1 ∼ · · · ∼ Rn = S}.

The intrinsic shell around R is

SR(n) = {S : dA(R,S) = n}, NR(n) = |SR(n)|.

A conserved disturbance �ux diluted uniformly across algebraic shells gives FR(n) ∝ 1/NR(n).
Therefore an inverse-square law is obtained when the substrate has algebraic shell-growth di-
mension three: NR(n) ∼ Cn2 =⇒ FR(n) ∼ 1/n2.

12.6 Observer access from modular spectral data

Given a faithful state ω on a von Neumann algebra W, Tomita�Takesaki theory supplies a
modular automorphism group σωt : W → W. In the present framework, modular �ow is not
identi�ed with external time. It is used to measure how rapidly accessible regional distinctions
change under the state-algebra pair (W, ω).

Let AR be an accessible regional algebra and let P≤Ω denote the spectral projector onto
modular frequencies resolvable by the observer's record algebra. De�ne the modularly accessible
neighborhood by

NΩ(R) = {S : ∥P≤Ω(σ
ω
δτ (AR))− P≤Ω(AS)∥ω < ϵ}.

The bandwidth radius is then an induced quantity,

r∗(ω,Ω) = sup
S∈NΩ(R)

dA(R,S),

and the observer access speed is

c∗(W, ω,Ω) =
r∗(ω,Ω)

δτω
.

The remaining derivation target is to show that the gauge-action dispersion coe�cient equals this
modular access speed when record stability and low-disturbance propagation are both imposed,
and that it coincides with the lowest generalized eigenvalue of Gacc.

12.7 Modularly stable observer cuts

A candidate accessible subalgebra A ⊂ W with conditional expectation EA is (ω, δτ, ϵ)-stable
when

∥EAσ
ω
t − σωt EA∥2,ω ≤ ϵ, |t| ≤ δτ,

and record-stable when ∆Kerase(A) ≥ Θrec. The observer's admissible cuts are therefore not
arbitrary projections of the substrate. They are the subalgebras that are simultaneously approx-
imately invariant under the modular �ow and protected by a paired disturbance barrier through
(Krec,Mrec).
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12.8 Hierarchy of necessity statements

The upgraded hierarchy is:

� equations of motion = low-disturbance paired stationarity;

� 1/r2 = inverse algebraic shell growth;

� c∗ = lowest generalized eigenvalue of Gacc =M
−1/2
rec KrecM

−1/2
rec on stable cuts;

� non-Abelian response = selected by noncommuting coarsening holonomy.

These statements do not yet prove that nature is this substrate. They do make the tests non-
circular: operators, speeds, �ux laws, admissible observer cuts, and gauge actions must be
recovered from conditional-expectation defect, paired generalized record geometry, algebraic
shell growth, and coarsening holonomy rather than inserted as coordinate formulas.

13 Type II1 to Type III1 observer junction

The framework deliberately keeps two facts apart. The substrate side uses a Type II1-like trace
geometry because the trace gives a clean quadratic normal form for the paired (Krec,Mrec)
defect disturbance and a single coe�cient for the shared-generator principle. The observer side,
however, needs nontrivial modular structure if it is to support thermal time, modular access
cones, and local-QFT-like behavior. The conclusion is: Type III1 [8, 7] is not a new substrate
postulate. It is a possible state-dependent observer-junction representation of accessible records,
where time appears as modular �ow in the nontracial representation selected by the observer
access cut. The general structural pattern � a tracial substrate together with a non-tracial
observer state generating modular �ow and a crossed-product core � is closely related to recent
work on observer algebras and the crossed product in semiclassical gravity [17, 18, 19].

13.1 Negative constraint: a normal cut of Type II1 is not enough

Let (W, τ) be a Type II1 factor with faithful normal trace. If A ⊂ W admits a τ -preserving
conditional expectation, then A is �nite: τ |A is a faithful normal tracial state. An ordinary
trace-preserving observer cut cannot turn a Type II1 algebra into a Type III algebra. For a
faithful normal state ω on W, ω(x) = τ(hx) for a positive density h, and the modular �ow is
inner: σωt (x) = hitxh−it. This does not change the factor type. The Type III1 structure required
for modular time must enter through the observer representation or a scaling limit, not through
a literal trace-preserving subfactor.

13.2 Positive bridge: non-tracial observer states and scaling limits

The proposed bridge has three ingredients:

tracial substrate geometry (Krec,Mrec)+non-tracial observer state+scaling limit of record cuts.

At a �nite level, let Wn be �nite trace approximants. An observer cut is represented by an
accessible state ωn(x) = τn(ρnx) with modular Hamiltonian Hn = − log ρn and inner modular
�ow σωn

t (x) = ρitnxρ
−it
n . The candidate Type III1 observer algebra is

Mobs
λ := πωλ

(Aλ)
′′.

A useful �nite diagnostic is the modular ratio set Γn, generated by logarithmic ratios of eigen-
values of ρn. The Type III1-like observer limit is suggested when

⋃
n Γn = R.
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13.3 Access-cut as conditional expectation and modular embedding

The junction associated with λ is the modular embedding chain

(W, τ,Krec,Mrec)
Eλ−−→ (Aλ, ϕλ)

πϕλ−−→ Mobs
λ

σ
ϕλ
t−−→ record �ow.

This is the formal statement that the junction is where time appears: a faithful nontracial
observer state on the represented access algebra carries the Tomita�Takesaki modular automor-
phism group [9, 10, 6], while the substrate remains tenseless. The geometric content of modular
�ow in the local-QFT setting � that the modular �ow of a wedge algebra is implemented by a
Lorentz boost � is the classical Bisognano�Wichmann theorem [66, 67]; the present framework's
substrate-side reading is that boost-like access transformations are downstream consequences of
the same modular structure that supplies observer-e�ective time.

De�nition 13.1 (Modular observer embedding). A modular observer embedding of the paired
tracial substrate presentation (W, τ,Krec,Mrec) at access label λ is a quadruple Jλ = (Eλ,Aλ, ϕλ, πϕλ

)
such that Eλ : W → Aλ is an admissible access conditional expectation, ϕλ is a faithful nor-
mal record-compatible state, and Mobs

λ = πϕλ
(Aλ)

′′ is the represented observer algebra. It is
time-bearing when σϕλ

t is nontrivial, and Type III1-bearing in the scaling-limit sense when the
represented observer algebras have dense modular spectrum.

13.4 Crossed-product observer core

Given the represented observer algebra and its modular �ow, de�ne the modular crossed prod-
uct [11]

Cλ := Mobs
λ ⋊σϕλ R.

This algebra is the observer-junction core. The logical direction is: access cut ⇒ nontracial
observer state ⇒ modular �ow ⇒ crossed-product core, not crossed product ⇒ substrate evolu-
tion.

13.5 Support sti�ness as a noncommutative derivation

Let δ be a closable ∗-derivation, integrating locally to αs = exp(sδ). For ρs := αs(ρ), the inertial
sti�ness readout is

Iλ(δ) :=
d2

ds2
Kλ(ρs,∇, g)

∣∣∣∣
s=0

,

where Kλ(ρ,∇, g) = τ [Dλ(ρ)
∗KrecDλ(ρ)]. Inertia is therefore the resistance of the paired regional

disturbance to identity-preserving algebraic support derivations, weighted by Krec.

13.6 Junction recovery loss and record susceptibility

Let Rλ : Aλ → W be an admissible recovery channel. The junction recovery loss is

Lλ(ρ) := S(ρ ∥RλEλ(ρ)).

For a support derivation δ with ρs = αs(ρ), the record susceptibility Hessian is

χλ(δ, δ) :=
d2

ds2
Lλ(ρs)

∣∣∣∣
s=0

.

This is the operational meaning of Mrec at the observer cut. The record-bandwidth law of
Section 11.2 reads

c2∗(λ) = inf
δ ̸=0

Iλ(δ)
χλ(δ, δ)

= λmin

(
M−1/2

rec KrecM
−1/2
rec

)
= λmin(Gacc).
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13.7 Temperature as a scaling-limit observer parameter

A thermal interpretation appears only when a stable record cut admits a modular scale with
respect to which the restricted state has the KMS form [14]

ωλ(ab) = ωλ

(
b σωλ

iΘ−1(a)
)
.

Θ is not a primitive substrate temperature; it is the conversion factor between modular record-
time and exterior-accessible entropy production, calibrated by the paired geometry (Krec,Mrec).
Unruh- [16] and Hawking-type temperatures are candidates for such observer-junction modular
parameters.

13.8 Powers-type product states as the model example

Let Wn =M2(C)⊗n, τn = 2−nTr, and ωn =
⊗n

k=1(pk|0⟩⟨0|+(1− pk)|1⟩⟨1|). This is the Powers
product-state construction [15] of inequivalent factor representations of the UHF algebra. The
�nite modular spectrum is generated by rk = log(pk/(1− pk)). The same �nite trace substrate
supports three qualitatively di�erent observer limits:

tracial observer ⇒ Type II-like / no modular arrow,

lattice modular ratios ⇒ Type IIIλ-like periodic modularity,

dense modular ratios ⇒ Type III1-like modularity.

13.9 Junction principle

Principle 13.2 (Type II1 substrate, Type III1 observer junction). The substrate disturbance
geometry is computed in a tracial Type II1-like presentation through the paired (Krec,Mrec)
bookkeeping. An observer is represented by a modular embedding

(W, τ,Krec,Mrec)
Eλ−−→ (Aλ, ϕλ)

πϕλ−−→ Mobs
λ = πϕλ

(Aλ)
′′.

The junction is where time appears: the e�ective time of the observer is σϕλ
t , not a primitive �ow

on W. If the modular spectrum becomes dense in the scaling limit, the observer representation
may be Type III1-like.

13.10 Scaling-limit observer-recoverability speed: proposal status

For a �nite approximant, the formal quantity is

cO,n := sup
λ

∆rec
λ,n

∆τλ,n
,

where ∆rec
λ,n is the largest algebraic record distance and ∆τλ,n is the modular record increment.

A scaling-limit light speed would be c∗ := limn→∞ cO,n, equal in the paired-operator language
to the limiting lowest generalized eigenvalue of Gacc.

13.11 Block-cut diagnostic on the Powers family

For the product-state family, the new one-site modular increment is

∆τm,n :=
√

Varωn(Km+1,n −Km,n) =

∣∣∣∣log pm+1

1− pm+1

∣∣∣∣√pm+1(1− pm+1).

With ∆shell
m,n = 1, the candidate �nite block-cut speed is cshellO,n := sup0≤m<n 1/∆τm,n. Represen-

tative results for n ≤ 8:
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family modular-density behavior cshellO,n

pk = 1/2 0 for all n unde�ned
pk = 0.7 lattice saturation 2.575457
pk = σ(0.35

√
qk) → 1 by n ≈ 7 4.164987

The modular-density column is a robust �nite signal for Type III1-like observer modularity; the
product block-cut speed is a candidate construction, not yet a light-speed derivation.

13.12 Correlated observer-state record-bandwidth diagnostic

To obtain a nontrivial record-distance diagnostic, replace the product state by

ρn(h, J, β) = Z−1
n e−βHn(h,J), Hn(h, J) = h

n∑
i=1

Zi + J
n−1∑
i=1

ZiZi+1.

De�ne C(n)
m,m+1 = |⟨ZmZm+1⟩ρn−⟨Zm⟩ρn⟨Zm+1⟩ρn |,∆rec

m,n := − logC
(n)
m,m+1,∆τm,n :=

√
Varρn(Im+1).

The �nite correlated observer-cone speed is

ccorrO,n(h, J, β) := sup
1≤m<n

∆rec
m,n

∆τm,n
.

This uses both sides required by the framework: algebraic record-distance from correlations (the
Krec side) and modular record-time cost (the Mrec side).

Gauge saturation. The gauge/light sector is identi�ed with the limiting speed only when it
saturates the same recoverability cone: limn→∞ cgaugeO,n = limn→∞ ccorrO,n = c∗ = λmin(Gacc).

13.13 Finite diagnostic checklist

For a sequence of accessible blocks (An, ωn), compute:

1. the modular-ratio group Γn;

2. the spectral spread of Hn = − log ρn;

3. the stability of candidate record cuts under σωn
t ;

4. whether the paired trace-defect disturbance (Krec,Mrec) remains stable under τn while
modular access data becomes nontrivial;

5. a recoverability speed using an algebraic record distance and a modular increment.

The expected signature of the observer junction is the coexistence of stable paired substrate
disturbance geometry under τn with a densifying observer modular spectrum under ωn.

14 Horizon-cut thermodynamics and black-hole radiation

This section is a framework-native interpretation, not a derivation of Hawking's formula [34, 33].
Its purpose is to locate black-hole radiation in the same two-layer language used above for
thermodynamics and observer recoverability through the paired (Krec,Mrec) structure.
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14.1 High-disturbance recoverability traps

At the substrate level a black hole is not �rst a region of spacetime. It is a high-disturbance
recoverability trap: a region for which the exterior access map loses stable invertibility on
interior record data. The region B ⊂ W is black-hole-like for an exterior observer O with cut
Eout,λ : W → Aout,λ when three conditions hold:

1. large localized regional paired disturbance, KB ≫ Kambient;

2. high erasure threshold, ∆Kerase(B) ≫ Θrec;

3. exterior nonrecoverability: the exterior recovery error εB(µ) := infR ∥R(Eout,µ(ρB)) −
ρB∥1 ≥ ε0 > 0 for all admissible exterior cuts within the observer's record budget.

Equivalently, the interior-to-exterior recoverability rate vanishes:

cB→out
∗ (O) = 0, i.e., λmin

(
(M ext

rec,B)
−1/2Kext

rec,B(M
ext
rec,B)

−1/2
)
= 0

on interior modes. Thus: black hole = high-disturbance region whose internal records are
substrate-real but exterior-inaccessible.

14.2 Horizons as recoverability boundaries

A horizon is not primitive geometry. It is the boundary of stable exterior recoverability. A
boundary is horizon-like for O when interior records fail the observer-cone and disturbance-
barrier tests:

dω(Rin, Rout) > c∗∆τ or ∆Kerase(Rin → Rout) > Θrec,

while the exterior cut still detects a boundary disturbance �ux through the paired (Krec,Mrec)
geometry. Equivalently, ∂B = the cut where internal records cease to be stably recoverable
outside.

14.3 Radiation as exterior disturbance �ux

Radiation is the exterior observer's record of hidden paired disturbance relaxation. The substrate
state remains ω on W. The exterior observer sees only ωout,λ = ω ◦ Eout,λ. De�ne the outgoing
disturbance heat by

δQout
∂B := −δΦout(KB),

with the convention that δQout
∂B > 0 means paired disturbance leaves the trapped region. Black-

hole radiation is therefore outgoing disturbance �ux across a horizon cut, recorded after exterior
coarse-graining. At the primitive level, evaporation is a change in the exterior algebra's recov-
ery and entropy bookkeeping; the particle language is an observer-e�ective decomposition of
boundary correlations across an exterior cut.

14.4 Cut temperature

Temperature is not assigned to B as a primitive substrate scalar. It is a cut quantity. Let S∂B
denote the entropy of exterior-accessible boundary records. The horizon-cut thermodynamic
balance is

δQout
∂B = Θ∂B δS∂B.

Thus Θ−1
∂B = ∂S∂B/∂Q

out
∂B . A natural framework-native analogue of surface gravity is

κrec := ∥∇recΦrec(KB)∥∂B,

with the conjectural relation Θ∂B ∝ κrec: the sharper the recoverability barrier, the hotter the
boundary appears to an exterior observer.
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14.5 Thermality and modular appearance

The exterior state can look thermal because the exterior observer has coarse-grained over in-
accessible interior correlations. The exterior marginal is naturally described by a modular
Hamiltonian ρout ∼ e−Kout . Thermal radiation is the modular exterior description of hidden
boundary-disturbance correlations. Pair creation is an observer-e�ective factorization of a non-
separable boundary correlation, not a fundamental substrate process.

14.6 Information loss and Page-like recovery

There is no substrate-level information destruction. The total state remains ω on W. What
changes is the exterior restriction ωout = ω ◦ Eout. Information loss is therefore relative to the
exterior algebra:

information loss = failure of exterior records to recover substrate correlations.

Evaporation is the redistribution of paired regional disturbance from inaccessible support to
accessible outgoing records:

d

dτ
Φout(KB) < 0, δQout

∂B > 0.

A Page-like transition [35, 36] becomes a record-recoverability transition. Early radiation ap-
pears thermal because the relevant correlations are not yet recoverable through Aout. Later
recovery occurs if the accumulated exterior record algebra becomes su�cient to reconstruct
those correlations: Mearly rad ⊆ Mlate out up to controlled error. The recent island/quantum-
extremal-surface program [37, 38, 39] supplies a holographic dictionary in which such a recovery
transition is realized; in the present language the dictionary entry is record-algebra inclusion of
Mearly rad into a su�cient exterior cut. The structural reading of horizon entropy as entangle-
ment entropy across an exterior cut has a long history [78, 79], and the generalized second law
as recoverability monotonicity along the cut has been proved in the AQFT setting in [80].

A minimal Page-curve functional: let the full substrate state on the joined black-hole/radiation
sector be globally recoverable in the substrate representation, while the exterior observer has
only ρrad,λ = Erad,λ(ρB∪rad). De�ne

Sext(λ) := −Tr ρrad,λ log ρrad,λ.

The framework-native Page behavior is

dSext
dλ

> 0 before recovery completion,
dSext
dλ

≤ 0 after recovery completion,

while the full substrate description remains globally non-destroying. This is a Page-curve place-
ment theorem-schema, not a numerical Page curve.

14.7 Summary of the framework-native reading

Inside the present framework the dictionary is:

black hole = high-disturbance recoverability-trapping region,

horizon = observer cut where internal records cease to be exterior-recoverable,

radiation = exterior-accessible disturbance �ux across that cut,

temperature = modular conversion between paired disturbance �ux and record entropy,

information loss = loss relative to Aout, not destruction in W.

This is a placement result: black-hole radiation belongs to the same substrate�observer ther-
modynamic layer as δQR = ΘRδSR, with the horizon interpreted as a paired-recoverability
boundary and the radiation as recorded disturbance �ux.
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15 Internal charged sector: identi�cation, minimality, and observer-

junction diagnostics

The framework's substrate layer �xes a tenseless algebraic totality with paired regional distur-
bance (Krec,Mrec); the observer layer �xes record-ordered cuts. Up to this point the internal
automorphism sector of the substrate has been treated as additional declared structure. This
section asks how far the framework can constrain that sector by substrate-style principles, what
charged-sector structure follows, and what numerical diagnostics emerge at the observer junction
through the paired bookkeeping.

The result is not a derivation of the Standard Model. It is a chain of conditional consequences.
If physical charge is identi�ed with the minimal observer-stable internal holonomy obstruction
visible to admissible cuts, and if the access-mixing structure is built from the same observer cut
and the same triple-overlap obstruction by the smallest trace-norm preserving recombinations,
then the minimal internal algebra is �xed, the minimal chiral content is �xed, the hypercharge
values are �xed by recoverability-obstruction cancellation, the trace ratio Tr(Y 2)/Tr(T 2

3 ) = 5/3
and the substrate-scale weak angle sin2 θW = 3/8 follow, and a numerical �ne-structure diagnos-
tic and a charged-lepton ladder become available through the paired (Krec,Mrec) structure.

The guiding methodological rule throughout is that no measured value of α,me,mµ,mτ , or
mp is used to choose a coe�cient. The electron mass enters only as a normalization unit when
reporting dimensionless lepton ratios.

The �ne-structure diagnostic output of Section 15.9, A = α−1, is the access capacity input
used by the mass-shape sector of Section 5. The chain of dependencies is therefore: the substrate
normal form of Section 4 supplies the Schur-complement machinery; the present section produces
A as a Level-1 invariant via the Schur-trace identity; the mass-shape sector of Section 5 consumes
A together with the four-axis observer-access lattice of Section 2.3 to predict the tau and baryonic
mean access ratios; and the metrological completion of Section 7 carries those predictions into
laboratory-comparable mass ratios. The present section is therefore upstream of the mass-shape
sector in the framework's predictive chain.

The section is organized as a logical chain. Sections 15.1 through 15.6 establish the substrate-
side primitives of the charged sector: charge as minimal observer-stable holonomy, the minimal
three-branch closure, the minimal chiral content, hypercharge �xing, and the Maxwell-type iden-
ti�cation. Sections 6.8 through 15.8 establish the three mechanism theorems that govern the ac-
cess dressing: the Schur-complement theorem (sign and form of the dressing), the access�recovery
composition theorem (primitive scalar access operator), and the projective access-cover theorem
(termination of the polarization-order expansion at minimal closure). Section 15.9 assembles
these results into the single Schur-trace identity for the �ne-structure diagnostic. Section 15.11
records the corresponding strong-sector adjoint holonomy diagnostic built from the �xed b = 3
observer geometry and the non-projective record-boundary trace. Sections 15.12 through 15.14
carry out consistency checks: observer-access dimension ablation and the substrate�observer
duality, the duality reversal that derives Tbare = 21/2 from observer-side primitives, and the
substrate content realization that saturates the duality value. Section 15.15 collects independent
consequences of the projective-readout axiom. The remaining sections cover the charged-lepton
ladder, charge-structure consequences, what is not recovered, and the framework's status.

15.1 Charge as minimal observer-stable internal holonomy

A candidate charged sector is taken to be a nontrivial, observer-stable, internal holonomy label
of a persistent regional defect. Four requirements are imposed:

� internality : not a displacement in substrate time or observer-e�ective spacetime;

� record stability : survives admissible observer cuts through the paired barrier;

86



� relationality : compares internal frames between access algebras;

� non-degeneracy : not a trivial identity or backtracking inverse.

Connection-block representation lemma. A gauge-sector readout in this framework is not
a trace over matter support labels. It is a readout of the sti�ness of an internal connection or
holonomy variation of the paired regional disturbance. Matter support states may carry the
corresponding internal label, but the gauge coupling itself is controlled by the response of the
disturbance functional to changes of the internal transport data.

Let the admissible internal transition maps between observer-access algebras be regarded as
local holonomy data. An in�nitesimal variation of such holonomy data is an element of the Lie
algebra of the corresponding internal automorphism group. Under a change of internal frame,
Lie-algebra-valued connection variations transform by the adjoint action. Therefore, when a non-
Abelian gauge-sector block is Schur-reduced, the hidden internal block is the adjoint connection
block, not the fundamental matter-support block.

For the strong-sector readout, this means that the primary SU(3) block is the adjoint color-
holonomy block. The fundamental triplet describes color-carrying matter support, but it is not
the connection block whose sti�ness de�nes the strong-sector gauge readout. Thus the internal
dimension and sti�ness weight used in the strong-sector diagnostic are those of the SU(3) adjoint
sector.

Let Ai,Aj ,Ak ⊂ W be local access algebras and Uij : Aj → Ai admissible internal transition
maps. A one-frame loop Uii = 1 carries no charged distinction. A two-frame loop UijUji = 1
tests reversibility. The �rst nondegenerate compatibility obstruction is a triple comparison:

Ωijk = UijUjkUki.

Under the primitive scalar-isotropic charged-cell assumption (the observer-readable part of the
primitive charged obstruction lies in a central Abelian phase sector; the three edge transports are
equivalent under cell symmetry; the lowest-disturbance charged readout is the scalar component
of the obstruction), each edge carries the same central phase z:

Uij = Ujk = Uki = z, Ωijk = z3.

Record-stable closure requires z3 = 1, giving three solutions: z0 = 1, z1 = e2πi/3, z2 = e4πi/3.
The primitive charged sector has exactly three stable branches D0,D1,D2.

Higher N -frame loops decompose into triple-overlap pieces; thus N ≥ 4 closures may repre-
sent composite or excited charged structures but do not de�ne new primitive elementary charged
sectors.

Proposition 15.1 (Primitive isotropic triple-overlap charged sector). Let a charged sector be
de�ned as a nontrivial, observer-stable, internal holonomy label of a persistent regional defect.
Assume the substrate admits local access algebras with invertible pairwise internal transition maps
Uij. Then the �rst nondegenerate charged obstruction is Ωijk = UijUjkUki. Under the primitive
scalar-isotropic charged-cell assumption, record closure gives z3 = 1 and the primitive charged
sector has exactly three stable branches.

15.2 From discrete branches to continuous mixing

The triple-overlap closure delivers three discrete charged branches. The passage to the familiar
non-Abelian factors requires two further moves grounded in substrate/access primitives.
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Two-state access mixing as cut/complement. The substrate-derived two-state structure
is the cut/complement decomposition at a �xed access label. The observer cut Eλ : W → Aλ

de�nes, given a local charged disturbance D, two primitive components D∥ = Eλ(D), D⊥ =
D − Eλ(D), so the minimal access-discrimination object is the pair

ΨD =

(
D∥
D⊥

)
.

The trace-quadratic disturbance norm (weighted by the paired (Krec,Mrec) at the same cut) is

∥ΨD∥2τ = τ(D∗
∥D∥) + τ(D∗

⊥D⊥).

Admissible internal recombinations preserving this norm form a U(2)-type group on the two-
component access space. Removing the central Abelian phase (already counted by the holonomy
sector) leaves

SU(2).

Continuous mixing of the three primitive branches. The triple-overlap closure produces
a three-dimensional branch space H3 = span{D0,D1,D2}. Admissible internal recombinations
preserving the trace-quadratic branch norm act by U(3). Removing the separately counted
central U(1) phase leaves

SU(3).

The corrected chain is: primitive triple-overlap obstruction ⇒ 3 branches ⇒ U(3) ⇒ SU(3)
after removing U(1). The discrete closure z3 = 1 supplies the primitive three-dimensional
branch space; the continuous SU(3)-like factor is the minimal trace-norm preserving non-Abelian
mixing.

15.3 Minimal charged-sector selection principle

Principle 15.2 (Minimal charged-sector selection). The physical charged sector is the smallest
nontrivial observer-stable internal automorphism sector that simultaneously satis�es:

1. a central Abelian phase readout;

2. minimal non-Abelian two-state access mixing;

3. minimal non-Abelian three-frame holonomy-index structure;

4. chiral doublet/singlet access splitting;

5. cancellation of global recoverability obstructions.

A pure U(1) fails (2), (3), (4). SU(2)×U(1) fails (3). SU(3)×U(1) fails (2), (4). SU(2)×
SU(2) × U(1) fails (3). SU(5) or SU(4) × SU(2) × U(1) contain extra branches; they fail
minimality.

The minimal product is therefore the Standard Model gauge group [49, 50, 51]

SU(3)× SU(2)× U(1).

Factor Framework origin

Abelian charge Central phase of primitive internal holonomy obstruction
Two-state access mixing Cut/complement pair (D∥, D⊥) at one cut
Three-branch holonomy mixing Primitive triple-overlap obstruction; trace-norm preserving mixing of three

Two constraints � chiral doublet/singlet access splitting and cancellation of global recoverability
obstructions � are imported as structural requirements in the present treatment.
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Central Abelian footprint rule. The central Abelian factor is not an optional exterior
addition to the charged sector. It is the scalar phase reference common to the charged internal
holonomy readout. Consequently, a non-Abelian charged boundary that is read through the full
internal algebra carries a residual Abelian footprint whenever the observer cut does not isolate
the non-Abelian sector from the central phase sector. Once the Abelian baseline has been �xed
by the electromagnetic Schur-trace diagnostic, this residual footprint enters subsequent charged-
sector diagnostics as the inverse of that baseline readout. In this sense the Abelian footprint is
not a second electromagnetic calculation appended to a non-Abelian trace; it is the central-phase
remnant of reading a charged non-Abelian boundary through the full minimal internal algebra.

15.4 Minimal chiral content and hypercharge �xing

Once the minimal internal algebra is SU(3)×SU(2)×U(1), the minimal chiral content is selected
by representation theory:

QL : (3, 2), uR : (3, 1), dR : (3, 1), LL : (1, 2), eR : (1, 1),

up to neutral singlets. Let YQ, Yu, Yd, YL, Ye be unknown. The framework analogue of anomaly
cancellation [54, 55, 56] reads:

SU(3)2U(1) : 2YQ − Yu − Yd = 0,

SU(2)2U(1) : 3YQ + YL = 0,

U(1)3 : 6Y 3
Q − 3Y 3

u − 3Y 3
d + 2Y 3

L − Y 3
e = 0.

With Qem = T3 + Y and normalization Ye = −1, the minimal rational solution is

YQ = 1
6 , Yu = 2

3 , Yd = −1
3 , YL = −1

2 , Ye = −1.

The one-generation Abelian trace is Tgen = Tr(Y 2) = 6(16)
2+3(23)

2+3(−1
3)

2+2(−1
2)

2+(−1)2 =
10/3. The one-generation weak trace is Tr(T 2

3 ) = 3 · 1
2 + 1 · 1

2 = 2.

15.5 Hypercharge normalization and conditional weak angle

The ratio is Tr(Y 2)/Tr(T 2
3 ) = (10/3)/2 = 5/3. In partition-strain language Tr(Y 2) is the

Abelian internal holonomy sti�ness trace through Krec and Tr(T 2
3 ) is the weak doublet sti�ness

trace. Trace-normalized sti�ness equality de�nes the canonically normalized Abelian generator

Ycan =
√

3
5 Y, Tr(Y 2

can) = Tr(T 2
3 ),

equivalently g21 = (5/3)g2Y . This is the usual 5/3 hypercharge normalization, obtained as a trace-
ratio consequence of the minimal one-generation charged content rather than as an SU(5) [52, 53]
embedding postulate.

If the canonically normalized primitive Abelian and weak sectors share the same leading
paired sti�ness coe�cient through Krec, g1 = g2 at the substrate normalization scale, then

sin2 θW =
g2Y

g22 + g2Y
=

3/5

1 + 3/5
=

3

8
.

This is the uni�cation-scale value, not the observed low-energy weak angle. The 3/8 value is a
structural consistency check on the trace logic, not a low-energy prediction.
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15.6 Conditional identi�cation with the Maxwell readout and the lepton
ladder

Proposition 15.3 (Conditional charged-sector identi�cation). Assume the observer-e�ective
charged sector is the minimal internal sector satisfying: internality, observer-record stability,
relationality, central Abelian phase readout, entry into the regional paired disturbance functional
through the same internal connection whose stationary variation de�nes the Abelian observer �eld
readout, and use of its stable branches as the charged identity sectors for the record-preserving
strain ladder. Then the primitive charged obstruction is Ωijk. Isotropic Abelian closure gives z3 =
1, hence three stable charged branches. The same internal connection produces the Maxwell-type
observer readout through stationarity of KR with the matched pair (Kem

rec ,M
em
rec ) = g−2

eff (Krec,Mrec),
and the same three branches supply the charged strain ladder used in the lepton diagnostic.

Proof sketch. The triple-overlap argument supplies the three branches. For the Maxwell readout,
perturb the internal Abelian connection by A:

KR(∇+A) = KR(∇) + 1
4g2eff

⟨FA, FA⟩τ,R + ⟨A, J⟩+O(A3),

where FA = dA. Stationarity δAKR = 0 gives δFA = g2effJ . Combined with dF = 0:

dF = 0, δF = g2effJ.

The matched pair (Kem
rec ,M

em
rec ) ensures the electromagnetic record cone equals the universal c∗.

The lepton ladder follows from using the three stable branches as charged identity sectors and
the bi-Laplacian sti�ness Ek = k4, Sn =

∑n
k=1 k

4.

15.7 Schur-complement and access�recovery application to the charged sec-
tor

The Schur-complement reduction (Theorem 6.11 of Section 6.8) and the access�recovery com-
position theorem (Theorem 6.12 of Section 6.9) of the observer layer apply directly to the
�ne-structure calculation. At the observer junction, let x denote the scalar charged-readout
amplitude and y the recoverable access-sector amplitudes. The framework's paired (Krec,Mrec)
structure organizes the joint sti�ness as the positive-de�nite coupled quadratic form Q(x, y) =
Kbare x

2+2xBy+ ⟨y, Cy⟩ of Section 6.8, with Kbare > 0 the undressed charged sti�ness, C > 0
the access-sector sti�ness (a restriction of Krec to the recoverable access channel), and B the
o�-diagonal block. Theorem 6.11 �xes the e�ective scalar sti�ness as Keff = Kbare − BC−1B†,
with the access-dressing operator BC−1B† ⪰ 0 positive semide�nite.

Consequences for the �ne-structure formula. Theorem 6.11 �xes three structural features
of the diagnostic calculation independently of the speci�c operator that produces the access
dressing.

First, the sign of every access-dressing correction is negative: charged record modes coupled
to recoverable access modes always lower the observer-e�ective inverse sti�ness, never raise it.
The minus signs in −3/(8π4) and −21/(32π12) are forced, not chosen.

Second, the access dressing is a single operator BC−1B†, not a sum of independently-
postulated corrections. The decomposition of this operator into a single-channel piece and a
projective-cover piece is a spectral decomposition of one access-dressing object, not a postulate
that several independent corrections exist.

Third, the mechanism is exact at the level of the coupled quadratic form. There is no per-
turbative truncation in the Schur step itself; truncation enters only when BC−1B† is expanded
over the access-mode spectrum. The �ne-structure diagnostic is therefore a calculation of the
spectrum of one operator, not a perturbation series at arbitrary order.
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Inter-sector Schur overlap in the charged sector. Section 6.8 also establishes the mini-
mal inter-sector overlap correction, ∆Koverlap

ij = −1/(TiTj) of Equation (1), applicable whenever
two internal holonomy sectors are simultaneously unresolved by one observer cut. The frame-
work's neutral electroweak visibility readout of Section 15.10 uses this rule for the simultaneously
unresolved (SU(3), SU(2)), (SU(3), U(1)), and (SU(2), U(1)) overlap pairs at the electroweak
cut.

First single-channel access-dressing contribution. Theorem 6.12 of Section 6.9 identi�es
the primitive scalar access-dressing kernel as L−2

acc, the squared inverse access Laplacian, with
�rst inverse eigenvalue π−4 on the normalized Dirichlet access interval. Applied to the Schur-
complement structure with C = L2

acc on the recoverable access channel and the o�-diagonal
coupling carrying the charged projector Pch, the �rst single-channel contribution to BC−1B† is
the charged-projector trace of L−2

acc on the �rst access mode,

Πaccess = Tracc
(
Pch L

−2
acc

)
=

3

8π4
.

The factor 3/8 is the charged trace fraction derived from the minimal chiral content and
Tr(Y 2)/Tr(T 2

3 ) = 5/3, and the factor π−4 is the �rst inverse eigenvalue of L−2
acc on the nor-

malized Dirichlet interval. This is the third term of the �ne-structure formula, recovered as the
leading single-channel scalar access dressing through the observer-layer Schur reduction.

The Schur-complement theorem and the access�recovery composition theorem together de-
termine the �rst nonzero correction up to its sign and its leading π−4 order, and identify its
operator origin. The remaining content of the diagnostic value at the single-channel order is the
charged-projector trace, which is �xed by the substrate-side minimal-content analysis.

15.8 Projective access-cover operator and polarization-order expansion

The Schur-complement theorem �xes the sign and form of the access dressing, and the access�
recovery composition theorem �xes the primitive scalar kernel L−2

acc. The remaining task is to
de�ne the projective-cover part of the same dressing operator and compute its trace. This
subsection does that explicitly.

Spatial projective cover. The projective closure acts on the three spatial access directions
Σ3
obs, not on the full observer-access space Oacc. The record-ordering coordinate τobs sequences

records, but it does not generate independent spatial projective sectors. Let

b := dimΣ3
obs, d := dimOacc.

For a b-branch spatial cover, the projective record space is the direct sum over nonempty branch
subsets,

H(b)
proj :=

⊕
∅≠S⊆{1,...,b}

HS .

The empty subset is removed because a projective readout has no zero-amplitude representative.
The number of retained cover sectors is therefore 2b − 1.

Tensor access kernel. On each recoverable access branch, the primitive closed access�recovery
kernel is Λacc := L−2

acc. At the leading Dirichlet mode in an access dimension d, its inverse eigen-
value is π−d. For a b-branch projective cover the closed kernel is the tensor product

Λ(b) := Λacc,1 ⊗ · · · ⊗ Λacc,b,
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so the leading inverse eigenvalue is multiplicative:

λ
(b)
1 = π−bd.

At the minimal observer cut, b = 3 and d = 4, so the projective-cover kernel is suppressed by
π−12.

Projective normalization and charged projector. The projective-readout axiom quo-
tients overall access amplitude. The remaining normalization is the average over the full observer-
access volume, giving the factor 1/d. Equivalently, de�ne the normalized projective-cover prop-
agator

G
(b)
proj :=

1

d
Λ(b)

on H(b)
proj. The charged part of the recoverable access channel is selected by the same charged

projector used in the single-channel term,

Pch = wY P1, wY = 3
8 ,

where wY is �xed by the minimal charged-content trace ratio Tr(Y 2)/Tr(T 2
3 ) = 5/3 at the

shared substrate/junction normalization.
The projective-cover projector is

P
(b)
proj := Pch ⊗

⊕
∅≠S⊆{1,...,b}

IS ,

where IS is the identity on the leading mode of the branch-subset sector HS . This makes the
multiplicity explicit: the trace over the cover counts exactly the 2b − 1 nonempty projective
sectors.

Theorem 15.4 (Projective access-cover trace). For a b-branch observer projective cover in
access dimension d, with primitive access�recovery kernel Λacc = L−2

acc and charged projector
Pch = (3/8)P1, the leading projective-cover contribution to the Schur dressing is

Π
(b)
proj = TrH(b)

proj

(
P

(b)
projG

(b)
proj

)
=

3

8

2b − 1

d

1

πbd
.

In particular, the minimal memory-bearing projective cut has (b, d) = (3, 4) and therefore

Π
(3)
proj =

3

8
· 7
4
· 1

π12
=

21

32π12
.

Proof. The leading mode of each closed access�recovery branch contributes π−d. The tensor
product over b independent spatial projective branches contributes π−bd. The direct sum over
nonempty projective branch subsets contributes the multiplicity 2b − 1. The charged projector
contributes the trace weight wY = 3/8. The projective normalization divides by the observer-
access dimension d. Multiplying these four independent factors gives

Tr
(
P

(b)
projG

(b)
proj

)
=

3

8

2b − 1

d
π−bd.

Setting b = 3 and d = 4 gives 21/(32π12).

This result upgrades the projective-cover term from a structural decomposition to an operator
trace. The numerator 21 = 3(23 − 1) is not chosen after the fact: the factor 3 is the charged
trace weight numerator and 23 − 1 is the number of nonempty projective cover sectors. The
denominator 32 = 8 · 4 is likewise not an imposed rational: 8 is the denominator of the charged
trace weight and 4 is the observer-access normalization. The power π12 is the tensor product of
three closed access�recovery kernels over a four-dimensional observer-access interface.
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Schur-complement realization. The single-channel and projective-cover terms are two spec-
tral blocks of one positive Schur dressing operator. Decompose the recoverable access space as

Yacc = Y1 ⊕ Yproj,

with
C−1 = L−2

acc ⊕G
(3)
proj, B†B = Pch ⊕ P

(3)
proj.

Then the access dressing appearing in the Schur complement is

BC−1B† = TrY1(PchL
−2
acc) + TrYproj(P

(3)
projG

(3)
proj),

namely

BC−1B† =
3

8π4
+

21

32π12
.

Substitution into the exact Schur complement gives the observer-e�ective charged sti�ness

Keff = Kbare −
3

8π4
− 21

32π12
.

The two negative corrections therefore arise from one positive access-dressing operator, not from
independently appended numerical terms.

Termination of the polarization-order expansion. The polarization expansion is �nite
under the minimal projective-cover rule. The b = 1 block is the ordinary single-channel access
polarization,

Π(1) =
3

8πd
,

which at d = 4 gives 3/(8π4). The b = 2 block carries only a removable relative phase; after
the projective quotient it has no non-removable holonomy and contributes no primitive charged
correction. The b = 3 block is the �rst non-removable projective closure and gives 21/(32π12).
Covers with b ≥ 4 decompose into triple-overlap pieces and do not de�ne new primitive charged
sectors. Thus the �ne-structure access dressing terminates at the minimal triple cover:∑

b

Π(b) =
3

8π4
+

21

32π12
.

15.9 Fine-structure diagnostic as a single Schur-trace identity

The preceding subsections established the charged-sector machinery used by the Abelian read-
out: the charged-holonomy selection principle, the connection-block representation lemma, the
central Abelian footprint rule, the Schur-complement theorem (Section 6.8), the access�recovery
composition theorem (Section 6.9), and the projective access-cover theorem (Section 15.8). This
subsection assembles those ingredients into the �ne-structure diagnostic in a form sharper than
a four-term sum. The four numerical pieces are presented as the four exposed components of
a single Schur-complement trace on one substrate�cut block operator. The unit of derivational
claim is one operator, not four addends.

The framework-native meaning of α inside the two-layer organization should be recalled
brie�y. Within the substrate�observer language, the �ne-structure constant is the readout ratio
between the minimal Abelian charged-holonomy unit visible to an admissible observer cut and
the isotropic record-cone access capacity supplied by the paired baseline susceptibility, and α−1

counts the number of isotropic record-access units required to resolve one central phase unit at
the observer junction. In this role, the Abelian �ne-structure diagnostic also �xes the baseline
central phase footprint used by later charged-sector readouts: non-Abelian holonomy boundaries
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do not replace the U(1) reference; they are read through the same full charged-sector algebra
and inherit its scalar Abelian baseline. The diagnostic question is then whether this central
Abelian readout ratio can be computed from one operator on the substrate�cut Hilbert space.
The intended chain is

δSsub = 0 =⇒ (Krec,Mrec) =⇒ Lacc =⇒ Hcut =⇒ TrSchurC(Asub/cut) = α−1
eff . (5)

The �rst arrow is a proposal: a substrate variational principle is exhibited below in a form general
enough to admit the required normal form, but the speci�c choice of two scalar functionals inside
that form is left open. The second arrow is conditional on the boundary-condition choice for
the access operator, which is adopted and �agged rather than derived. The third arrow is
constructive: the cut Hilbert space and the block operator on it are written out explicitly. The
fourth arrow is the proposition of this subsection. Its content is that, once the block operator is
�xed, the four numerical pieces of the diagnostic are forced.

Substrate variational principle: proposal, not theorem. The timeless substrate is not
speci�ed by a metric, a background time, or a �xed spacetime manifold. It is speci�ed by a
positive record susceptibility Mrec, a positive record sti�ness Krec, and a locality�recoverability
constraint. It is proposed that these objects are selected by stationarity of a substrate functional
of the form

Ssub[K,M ; Λ] = τ
[
KM−1 +Φ(M) + Ψ(M−1/2KM−1/2) + ΛCloc(K,M)

]
, (6)

on the cone {K > 0, M > 0}, with Φ and Ψ scalar trace functionals to be speci�ed, Λ a self-
adjoint Lagrange multiplier, and Cloc encoding �nite-access locality together with re�nement
covariance of the substrate�cut graph. Admissibility requires positivity of the stationary pair,
locality of the normalized operator M−1/2

rec KrecM
−1/2
rec on the access graph, and invariance of its

spectrum under re�nement of the graph representative.
The role of (6) in this paper is structural. It is not claimed that an explicit pair (Φ,Ψ) has

been identi�ed for which the stationary record pair satis�es the metric-compatible normal form

Krec =M1/2
rec LaccM

1/2
rec , (7)

with Lacc a positive self-adjoint access operator. What is claimed is the weaker statement that (7)
is a natural normal form to be selected by such a principle: once Mrec is used to de�ne the
record inner product, the only re�nement-covariant positive sti�ness with the same generalized
spectrum as Lacc is conjugate to Lacc by M

1/2
rec . Specifying Φ and Ψ so that (7) emerges as the

unique stationary point on the admissible cone is the central substrate-side open problem of the
framework, and is identi�ed as such in the closing status statement of this chapter.

Given (7) as a working hypothesis, the generalized record-cone diagnostic is c2∗ = λmin(M
−1
recKrec) =

λmin(Lacc), so the access cone is determined by the spectrum of the substrate�cut operator Lacc

rather than by a background spacetime speed.

Access spectrum from the stable cut. The observer cut is modeled as a �nite-access
boundary between the timeless substrate and a recordable sector. After normalization of the
access measure the primitive access coordinate is u ∈ [0, 1]. The framework needs two endpoint
conditions on Lacc, one on each side of this interval. The observer-side endpoint at u = 1 is the
natural one: record closure means that an access channel returns a determinate recorded value,
which �xes the boundary mode to zero. The substrate-side endpoint at u = 0 is the asymmetric
one. The choice made here is that both endpoints absorb,

Lacc = − d2

du2
, f(0) = f(1) = 0, (8)
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with the substrate-side absorbing condition interpreted as the statement that an unrecorded vari-
ation is not yet accessible to the observer cut and therefore contributes no boundary amplitude.
This is the same Dirichlet problem used throughout the framework, and it is reproduced here
without claiming that the substrate-side absorbing condition has been derived from substrate
primitives. A re�ecting (Neumann) substrate-side endpoint would shift every π-power below;
this dependence is �agged in the chapter's closing status statement.

Under (8) the spectrum and eigenfunctions are Laccen = (nπ)2en with en(u) = sin(nπu), nor-
malized so that the access measure dµacc(u) = 2 du on [0, 1] gives

∫ 1
0 en(u)

2 dµacc = 1. This con-
vention is adopted at the outset, so that the �rst-mode access amplitude a1 =

∫ 1
0 e1(u) dµacc =

2
∫ 1
0 sin(πu) du = 2/π emerges without an after-the-fact rescaling. The �rst-mode contribution

to the bare junction sti�ness is therefore

4π a21 = 4π
4

π2
=

16

π
. (9)

The appearance of π is a spectral residue of the unique normalized absorbing access interval,
not an inserted convention.

Closed access-loop recoverability: substrate reading of imported constraints. The
charged sector is not derived from the substrate alone in this framework, and the status is stated
explicitly. The cut/complement argument of Section 15.2 supplies the two-state access mixing
structure SU(2), but it does not supply the chiral split between left- and right-access sectors;
chirality is asserted here as a primitive observer-cut constraint. The cubic-trace conditions∑

i

Yi = 0,
∑
i

Y 3
i = 0,

∑
weak

Yi = 0,
∑
color

Yi = 0, (10)

are imported from the Standard Model anomaly-cancellation pattern. The substrate reading
of (10) is that a charged record transported around a closed access loop must return as a single-
valued record, so each closed loop carries a recoverability obstruction that must vanish; the
equations are then the obstruction-vanishing conditions for the minimal loops. This reading is
interpretive. Deriving both the form and the multiplicities of (10) from substrate primitives
remains open and is listed in the chapter's status statement.

Under the imported constraints, the minimal chiral solution with nontrivial color multiplicity,
weak pairing, and one access-stabilizing scalar doublet has hypercharges (YQ, Yu, Yd, YL, Ye) =
(1/6, 2/3,−1/3,−1/2,−1) and |YH | = 1/2, with per-generation charge-square trace Tgen = 10/3.
The three-generation fermionic charge-square trace and the scalar contribution combine to

Tbare = 3Tgen + TH = 10 +
1

2
=

21

2
. (11)

The trace ratio Tr(Y 2)/Tr(T 2
3 ) = 5/3 then gives the charged access weight

wY =
g2Y

g22 + g2Y
=

3

8
, (12)

where the second equality uses g1 = g2 at the shared junction trace-normalization, itself a
normal-form assertion that is �agged in the chapter's status statement rather than derived here.

The same number Tbare = 21/2 also arises from an observer-side duality independent of any
speci�c substrate content. The substrate�observer duality

d · Tbare =
(
d

2

)
(2b − 1) =⇒ Tbare =

d− 1

2
(2b − 1) (13)

gives Tbare = (3/2) · 7 = 21/2 at the minimal memory-bearing projective cut (d, b) = (4, 3).
The two routes (substrate-content counting on (11) and observer-side duality, treated in detail
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in Section 6.10) are consistent. Consistency is recorded as an internal compatibility condition
between substrate realization and observer projective access, not as a proof of either route; the
substrate-content route inherits whatever fragility chirality and the cubic-trace constraints carry.

The corresponding bare junction inverse coupling is

α−1
junction = 4π Tbare + 4π a21 = 42π +

16

π
= 137.0398496297 . . . (14)

Primitive access kernel: de�nitional minimality. The access dressing is obtained by
Schur reduction of the coupled observer-junction quadratic form (Section 6.8), with e�ective
scalar sti�ness Keff = Kbare −BC−1B†. The Schur-complement theorem �xes the sign of every
access correction: access dressing lowers the inverse e�ective coupling, never raises it.

The speci�c kernel that realizes C−1 on the Dirichlet access interval was taken in Section 6.9
to be Gacc = L−2

acc. The kernel is �xed here by access�recovery composition together with a
de�nitional minimality condition. Call an access-dressing kernel G primitive if (i) G is positive
self-adjoint, (ii) the trace of G against the charged projector on the leading mode is �nite, (iii) G
is compatible with the absorbing endpoint conditions of (8), and (iv) G contains no extraneous
higher-order smoothing beyond what is needed for �niteness of the leading trace. Under this
de�nition, the �rst primitive kernel that meets (i)�(iv) for the access operator (8) is L−2

acc. The
kernel L−1

acc is endpoint-sensitive in a sense that does not de�ne a �nite charged trace against the
leading mode without auxiliary regularization; the informal statement is that L−1

accδu produces a
logarithmically singular response at the boundary, but a fully rigorous statement of the exclusion
of L−1

acc as a primitive kernel on the Dirichlet interval is not given here. Kernels L−p
acc with integer

p ≥ 3 are admissible under (i)�(iii) but violate (iv): they add extra smoothing that is not
forced by the structure of the substrate�cut junction. The primitiveness condition is therefore
selecting L−2

acc as the minimal kernel meeting the �rst three conditions; the condition (iv) is doing
the selection work and is stated as a de�nition rather than as a theorem.

On the normalized Dirichlet interval the leading inverse eigenvalue of L−2
acc is π

−4, and the
charged single-channel Schur dressing is

Πaccess = wY π
−4 =

3

8π4
. (15)

The higher-mode tail is bounded by
∑

n≥2(nπ)
−4 = π−4(ζ(4) − 1) ≈ 8.3 × 10−4, so the �rst-

mode truncation has relative error ζ(4)−1 ≈ 0.082 at the level of the single-channel trace. This
truncation is therefore not a 10−9 statement on its own; the 10−9-level agreement of the full
four-part diagnostic with experiment is a property of the four contributions taken together, and
the closing comparison records what this combination does and does not test.

Projective-cover trace at the minimal observer cut. The minimal memory-bearing pro-
jective cut has spatial branching multiplicity b = 3 and access dimension d = 4. The pro-
jective record space at this cut is the direct sum over nonempty branch subsets, H(3)

proj =⊕
∅≠S⊆{1,2,3}HS , with 23−1 = 7 retained sectors. On the triple cover the closed access�recovery

kernel is Λ(3) = Λacc ⊗ Λacc ⊗ Λacc with leading inverse eigenvalue π−bd = π−12. The projective
normalization carries the inverse observer-access dimension 1/d = 1/4 together with the inverse
projective-sheet count 1/2b = 1/8, giving the propagator normalization G(3)

proj = (1/32)Λ(3), and
the projective-cover dressing is

Π
(3)
proj = wY · 2

b − 1

2b · d
· π−bd =

3

8
· 7

32
· 1

π12
=

21

32π12
. (16)

The b = 2 block carries only a removable relative phase and does not contribute a primitive
non-removable obstruction; covers with b ≥ 4 decompose into triple-overlap pieces and do not
generate new primitive sectors. The polarization expansion in b therefore terminates at b = 3,
and the full access dressing is the two-term sum

∑
bΠ

(b) = 3/(8π4) + 21/(32π12).
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The single substrate�cut operator. The operator whose Schur complement reproduces
the four-part diagnostic is written explicitly. Let Hcut = Hch ⊕ Hacc ⊕ Hproj, with Hch one-
dimensional (the recorded charged amplitude), Hacc the recoverable access channel restricted to
its leading Dirichlet mode, and Hproj the projective triple cover at (b, d) = (3, 4). On Hcut de�ne
the block operator

Asub/cut =

4πTbare + 4πa21 BY Bproj

B†
Y CY 0

B†
proj 0 Cproj

 , (17)

with diagonal access-sector blocks CY = L2
acc|Hacc and Cproj = (Λ(3))−1|Hproj , and o�-diagonal

couplings BY , Bproj chosen so that

BY C
−1
Y B†

Y = wY π
−4 =

3

8π4
, BprojC

−1
projB

†
proj =

21

32π12
. (18)

The choice of BY and Bproj at this stage is dictated by the single-channel and projective-cover
trace calculations of (15) and (16), not by independent postulate; what is asserted is that the
same coupling structure appears in both blocks, and that the substrate�cut operator therefore
has one o�-diagonal B with two spectral channels rather than two unrelated couplings.

The Schur complement of Asub/cut against the unrecorded access sectors CY ⊕ Cproj is

SchurCY ⊕Cproj(Asub/cut) = 4πTbare + 4πa21 −BY C
−1
Y B†

Y −BprojC
−1
projB

†
proj

= 42π +
16

π
− 3

8π4
− 21

32π12
. (19)

The recorded sector is one-dimensional, so the Schur complement is a scalar and its trace is itself.
The single identity is therefore

α−1
eff = Tr SchurCY ⊕Cproj(Asub/cut) = 42π +

16

π
− 3

8π4
− 21

32π12
. (20)

The four visible terms in α−1
eff are therefore not independent choices: they are the four exposed

components of one Schur trace. The bare-trace term 42π and the �rst-access term 16/π are the
diagonal contributions of Hch; the dressings −3/(8π4) and −21/(32π12) are the two spectral
channels of −BC−1B† on Hacc and Hproj. The Schur-complement theorem �xes both signs to
be negative.

Numerical comparison and the CODATA 2022 anchor. Evaluating (20) numerically
gives

α−1
eff = 137.035 999 176 3 . . . (21)

The current CODATA 2022 adjusted value of the inverse �ne-structure constant is

α−1
CODATA2022 = 137.035 999 177(21), (22)

with quoted one-sigma standard uncertainty σCODATA2022 = 2.1× 10−8 [58]. The residual is

∆CODATA2022 = α−1
eff − α−1

CODATA2022 ≈ −7× 10−10, (23)

which is approximately 0.03σ and is therefore comfortably inside the recommended uncertainty.
This comparison is anchored on the CODATA 2022 adjustment. The CODATA 2018 value

α−1
CODATA2018 = 137.035 999 084(21) [57] is superseded by the 2022 adjustment, and the compar-

ison anchor used here is recorded explicitly so the reader can reproduce the calculation.
The CODATA 2022 adjustment is itself a weighted reconciliation of two direct atom-recoil

measurements that are in roughly 5σ tension with one another. The Parker�Yu�Zhong�Estey�
Müller measurement using a caesium recoil in 2018 gives α−1 = 137.035 999 046(27) [60]; the
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Morel�Yao�Cladé�Guellati-Khélifa measurement using a rubidium recoil in 2020 gives α−1 =
137.035 999 206(11) [59]. An independent precision input to the CODATA chain is the electron
magnetic-moment measurement of Fan, Myers, Sukra, and Gabrielse [61], which, combined with
the QED theory calculation of the electron anomalous magnetic moment [82], supplies a third
determination of α in approximate consistency with the rubidium-recoil result. Against Parker
the present formula sits at ∼ 4.8σ; against Morel it sits at ∼ 2.7σ; against the CODATA
2022 midpoint it sits at ∼ 0.03σ. The diagnostic is therefore consistent with the recommended
adjustment but is not simultaneously consistent with both direct measurements, in the same
sense that any prediction landing near the CODATA midpoint inherits the Rb/Cs tension. This
is recorded as a property of the comparison, not as a feature of the formula: future adjustments
that resolve the Rb/Cs tension will sharpen the test of (20) in one direction or the other.

What this subsection closes and what it does not. The contribution of this subsection
is the single Schur-trace identity (20). What it closes is the unit of derivational claim. The
four-part value of the �ne-structure diagnostic is the trace of a single Schur complement on the
substrate�cut block operator (17), with the Schur-complement theorem �xing the signs of the
two access dressings and the spectrum of one operator �xing their values. It also �xes the Abelian
baseline used by later charged-sector readouts: the scalar U(1) footprint is not recalculated in
each non-Abelian sector but inherited from this central phase Schur trace.

What this subsection does not close is the substrate uniqueness of that operator's blocks.
The calculation is machinery-�xed once the charged-sector selection, the access-boundary con-
dition, the primitive access kernel, the chiral/cubic trace constraints, and the shared junction
normalization are accepted; what remains open is the substrate-level uniqueness of those inputs.
Five items remain open and are listed explicitly so the status of the diagnostic is unambiguous.
First, the substrate variational principle (6) is exhibited as a form rather than a speci�cation;
the scalar functionals Φ and Ψ that would produce (7) as the unique stationary point on the
admissible cone have not been identi�ed. Second, the Dirichlet boundary condition on the access
interval is adopted rather than derived; the substrate-side absorbing condition at u = 0 is the
asymmetric choice. Third, chirality is asserted as a primitive observer-cut constraint, and the
cubic-trace conditions (10) are imported from the Standard Model anomaly-cancellation pattern
with a substrate reading rather than a substrate derivation. Fourth, the primitiveness condition
selecting L−2

acc as the leading access kernel is de�nitional; the exclusion of L−1
acc on the Dirichlet in-

terval is stated informally and would bene�t from a precise endpoint-regularity argument. Fifth,
the equality g1 = g2 at the shared junction trace-normalization is asserted as a normal-form
condition under canonical trace normalization of primitive internal generators, rather than as
a theorem from substrate content. These �ve items are the substantive remaining program for
the substrate�cut foundation of the diagnostic; they are collected in the chapter's status table
together with the other items not recovered.

The status of the section, in compact form, is therefore the following:

Numerical match to CODATA 2022: within quoted uncertainty.
Structural compression: four terms uni�ed into one Schur trace.
Abelian baseline footprint �xed for later charged-sector readouts.
Substrate uniqueness of the block operator: not yet established.

(24)

The framework's claim is therefore that, within the stated charged-sector and access-normalization
inputs, the Abelian �ne-structure readout is �xed by the Schur complement of a single block
operator on the substrate�cut Hilbert space. The remaining question is not whether the four
terms are independently adjustable inside this diagnostic; they are not. The remaining question
is whether the substrate machinery uniquely forces the block operator and boundary data from
which the diagnostic is built.
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15.10 Neutral electroweak visibility and the SLD/LEP-b channel split

The neutral electroweak diagnostic is a visibility readout of an observer-access boundary. It is not
an inverse-sti�ness readout. Inverse couplings are obtained from e�ective sti�ness after hidden-
sector elimination; a weak mixing angle is instead a scalar share of the neutral boundary visible
through the central Abelian phase. The object being read is therefore the neutral SU(2)�U(1)
access boundary, and the result depends on the observer support through which that boundary
is resolved.

The Abelian trace entering this readout is �xed upstream by the �ne-structure Schur-trace
diagnostic of Section 15.9. In the notation of that subsection,

T1 := α−1
eff = 137.035999176 . . . . (25)

This is the central Abelian phase footprint carried forward into charged-boundary readouts. It
is not replaced by a separate electroweak input in this subsection. The same primitive Abelian
footprint is read through di�erent neutral observer-access supports.

Neutral-boundary visibility lemma. For a neutral electroweak observer cut with SU(2)
trace weight T2 and central Abelian trace weight T1, the e�ective weak-mixing readout is the
scalar visibility of the central Abelian phase inside the jointly accessible neutral boundary. Trace
normalization assigns reciprocal visibility weights to the direct sector channels. The minimal
unresolved SU(2)�U(1) boundary contact contributes the product of the two reciprocal weights.
Thus the direct leptonic or polarized neutral-current readout is

sin2 θeff,ℓ =
1

T2
+

1

T1
+

1

T2T1
. (26)

The �rst term is the direct SU(2) neutral visibility, the second term is the direct central Abelian
footprint, and the third term is the minimal shared neutral-boundary visibility.

The SU(2) trace weight is also �xed by the framework bookkeeping. The neutral connection
block is an adjoint holonomy block. For SU(2) the adjoint internal dimension is 3 and the
adjoint Casimir weight is 2. With the observer projective multiplicity b = 3, the trace weight is

T2 = 3 · 3
2
=

9

2
. (27)

This value is also recovered by the closure-normalized observation-support theorem of Ap-
pendix 6.11 (Theorem 6.16) with branch count dsupp = 2 for the weak-isospin doublet obser-
vation, giving T2 = b2 dsupp/d = 9 · 2/4 = 9/2 on the substrate (b, d) = (3, 4). The framework
reads T2 through either route consistently. Combining (25) and (27) in the neutral-boundary
visibility lemma gives

sin2 θeff,ℓ =
2

9
+

1

137.035999176 . . .
+

1

(9/2)(137.035999176 . . .)
= 0.2311412087 . . . . (28)

This is the leptonic or polarized neutral-boundary readout. More precisely, it is the framework's
value for the direct polarized leptonic neutral-current readout, the observer-access cut in which
both the initial-state and the �nal-state supports are purely leptonic and no color-carrying
support participates in the access path at any vertex. The polarized e+e− measurement (SLD
ALR) realizes this access cut. Other channel classes correspond to distinct observer-access cuts:
the b-quark forward-backward readout (below) reads the same neutral boundary through a color-
carrying �nal-state support; the hadron-collider Drell-Yan readout (Section 15.10) reads the
same boundary through a color-carrying initial-state support. The framework's prediction for
each channel class is determined by which supports participate in the access path; equation (28)
is speci�cally the polarized-leptonic case.
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Sign convention. The sign rule follows from the type of readout. Schur elimination lowers an
inverse-sti�ness readout, so unresolved hidden overlap enters inverse-coupling diagnostics with
a negative sign. Visibility readouts count accessible boundary channels, so shared boundary
contact enters with a positive sign. Thus Section 15.11 subtracts unresolved electroweak overlap
in an inverse-sti�ness diagnostic, while the neutral-boundary visibility readout in (26) adds the
shared SU(2)�U(1) visibility:

inverse sti�ness readout: hidden overlap subtracts,
visibility/share readout: accessible overlap adds.

(29)

Connection blocks and observation-channel supports. The representation rule is �xed
by what the diagnostic measures. If the readout measures gauge sti�ness or internal holonomy
response, the hidden block is Lie-algebra-valued and transforms in the adjoint representation. If
the readout measures an observer channel passing through a matter support, the relevant block
is the representation carried by that support:

connection-sti�ness readout: use adjoint blocks,
observation-channel readout: use the support representation.

(30)

This is why the strong coupling diagnostic uses the SU(3) adjoint holonomy block, while the
b-quark �nal-state channel uses the SU(3) fundamental color-support block.

The SLD left�right asymmetry and the LEP b-quark forward�backward asymmetry need
not correspond to the same observer-access cut. The SLD left�right asymmetry is a leptonic
neutral-boundary readout. The LEP b-quark forward�backward asymmetry reads the same
neutral boundary through a color-carrying �nal-state support. In the framework these are two
observer-access readouts of the neutral electroweak boundary through di�erent supports. A
leptonic or polarized readout sees the neutral boundary directly. A b-quark forward�backward
readout sees it through a fundamental color-carrying support, producing an additional �nal-state
boundary contribution.

For the fundamental representation of SU(3), the internal dimension is 3 and the quadratic
Casimir is 4/3. With the same observer projective multiplicity b = 3, the fundamental color-
support trace weight is

Tb,col = 3 · 3

4/3
=

27

4
. (31)

This is the trace weight for any fundamental-representation SU(3) color-carrying support read
through the b = 3 observer projective cut; the framework does not distinguish heavy-quark from
light-quark contributions at this structural level. The match to the LEP Ab

FB measurement is to
the speci�c experimentally tagged �nal state of that measurement, not a framework-side �avor
selection. The value is also recovered by the closure-normalized observation-support theorem of
Appendix 6.11 (Theorem 6.16) with branch count dsupp = 3, giving Tb,col = b2 dsupp/d = 27/4
on (b, d) = (3, 4). The framework's 4/3 closure unit coincides numerically with the SU(3)
fundamental quadratic Casimir; the substrate origin is primary, with the gauge-theoretic re-
expression as a secondary identi�cation valid for gauge-charged supports but not generally.

The derivation of δb uses no fermion mass input. The channel split arises from color-support
trace structure, not from a mass hierarchy: Tb,col is �xed by the fundamental color-support
branch count on the (b, d) = (3, 4) substrate, T1 is �xed by the �ne-structure Schur identity
(Section 15.9), and the product Tb,col T1 is mass-independent. The framework does not encode
the top-Yukawa coupling, the Zbb̄ vertex correction, or any fermion mass ratio in this derivation.

Because the b-quark �nal state is electrically charged, the color-support channel is read
through the central Abelian phase footprint. The minimal �nal-state boundary contribution is
the reciprocal overlap of the fundamental color-support trace and the Abelian footprint:

δb =
1

Tb,colT1
=

1

(27/4)(137.035999176 . . .)
= 0.0010810893 . . . . (32)
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The b-channel e�ective readout is therefore

sin2 θeff,b = sin2 θeff,ℓ + δb = 0.2322222980 . . . . (33)

The channel split is consequently carried by the access support: direct neutral visibility for the
leptonic channel, and neutral visibility through a fundamental color-support boundary for the
b-quark channel.

Numerical channel comparison. Using the historical channel values quoted in precision
electroweak summaries, the two framework readouts sit inside the quoted one-sigma intervals
for the two separate channels [62]:

Channel Framework Experiment 1σ band Deviation
Lepton channel (SLD ALR) 0.23114 0.23098± 0.00026 [0.23072, 0.23124] +0.62σ
b-quark channel (LEP Ab

FB) 0.23222 0.23221± 0.00029 [0.23192, 0.23250] +0.04σ
Splitting 0.00108 0.00123± 0.00039 [0.00084, 0.00162] −0.38σ

Conditional on the neutral-boundary visibility lemma, the sign convention, and the connec-
tion/support representation rule, the SLD/LEP-b split is a native observer-access feature of the
framework: the same neutral electroweak boundary is resolved through two di�erent supports,
and those supports carry di�erent visibility contributions.

Hadron-collider Drell-Yan readouts as a distinct observer-access cut. Recent pre-
cision measurements of the leptonic e�ective weak-mixing angle at hadron colliders, primar-
ily Drell-Yan dilepton production at the Tevatron and the LHC, provide additional inputs to
the precision-electroweak landscape. Representative values include CMS at 8 TeV (0.23101 ±
0.00053), LHCb at 13 TeV (0.23147 ± 0.00050), and CMS at 13 TeV with the largest current
Drell-Yan dataset (0.23157 ± 0.00031); a Bodek-Seo-Yang reanalysis with pro�led PDFs has
reported 0.23156 ± 0.00024, currently the most precise single determination. The framework's
leptonic-channel prediction sin2 θeff,ℓ = 0.23114 is within 1σ of the CMS 8 TeV and LHCb 13 TeV
measurements, but sits at approximately +1.4σ and +1.7σ from the two CMS 13 TeV results.

This is not a tension with the leptonic visibility lemma as stated. Hadron-collider Drell-
Yan production has a color-carrying initial state (qq̄ from the proton parton distributions) and a
leptonic �nal state. The observer-access cut therefore di�ers from the polarized e+e− case (where
no color support enters the path) and from the LEP b-quark case (where the color support is in
the �nal state). The relevant access geometry has color in the initial state and leptons in the
�nal state. Under the connection/support representation rule (30), this is a third channel class
with its own framework prediction.

The Drell-Yan retrieval support R3. The �rst ingredient of the Drell-Yan readout is a
de�nite operator-algebraic construction of the relevant retrieval support, traceable to existing
framework primitives. Starting from the minimal observer cut Σobs = Sobs⊕τobs with dimSobs =
3 and dimΣobs = 4 (Section 6.6), and from the paired record bookkeeping (Krec,Mrec) controlling
the generalized record operator Gacc = M

−1/2
rec KrecM

−1/2
rec , the spatial-access component of the

recoverable structure carries three primitive projective branches induced by the projective cover
of Sobs. Denote the corresponding minimal stable spectral support projections of Gacc|Sobs

by
e1, e2, e3, with eiej = 0 for i ̸= j and e1 + e2 + e3 = 1R3 . The �nite trace algebra they generate
is R3 := Alg{e1, e2, e3}. This is the retrieval-support algebra introduced in Section 4.2. It is not
identical to Sobs (the geometric/projective access layer) and not identical to the seven-element
projective cover of Section 15.8 (used in �ne-structure dressing).
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Conditional theorem. Conditional on three operator-algebra hypotheses about the frame-
work's existing structures, the Drell-Yan channel weight is �xed:

Theorem 15.5 (Drell-Yan projection theorem, conditional form). Let R3 = Alg{e1, e2, e3} be
the primitive retrieval-support algebra de�ned above. Assume:

(H1) Equal-trace condition. The three primitive support projections satisfy τ(e1) = τ(e2) =
τ(e3).

(H2) Symmetric hadronic averaging. The unresolved hadronic-initial-state averaging map H is
the trace-preserving conditional expectation of R3 onto its central scalar subalgebra, acting
symmetrically on the three primitive support projections.

(H3) Rank-one leptonic projection. The clean leptonic neutral-current �nal-state conditional
expectation Eℓ, composed with H, projects the centralized retrieval support onto a single
primitive trace unit.

Then the Drell-Yan channel weight is

wDY =
τ(PDYR3)

τ(R3)
=

1

3
, PDY := Eℓ ◦H.

The arithmetic of the conclusion is immediate once the three hypotheses are granted. The
substance of the theorem is the three hypotheses, each of which is an independently checkable
operator-algebra claim about the framework's existing structures.

Status of (H1), (H2), and (H3): all three closed conditional on operator-algebraic
conditions. All three hypotheses of Theorem 15.5 admit conditional derivations from existing
framework structure. Hypothesis (H1) is closed by Theorem 4.3 of Section 4.2: if the spatial
Lorentz-recovery subgroup Gsp ⊂ GLor(Σobs) exists, acts irreducibly on Sobs, and preserves the
record-support trace, then τ(e1) = τ(e2) = τ(e3); this routes (H1) to the existing Lorentz-
recovery program of Section 11.3 with no new substrate primitive. Hypothesis (H2) is closed
by Lemma 15.7 below: an operator-algebraic statement of what it means for the prepared
channel state to be unresolved with respect to the primitive retrieval algebra, together with
the trace-equivalence supplied by (H1), forces the hadronic-initial-state map on R3 to be the
symmetric conditional expectation. Hypothesis (H3) is closed by Lemma 15.8 below: a forward
trace-preservation condition on the retrieval inclusion of R3 into the leptonic �nal-state algebra,
together with a Murray�von Neumann identi�cation of clean leptonic records as the image of one
primitive retrieval projection, forces the leptonic visible support to carry exactly one primitive
retrieval trace unit.

Hypothesis (H2): from unresolvedness to symmetric averaging. The initial-state ob-
servable algebra of the channel, Ainit, contains R3 as a distinguished subalgebra: R3 ↪→ Ainit.
There is no claim of a global tensor factorization Ainit = Ahad ⊗R3; the relation needed is only
the inclusion of R3 together with the existence of an S3 action on R3 that commutes with the ex-
perimentally resolved hadronic observables of the channel (�avor, PDF, kinematics, QCD-sector
data). In the minimal model used here, R3 is commutative, R3

∼= C3.
Let S3 act on R3 by permutation of the primitive projections, σ(ei) = eσ(i). By Theorem 4.3,

τ(e1) = τ(e2) = τ(e3), so this action is trace-preserving with respect to the substrate trace τ .
Without (H1), the S3 action would still exist as an algebraic permutation of R3, but it would
not in general preserve τ ; trace-preservation of the action is the load-bearing point at which
(H1) is used.
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De�nition 15.6 (R3-unresolved channel state). A channel state ω on Ainit is unresolved with
respect to R3 if its restriction to R3 is invariant under the S3 branch-permutation action:

ω(σ(x)) = ω(x) for every σ ∈ S3 and every x ∈ R3.

This is the operator-algebraic statement that the channel state carries no observable label
distinguishing the three primitive retrieval branches. It does not require �avor symmetry of
the proton, equal parton distribution functions, symmetric kinematics, or symmetric detector
acceptance: those structures live in operators outside R3 and may be arbitrarily asymmetric. It
requires only that the channel state's restriction to R3 be permutation-invariant.

De�ne the symmetric expectation on R3 as the �nite-group average,

Esym : R3 → RS3
3 , Esym(x) =

1

6

∑
σ∈S3

σ(x).

Under R3
∼= C3, the S3-�xed subalgebra is one-dimensional, generated by 1R3 = e1 + e2 + e3.

The trace-preservation of the S3 action (supplied by Theorem 4.3) makes Esym a trace-preserving
conditional expectation onto RS3

3 ; it is the unique such expectation. On the primitive generators,

Esym(ei) =
1
3 (e1 + e2 + e3) (i = 1, 2, 3).

Lemma 15.7 (Unresolved hadronic conditional expectation; (H2)). Assume Theorem 4.3, so
the primitive retrieval projections are trace-equivalent. Let R3

∼= C3 be the primitive commu-
tative retrieval subalgebra of Ainit, and let ω be an R3-unresolved channel state in the sense
of De�nition 15.6. Then the restriction of ω to R3 factors through the symmetric conditional
expectation:

ω(x) = ω(Esym(x)) for every x ∈ R3.

Proof. By Theorem 4.3, τ(e1) = τ(e2) = τ(e3), so the S3 action on R3 is trace-preserving and
Esym is the trace-preserving conditional expectation onto RS3

3 . For an R3-unresolved state ω,
De�nition 15.6 gives ω(σ(x)) = ω(x) for every σ ∈ S3 and every x ∈ R3. Therefore

ω(Esym(x)) =
1

6

∑
σ∈S3

ω(σ(x)) =
1

6

∑
σ∈S3

ω(x) = ω(x).

Lemma 15.7 converts (H2) of Theorem 15.5 into the conditional statement: if the prepared
channel state is R3-unresolved in the sense of De�nition 15.6, then its action on R3 is the sym-
metric averaging map Esym. The hypothesis to be justi�ed for any speci�c channel is therefore
De�nition 15.6, a checkable operator-algebraic condition on the channel state rather than a ver-
bal claim about hadronic symmetry. The Drell-Yan initial state, in particular, is expected to be
R3-unresolved because the experimentally resolved hadronic observables of the channel do not
carry a primitive spatial-retrieval branch index by construction: the branch index is internal to
the framework's observer-access bookkeeping, not a measured quantum number.

Hypothesis (H3): from a trace-preserving retrieval inclusion to one primitive re-
trieval unit. After (H2) has reduced the hadronic initial-state input on R3 to the scalar
unresolved support 1R3 ∈ RS3

3 , the leptonic �nal-state image cannot live inside R3 itself: under
R3

∼= C3 with the branch-permutation S3 action, the only S3-invariant projections of R3 are
0 and 1R3 , and neither is a rank-one branch-blind visible support. The clean leptonic visible
support therefore lives in a distinct algebra: the leptonic �nal-state algebra Aℓ, related to R3

by an inclusion
ιℓ : R3 → Aℓ

that brings primitive retrieval projections into the leptonic visible setting. The condition required
on ιℓ for the trace to inherit correctly is forward trace-preservation: τℓ(ιℓ(x)) = τ(x) for every
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x ∈ R3, where τℓ denotes the trace on Aℓ and τ the substrate trace inherited by R3. This is the
forward direction of a Markov inclusion; only this forward direction is used in what follows, and
no reverse conditional expectation or Jones-index normalization is invoked.

Sub-trace projections may exist in the ambient algebra Aℓ (the substrate Type II1 structure
permits projections of arbitrary trace value in [0, 1]), but those projections are not Murray�von
Neumann equivalent to the image of any primitive retrieval projection under ιℓ and therefore do
not represent clean leptonic retrieval-supported records.

Lemma 15.8 (Leptonic scalar trace-inheritance; (H3)). Assume Theorem 4.3, so the primitive
retrieval projections satisfy τ(e1) = τ(e2) = τ(e3). Let Aℓ be the clean leptonic neutral-current
�nal-state algebra with trace τℓ, and let

ιℓ : R3 → Aℓ

be a trace-preserving retrieval inclusion:

τℓ(ιℓ(x)) = τ(x) for every x ∈ R3.

Suppose a clean leptonic neutral-current record is represented by a visible scalar projection qℓ ∈ Aℓ

that is Murray�von Neumann equivalent to the image of one primitive retrieval projection,

qℓ ∼ ιℓ(ei),

in the sense that there exists a partial isometry v ∈ Aℓ with v
∗v = ιℓ(ei) and vv

∗ = qℓ. Then

τℓ(qℓ) = τ(ei).

Proof. Murray�von Neumann equivalent projections in a von Neumann algebra carry equal trace
under any tracial state [4, 5]: τℓ(vv∗) = τℓ(v

∗v) by the trace property, hence τℓ(qℓ) = τℓ(ιℓ(ei)).
Forward trace-preservation of ιℓ gives τℓ(ιℓ(ei)) = τ(ei). Composing the two equalities, τℓ(qℓ) =
τ(ei).

Lemma 15.8 converts (H3) of Theorem 15.5 into two operator-algebraic conditions on the
leptonic �nal-state side: (i) the retrieval inclusion ιℓ : R3 → Aℓ is trace-preserving in the forward
direction; (ii) a clean leptonic neutral-current record is the Murray�von Neumann equivalence
class of one primitive retrieval image under ιℓ. The equivalence qℓ ∼ ιℓ(ei) does not identify
qℓ with a labeled branch of R3; doing so would place the visible support back inside R3 and
break branch-blindness. The identi�cation is at the level of trace, not at the level of projection
identity: qℓ lives in Aℓ and carries the same trace as the image of one primitive retrieval unit.
The branch symmetry of the leptonic readout is preserved at the trace level rather than at the
projection-identity level.

What the conditional theorem now establishes. Theorem 15.5 is the form of the Drell-
Yan derivation, with all three of its hypotheses now established conditional on operator-algebraic
conditions on the framework's existing structures: (H1) via Theorem 4.3, conditional on a
trace-preserving transitive spatial group action on the primitive retrieval projections; (H2) via
Lemma 15.7, conditional on S3-invariance of the prepared channel state on R3 (De�nition 15.6);
(H3) via Lemma 15.8, conditional on a forward-trace-preserving retrieval inclusion ιℓ : R3 → Aℓ

together with the Murray�von Neumann identi�cation of clean leptonic records as primitive
retrieval images. The Drell-Yan weight follows arithmetically: Theorem 4.3 gives τ(1R3) =
3τ(ei); Lemma 15.7 reduces the hadronic initial-state input on R3 to the scalar support 1R3 ;
Lemma 15.8 gives the leptonic visible image qℓ with τℓ(qℓ) = τ(ei). Hence

wDY =
τℓ(qℓ)

τ(1R3)
=

τ(ei)

3 τ(ei)
=

1

3
,

104



without reference to any measured collider value. The conditional Drell-Yan prediction wDY =
1/3 is therefore a framework prediction, conditional on each of the three operator-algebraic
conditions of Theorem 4.3 and Lemmas 15.7, 15.8 being satis�ed by the framework's existing
structures and by the prepared channel state of the relevant experiment. Each condition is a
checkable algebraic statement rather than a verbal claim about hadronic symmetry, color, or
�nal-state structure. A successful identi�cation of Aℓ and veri�cation of the trace-preservation
and Murray�von Neumann equivalence conditions inside the framework's existing observer-cut
machinery would lift the conditional status of (H3) entirely; an inability to verify any of these
conditions, or a requirement of ex post �tting choices, would falsify the framework's claim to
capture the Drell-Yan channel structure of these measurements.

Resolved Drell-Yan kernel and the isotropic limit. The conditional Drell-Yan theorem
(Theorem 15.5) gives the channel weight wDY = 1/3 as a single value for the entire hadron-collider
Drell-Yan class. Precision measurements at hadron colliders, however, extract sin2 θDY

eff,ℓ values
that di�er between experiments and analysis channels (CDF vs. D0, ATLAS vs. CMS vs. LHCb,
electron vs. muon, central vs. forward acceptance) by amounts comparable to the experimental
precision pro�les. The conditional theorem in its current form does not distinguish among these
combinations. The present block recasts wDY = 1/3 as the isotropic limit of a more general
visibility formula, built on the resolved retrieval algebra R̃3 constructed below as an admissible
re�nement of R3 in the sense of De�nition 3.1. The recasting does not modify the conditional
theorem: wDY = 1/3 remains the framework's prediction under the operator-algebraic conditions
of Theorem 4.3 and Lemmas 15.7, 15.8, and is now recovered exactly through Corollary 3.5.

Resolved retrieval algebra as an admissible re�nement. The resolved retrieval algebra
is constructed as an admissible re�nement of R3 in the sense of Section 3.3:

R̃3 = R3 ⊗FDY, FDY = Fflavor ⊗Fξ,

where Fflavor is the �nite-dimensional commutative W ∗-algebra spanned by orthogonal �avor
projections {Pu, Pd} with Pu + Pd = 1flavor and democratic trace τflavor(Pu) = τflavor(Pd) = 1/2,
and Fξ is an abstract abelian W ∗-algebra of kinematic support coordinates (parton momentum
fractions, dilepton rapidity, invariant mass, transverse momentum, detector acceptance projec-
tions) with a normalized faithful trace τξ. The product trace is τDY = τflavor ⊗ τξ.

Veri�cation of the four assumptions of De�nition 3.1 is direct: (A1) holds by construction
since the lifted primitive projections are ei ⊗ 1DY; (A2) is the product-trace de�nition above;
(A3) holds because the S3 permutation action on R3 extends to R̃3 by acting only on the �rst
tensor factor (�avor and kinematic labels are inert under branch permutation); (A4) is realized
by the canonical lift of De�nition 3.3,

K̃rec = KR3
rec ⊗ 1DY, M̃rec = MR3

rec ⊗ 1DY.

Theorem 3.4 therefore applies: trace factorization, equivariant lift of Esym to the �rst tensor
factor, and access-geometry factorization G̃acc = GR3

acc ⊗ 1DY. The resolved branch projections
are

ei,q,ξ = ei ⊗ Pq ⊗ fξ.

The forward trace-preservation and equivariance properties that the resolved DY block relies on
are immediate consequences of Theorem 3.4, with no new substrate input required.

Experiment-and-channel projection and visibility weight. Each precision experiment
publishes a speci�c kinematic acceptance, channel selection, and extraction methodology. En-
code these as an element Pexp,ℓ ∈ R̃3:

Pexp,ℓ =
∑
q

∫
dξ ρq(ξ; exp)Πexp,ℓ(ξ)Sexp,q(ξ)

∑
i

ei,q,ξ, (34)
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where ρq(ξ; exp) is the parton-distribution weighting of �avor q at kinematic point ξ for the ex-
periment's beam con�guration, Πexp,ℓ(ξ) is the experiment's published acceptance, and Sexp,q(ξ)
is the experiment's signed weak-angle extraction score on the resolved kinematic factor Fξ:

Sexp,q(ξ) =
∂ log σexp,q(ξ)

∂ sin2 θeff
. (35)

The score is the bin-resolved log-derivative that controls the experimental extraction of sin2 θDY
eff,ℓ

from the angular asymmetry coe�cient A4 = (8/3)AFB in the Collins�Soper-frame template
�t. It is required because the measured observable in every modern Drell�Yan e�ective-angle
extraction (CDF, D0, ATLAS, CMS, LHCb) is a signed angular asymmetry rather than a rate:
a rate-weighted projection (Sexp,q ≡ 1) reproduces the framework's earlier toy form but cannot
in general distinguish experiments with similar initial-state luminosities and di�erent angular-
template responses, the limiting case being CDF ee versus D0 µµ at the Tevatron.

The element Pexp,ℓ is fully external phenomenological data: it introduces no framework-
internal free parameter, and its construction from PDF sets, from the experiment's published
acceptance, and from the experiment's published template (or its angular-coe�cient A4(M,y)
analysis) is the same input that a Standard-Model template �t uses. The score Sexp,q(ξ) carries a
sign and makes Pexp,ℓ a generically signed (rather than positive) element of R̃3; every framework
consequence below uses only trace pairings, which remain well de�ned as real numbers. By
construction Pexp,ℓ remains S3-invariant on the coarse retrieval index, so the isotropic limit
wexp,ℓ → 1/3 of Corollary 3.5 is preserved unchanged: when Sexp,q is �avor-symmetric on the
up-class and down-class projectors, the trace pairing of Pexp,ℓ with KY vanishes.

The experiment-and-channel-speci�c Drell-Yan visibility weight is the trace ratio

wexp,ℓ :=
τ
(
Pexp,ℓ K̃

int
DY

)
τ(Pexp,ℓ)

,

where K̃ int
DY ∈ R̃3 is the resolved retrieval kernel constructed below. The corresponding framework-

predicted e�ective angle is

sin2 θDY
eff,ℓ(exp, ℓ) = V 0

ℓ + wexp,ℓ δinit,

with V 0
ℓ = 1/T2 + 1/T1 + 1/(T2T1) from the neutral-boundary visibility lemma (26) and δinit =

1/(Tq,col T1) the initial-state fundamental color-support increment, structurally the same as the
δb of Equation (32) with Tq,col = 27/4 from Equation (31) for any fundamental-representation
quark.

Explicit construction of the resolved kernel. As clari�ed in Section 3.3 (the two-distinct-
objects discussion), the substrate-level paired bookkeeping (K̃rec, M̃rec) is �at on the FDY factor
by De�nition 3.3, while the measurement kernel K̃ int

DY is a derived object that may carry non-
trivial �avor structure. The framework-internal resolved retrieval kernel is the sum of two
structurally distinct pieces:

K̃ int
DY = Kiso +KY , (36)

where
Kiso = 1

3 1R̃3
, KY = λY

[
Y 2
u Pu + Y 2

d Pd − ⟨Y 2⟩iso 1R̃3

]
. (37)

The �rst piece Kiso is the scalar isotropic baseline supplying the 1/3 trace at the unre�ned level.
The second piece KY is the trace-centered Abelian-footprint correction in the �avor factor; here
λY is a framework-internal coupling whose explicit numerical value is part of the deferred Drell�
Yan computation, and the isotropic subtraction constant ⟨Y 2⟩iso is the democratic �avor average

⟨Y 2⟩iso = τflavor
(
Y 2
u Pu + Y 2

d Pd

)
= 1

2

(
Y 2
u + Y 2

d

)
= 1

2

(
4
9 + 1

9

)
= 5

18 , (38)
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which is the unique value of the subtraction constant that makes the correction KY trace-
centered in FDY (τDY(KY ) = 0). The choice is not a normalization convention: it is the
algebraic condition required for Corollary 3.5 to apply, with the democratic �avor weighting of
Fflavor �xing the numerical value 5/18.

Theorem 15.9 (Drell-Yan isotropic limit, exact form). For the resolved retrieval kernel K̃ int
DY of

Equations (36)�(38) and for any experiment-and-channel projection Pexp,ℓ constructed as above,
the unre�ned-limit projection of K̃ int

DY under EDY := idR3 ⊗ τDY is

EDY(K̃
int
DY) = 1

3 1R3 ,

and the visibility weight in the unre�ned limit is

wexp,ℓ

∣∣
iso

=
1

3
.

Proof. The kernel K̃ int
DY = Kiso +KY has Kiso scalar on R̃3 and, by the choice of ⟨Y 2⟩iso = 5/18

in Equation (38), τDY(KY ) = 0. Corollary 3.5 therefore gives EDY(K̃
int
DY) = Kiso|R3 = 1

31R3 .
For the visibility weight, the conditional expectation EDY commutes with multiplication by
S3-symmetric elements such as Pexp,ℓ (which is constructed to be S3-invariant on the coarse
retrieval index), so τ(Pexp,ℓ K̃

int
DY) = τ(Pexp,ℓ EDY(K̃

int
DY)) = 1

3 τ(Pexp,ℓ) in the unre�ned limit,
hence wexp,ℓ = 1/3.

Theorem 15.5's wDY = 1/3 is therefore not a contingent claim but an exact consequence
of the re�nement-compatibility architecture: it is what Corollary 3.5 produces when applied
to the explicit kernel of Equations (36)�(38). The recovery is exact, not asymptotic, because
the factorization theorem makes the trace product structurally exact rather than approximately
separable.

Anchor-projection reading of the visibility weight. The visibility-weight formula sin2 θDY
eff,ℓ(exp, ℓ) =

V 0
ℓ + wexp,ℓ δinit admits a structural reading as a two-anchor projection. The direct leptonic

neutral-boundary readout

sin2 θL := V 0
ℓ = 1

T2
+ 1

T1
+ 1

T2T1
= 0.2311412087 . . .

is the low anchor: the value the framework returns when no color-carrying �nal support par-
ticipates in the observer-access cut, identi�ed at SLD through ALR in Section 15.10. The
�nal-support trace overlap δinit = 1/(Tq,col T1) de�nes a high anchor

sin2 θH := V 0
ℓ + δinit = 0.2322222980 . . . ,

structurally identical to the LEP A0,b
FB value of Equation (32). The visibility weight wexp,ℓ is the

experiment-and-channel projection weight onto the high anchor, with substrate-derived bounds
given by the algebraic re�nement below. The isotropic value w = 1/3 of Theorem 15.9 corre-
sponds to the trace-democratic projection of an unresolved channel state. The score-projected
pairing constructed below is the framework's substrate-internal mechanism for wexp,ℓ to devi-
ate from 1/3 when the channel state resolves the up-class versus down-class projectors asym-
metrically; the structural object being projected is the anchor pair (sin2 θL, sin

2 θH), and the
SLD/LEP-b split of Section 15.10 is the same anchor pair read at the endpoint values w = 0
and w = 1.
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Primary substrate architecture: anchor amplitude, residual amplitude, Pythagorean
budget. The framework's substrate-derived DY readout is �xed by the closure-normalized
observation-support theorem of Appendix 6.11 together with the operator-algebraic class struc-
ture introduced here. Let Pmin denote the minimal observation support projector for the charged-
lepton �nal-state record at the neutral-current angular-asymmetry vertex (De�nition 6.15), with
dsupp = 3 branch coordinates (charge orientation, projective direction, kinematic-closure magni-
tude) and trace weight Tch = 27/4 from Theorem 6.16. Let Pexp,ℓ denote the experiment-and-
channel projection operator. Decompose

Pexp,ℓ = P
∥
exp,ℓ + P⊥

exp,ℓ, P
∥
exp,ℓ := Pexp,ℓ ∧ Pmin, P⊥

exp,ℓ := Pexp,ℓ − P
∥
exp,ℓ, (39)

with P⊥
exp,ℓ Pmin = 0 (the residual is operator-orthogonal to the minimal support). De�ne the

substrate-internal trace fractions and the corresponding anchor-coordinate amplitude and resid-
ual amplitude:

vexp,ℓ :=
τ(P

∥
exp,ℓ)

τ(Pmin)
, uexp,ℓ :=

τ(P⊥
exp,ℓ)

τ(Pmin)
, wexp,ℓ :=

√
vexp,ℓ, rexp,ℓ :=

√
uexp,ℓ.

(40)
The amplitudes w and r are the primary substrate-internal quantities entering the DY readout;
the trace fractions v and u are derived auxiliary quantities. Let σexp,ℓ, σ′exp,ℓ ∈ {+1,−1} denote
the visibility/Schur signs of Equation (29) applied to the anchor coordinate and the orthogonal
coordinate respectively: each sign is +1 for the visibility-positive readout class and −1 for the
Schur-eliminated transport readout class, �xed by readout structure rather than �tted. The two
signs are structurally independent.

The substrate-derived DY central-value shift is the sum of two orthogonal contributions to
the same observable

sin2 θeff,DY(exp, ℓ) = V 0
ℓ + δanchor(exp, ℓ) + δprojection(exp, ℓ), (41)

δanchor(exp, ℓ) := σexp,ℓwexp,ℓ δinit, δprojection(exp, ℓ) := σ′exp,ℓ rexp,ℓ δinit, (42)

with δinit = 1/(Tch T1).

Pythagorean substrate-budget bound (primary). The amplitudes are constrained by the
substrate-internal Pythagorean bound

w2
exp,ℓ + r2exp,ℓ ≤ 1, (43)

equivalently δ2anchor + δ2projection ≤ δ2init. The bound is the trace-content statement τ(Pexp,ℓ) ≤
τ(Pmin): the experiment-and-channel projection cannot �ll more substrate-trace than the mini-
mal observation support carries. The anchor amplitude and the residual amplitude share a single
substrate-trace budget; they cannot both saturate. This is the operator-algebraic statement that
prevents the residual from acting as an independent second anchor-scale contribution, and it is
the structurally primary form of the bound.

Simple per-component cap (derived corollary). Equation (43) implies the per-component
cap

|wexp,ℓ| ≤ 1, |rexp,ℓ| ≤ 1, ⇐⇒ |δanchor| ≤ δinit, |δprojection| ≤ δinit.

The simple per-component cap alone would not prevent the residual from becoming a second
independent anchor-scale contribution and would re-introduce the over�tting risk that the v19
architecture removes. The Pythagorean form (43) is the substrate-level statement; the per-
component cap is its derived consequence.
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Observer-access classi�cation. Measurements satisfying the operator-algebraic condition

Pexp,ℓ ≤ Pmin (operator ordering on R̃3), (44)

equivalently P⊥
exp,ℓ = 0, hence rexp,ℓ = 0 and δprojection = 0, form the Tevatron class: the pro-

jection onto charge × direction × kinematic-closure-magnitude is a subprojection of Pmin, with
detector-level coordinates (isolation, shower shape, track quality, �ducial geometry) entering
only as event-selection thresholds applied before Pexp,ℓ is de�ned. The class is delineated struc-
turally by the feature that the support projection and the parton weighting enter the extraction
as external phenomenological inputs, not as joint �t objects against the measured AFB template.

Measurements with rexp,ℓ > 0 form the LHC joint-�t class: parton-distribution constraints
derived from the measured AFB distribution itself project onto support outside Pmin, so P⊥

exp,ℓ ̸=
0. The class is delineated structurally by the feature that the proton parton distributions and
the weak-angle parameter are extracted jointly against a shared AFB template. The framework's
primary statement on the joint-�t class is the Pythagorean bound (43) on amplitudes, not a row-
level central-value prediction; full row-level prediction would require reconstructing the joint-�t
machinery (PDF inference, quark-direction dilution, channel acceptance, rapidity weighting,
template covariance structure), which the framework's substrate-derived primary architecture
does not undertake.

Secondary residual apparatus: structural diagnostic of KY (demoted from primary
in v19)

The remainder of this subsection retains the structural identi�cation of KY within the resolved
retrieval algebra together with the score-projected experiment-and-channel pairing Aexp,ℓ. In
the v19 architecture this material is a bounded residual diagnostic, not a primary mechanism
for predicting row-level central values: the primary DY architecture (41) is �xed by the closure-
normalized observation-support theorem and the Pythagorean budget bound (43), both of which
are insensitive to KY and λY . The constructions below are retained because real Drell�Yan ex-
tractions depend on parton distributions, channel acceptance, rapidity weighting, mass-window
choices, and template covariance structure, and the framework should be able to discuss those
objects structurally without pretending experiments are projection-free.

Two things are explicitly removed as primary in v19. First, row-by-row �ts of the coupling
λY inside KY against individual experiment central values are structurally inadmissible: a row-
level λY �t would absorb measurement variation into a framework parameter and remove the
falsi�ability gain of the primary anchor-projection architecture. Second, prediction of row-level
joint-�t class central values through any KY -driven score-projection construction is removed:
the joint-�t class is bounded by (43), not predicted row by row. The score-projected pairing
of Equation (34) below remains framework-internal structural content; closure of λY as a sin-
gle substrate-internal coupling (not as per-experiment �ts) is deferred as a residual-diagnostic
continuation work, and the Pythagorean bound caps every residual-diagnostic contribution by
construction.

Source of S3-symmetry breaking: per-�avor central Abelian footprint. Experiment-
and-channel-speci�c deviations from wexp,ℓ = 1/3 enter through theKY term when an experiment-
speci�c projection Pexp,ℓ samples up-type and down-type partons asymmetrically. The funda-
mental color-support trace weight Tq,col = 27/4 used in the SLD/LEP-b channel split is identical
for every fundamental-representation quark under SU(3); Equation (31) carries no �avor in-
dex at the framework level. The central Abelian phase footprint, however, scales as |Yq|2 in
the hypercharge normalization �xed by the minimal chiral content of Section 15.4. With the
assignments

(YQ, Yu, Yd, YL, Ye) = (16 ,
2
3 ,−

1
3 ,−

1
2 ,−1)
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of right-handed singlet hypercharges from Section 15.4, the squared footprints of up-type and
down-type quark singlets satisfy

|Yu|2 = |Yc|2 = |Yt|2 = 4
9 , |Yd|2 = |Ys|2 = |Yb|2 = 1

9 ,

giving the framework-native ratio

|Yu|2 : |Yd|2 = 4 : 1.

This ratio enters KY in Equation (37) as the framework-internal source of S3-symmetry breaking
when an experiment-speci�c projection Pexp,ℓ samples �avors asymmetrically. The ratio is �xed
by the minimal-chiral-content recoverability-obstruction equations of Section 15.4 and not by any
external �t; it is the same input that �xes the Tbare = 21/2 bare trace and the 5/3 hypercharge
normalization, used here in its squared form because the resolved retrieval kernel reads the
Abelian phase footprint at the quark-Z vertex rather than the unsquared hypercharge.

Experiments and channels that select di�erent up-type vs. down-type quark mixtures �
through the PDF weighting ρq(ξ; exp) and the kinematic projection Πexp,ℓ(ξ) � therefore sam-
ple di�erent e�ective values of the Abelian footprint and receive di�erent framework-predicted
wexp,ℓ values, away from the isotropic value 1/3. The structural prediction is that experiment de-
pendence enters entirely through this �avor-and-kinematic support weighting and not through
any modi�cation of the primitive observer branch structure: the layer-protection content of
Theorem 3.4 (the untwisted-extension assumption (A1) of De�nition 3.1) guarantees that no
measurement can require a coupling between kinematics and the projective branch index. The
associated falsi�er is Remark 3.6, specialized to the Drell�Yan context.

Structural identi�cation of KY within the framework algebra. The coupling λY in
Equation (37) is the trace-centered Abelian-footprint coupling of the resolved retrieval kernel.
Its magnitude is not pinned in the present block: the framework-internal derivation that closes
λY requires the score-projected experiment-and-channel pairing of Equation (34), whose explicit
form depends on external template inputs and is deferred to the Drell�Yan companion. What
can be settled here is the structural class of KY within the framework algebra: which primi-
tive composition KY is an instance of. Three structurally distinct identi�cations are formally
available, and we work them out explicitly to identify which class is admissible.

The eigenvalues of KY on the �avor support are calculable from the substrate-�xed hyper-
charge assignments. From the trace-centered form of Equation (37),

spec(KY ) = {λY (Y 2
u − ⟨Y 2⟩iso), λY (Y 2

d − ⟨Y 2⟩iso) } = {λY /6, −λY /6 },

where the prefactor 1/6 is substrate-derived: Y 2
u − ⟨Y 2⟩iso = 4/9 − 5/18 = 3/18 = 1/6, and

analogously Y 2
d −⟨Y 2⟩iso = −1/6. The leading nonzero eigenvalue magnitude is therefore |λY |/6.

(P1) Sti�ness identi�cation:
KY enters the substrate sti�ness Krec directly, so its eigenvalues modify Gacc and the access
spectrum. Matching the leading eigenvalue to the primitive access gap gives |λY |/6 = π−4,
hence λY = 6π−4. This identi�cation is ruled out by the canonical-lift commitment of
De�nition 3.3: the substrate sti�ness lifts strictly as K̃rec = KR3

rec⊗1DY, with no contribution
from KY .

(P2) Linear-composition identi�cation:
KY plays the role of Λ−1

acc (single primitive access step without recovery), and K2
Y is the

analog of the squared primitive composition Λ−2
acc. Matching the leading eigenvalue of K2

Y

to π−4 gives (λY /6)
2 = π−4, hence λY = 6π−2. This identi�cation is also ruled out : as

established in Section 6.9, a single primitive access operator without recovery is not closed
under record recovery and is not admissible as a primitive access dressing. There is no
framework-admitted Λ−1

acc object for KY to be the analog of.
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(P3) Primitive-composition identi�cation:
KY is itself the primitive �avor-side access-recovery composition, structurally analogous to
Λ−2
acc. The squared-hypercharge form Y 2

q in Equation (37) encodes the two-vertex composi-
tion: the Abelian phase enters at one quark�Z vertex (access) and exits at the conjugate
vertex (recovery), giving the squared structure Yq ·Yq = Y 2

q . This identi�cation places KY in
the primitive access-recovery class with no canonical-lift con�ict and no Λ−1

acc-analog require-
ment. It does not, in the present block, �x the coupling λY to a speci�c value: the prefactor
6 in spec(KY ) = {±λY /6} is the algebraic inverse of |Y 2

q −⟨Y 2⟩iso| �xed by substrate-derived
hypercharge assignments, but the overall scale λY is the framework-internal coupling of KY

within the primitive access-recovery class, to be closed by a derivation that involves the
score-projected experiment-and-channel pairing.

Only identi�cation (P3) is structurally admissible: it respects the canonical-lift commitment,
requires no Λ−1

acc-analog object, and matches the substrate-derived squared-hypercharge structure
of KY to the squared structure of Λ−2

acc in the �ne-structure access dressing. The numerical
value of λY within the admissible (P3) class is a single substrate-internal coupling whose closure
requires the score-projected pairing of Equation (34) and is deferred to the Drell�Yan companion.

Score-projected experiment-and-channel asymmetry. The trace pairing of Pexp,ℓ with
KY de�nes the experiment-and-channel-speci�c deviation from the isotropic visibility weight as
the score-projected up�down asymmetry of the centered hypercharge kernel:

∆wexp,ℓ =
τ(Pexp,ℓKY )

τ(Pexp,ℓ)
=

λY
6

Aexp,ℓ, (45)

with

Aexp,ℓ :=

∫
dξΠexp,ℓ(ξ)[ ρu(ξ; exp)Sexp,u(ξ)− ρd(ξ; exp)Sexp,d(ξ) ]∫

dξΠexp,ℓ(ξ)
∑

q ρq(ξ; exp)Sexp,q(ξ)
, (46)

where the up-class projector covers {u, c, t} and the down-class projector covers {d, s, b} in the
framework's class assignment. The score-projected asymmetry decomposes naturally as

Aexp,ℓ = Arate
exp,ℓ + Ascore

exp,ℓ, (47)

where Arate
exp,ℓ = (⟨ρu⟩−⟨ρd⟩)/⟨ρtotal⟩ is the rate-weighted up�down asymmetry (the form obtained

by setting Sexp,q ≡ 1, which corresponds to a sin2 θeff extraction from event counts) and Ascore
exp,ℓ is

the signed angular-template correction, sourced by the deviation of the actual extraction score
Sexp,q from a �avor-symmetric �at weighting.

Substrate-internal mechanism for the visibility weight. The two pieces of Equation (47)
behave very di�erently across experiments. The rate-weighted piece Arate

exp,ℓ depends only on
PDF luminosities and acceptance support; for two experiments at the same beam con�guration
and similar acceptance it returns nearly the same value. The score piece Ascore

exp,ℓ, by contrast,
picks up the experiment's signed angular response: it di�ers between mass-window choices that
sample di�erent ratios of γ�Z interference structure, between angular acceptance projections,
and between template-�t and angular-coe�cient-�t methodologies. The score-projected pairing
of Equation (34) is therefore the framework's substrate-internal mechanism for the visibility
weight wexp,ℓ to deviate from the isotropic value 1/3 within the anchor-projection architecture.
It does not enlarge the structural content of the anchor pair (sin2 θL, sin2 θH); it speci�es how
an experiment-and-channel-resolved measurement projects onto that pair.
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Tevatron-class corollary (primary). Within the Tevatron class, rexp,ℓ = 0 and the primary
DY shift (41) reduces to

sin2 θeff,DY(exp, ℓ) = V 0
ℓ + σexp,ℓwexp,ℓ δinit, |wexp,ℓ| ≤ 1.

The framework predicts that every Tevatron-class measurement central value lies in the anchor-
bounded band

sin2 θeff,DY(exp, ℓ) ∈
[
V 0
ℓ − δinit, V

0
ℓ + δinit

]
= [0.230 06, 0.232 22]. (48)

This is the framework's primary, substrate-derived bound on Tevatron-class central values, free
of any score-projection or row-level coupling input. The lower edge coincides numerically with
the leptonic value minus the substrate increment; the upper edge coincides with the leptonic-
plus-�nal-color anchor identi�ed at LEP A0,b

FB in Section 15.10. Within the band, the framework's
structural prediction is a candidate channel sign/order with sign �xed by σexp,ℓ and magnitude
bounded by δinit; row-level central values are not predicted by the primary architecture.

The CDF and D0 channel-separated Run II measurements sit consistent with this band.
CDF reports sin2 θeff(ee) = 0.23248± 0.00053 and sin2 θeff(µµ) = 0.23150± 0.00046; D0 reports
sin2 θeff(ee) = 0.23106 ± 0.00057 and sin2 θeff(µµ) = 0.23016 ± 0.00067. The D0 µµ value at
V 0
ℓ − 0.91 δinit corresponds to σ = −1 (Schur-eliminated transport class) with w ≈ 0.91. The

CDF ee central value lies at V 0
ℓ +1.24 δinit, 0.5σ above the upper edge of the primary band; this

does not falsify the band at the present statistical level (the bound holds within experimental
uncertainty), but a re�ned Tevatron-class re-analysis with central value outside the band at
> 3σ would falsify the primary architecture (criterion F1 below).

LHC joint-�t class (bound only). Within the LHC joint-�t class, rexp,ℓ > 0 is allowed and
the Pythagorean bound (43) constrains each amplitude individually to |w|, |r| ≤ 1, with joint
constraint w2 + r2 ≤ 1. The framework's primary statement on joint-�t class measurements is
the bound

| sin2 θeff,DY(exp, ℓ)− V 0
ℓ | ≤ |δanchor|+ |δprojection| ≤ 2 δinit ≈ 0.002 16, (49)

with the tighter Pythagorean form δ2anchor + δ2projection ≤ δ2init holding at the substrate level.
The framework does not predict row-level central values for individual joint-�t class mea-

surements such as CMS at
√
s = 8 TeV (sin2 θℓeff(combined) = 0.23101 ± 0.00053), LHCb at

13 TeV (0.23147 ± 0.00050), or CMS at 13 TeV (0.23157 ± 0.00031). Reconstructing row-level
central values requires modeling the joint-�t machinery (PDF inference from the measured AFB

distribution, quark-direction dilution, channel acceptance, rapidity weighting, template covari-
ance structure), and the framework's substrate-derived primary architecture does not undertake
that reconstruction. Predicting joint-�t class central values through the secondary KY /score-
projection apparatus without reconstructing the joint-�t machinery would re-introduce the score-
projection knob under another name and is structurally inadmissible at the v19 level.

Forward-looking falsi�ers. The primary DY architecture supports the following falsi�ers,
ordered by structural priority:

(F1) Tevatron-class anchor-bound test (primary).
Any future neutral-current Drell�Yan extraction in pp̄ or comparable valence-dominated
kinematics with externally-�xed parton distributions, in any leptonic channel, with central
value outside the band [V 0

ℓ − δinit, V
0
ℓ + δinit] = [0.230 06, 0.232 22] at > 3σ falsi�es the

primary anchor-projection bound (48) and, with it, the closure-normalized observation-
support theorem (Theorem 6.16) interpretation of the charged-lepton �nal-state record.

112



(F2) Externally-�xed-PDF LHC anchor-bound test (primary).
An LHC neutral-current Drell�Yan extraction performed against externally-�xed parton
distributions only � without joint AFB/PDF constraint � structurally de�nes a Tevatron-
class measurement at LHC kinematics. Any such extraction with central value outside
[V 0

ℓ − δinit, V
0
ℓ + δinit] at > 3σ falsi�es the framework's substrate-derived bound jointly

with the Tevatron-class/joint-�t class distinction. Either CMS or ATLAS can in principle
perform this re-analysis at the cost of larger PDF uncertainties.

(F3) Tevatron-class channel sign/order test (secondary).
Within the Tevatron-class anchor-bound band, the secondary residual apparatus predicts
sin2 θeff(ee) > sin2 θeff(µµ) for the visibility-positive readout class. A future Tevatron-class
measurement showing sin2 θeff(ee) < sin2 θeff(µµ) at > 3σ, with both values inside the
anchor-bounded band of (F1), falsi�es the channel sign/order content of the secondary
residual apparatus (speci�cally the (P3) structural identi�cation ofKY ) but not the primary
anchor-projection bound.

(F4) Pythagorean substrate-budget test (secondary).
Any LHC joint-�t class measurement with reconstructed amplitudes violating w2

exp,ℓ +

r2exp,ℓ > 1 (equivalently, a central value outside the loose corollary band [V 0
ℓ − 2δinit, V

0
ℓ +

2δinit] at > 3σ for the linear-sum corollary, or a tighter Pythagorean violation when the
residual amplitude is structurally accessible) falsi�es the Pythagorean substrate-budget
bound (43) for the joint-�t class.

The priority ordering re�ects the v19 architectural commitment. (F1) and (F2) test the
framework's primary substrate-derived bound and are structurally clean. (F3) tests the sec-
ondary residual diagnostic; a future measurement that passes (F1) but fails (F3) would identify
the (P3) structural class of KY as a de�cient residual identi�cation � a continuation-work
target on the residual-diagnostic side � without falsifying the primary architecture. The layer-
protection falsi�er of the factorization theorem (Remark 3.6) remains in force across all classes.

Scope of the present block. The v19 architecture introduced above is a hierarchical re-
placement, not a full additive layering. The primary content is �xed by three structural objects:
the anchor-projection theorem of the present block, the closure-normalized observation-support
trace weight Tch = 27/4 from Theorem 6.16, and the operator-algebraic observer-access class dis-
tinction (44) between Tevatron-class measurements (where the framework predicts the substrate-
bounded band [V 0

ℓ ± δinit] and a candidate channel sign/order at the secondary residual level)
and LHC joint-�t class measurements (where the framework provides a Pythagorean substrate-
budget bound only and explicitly does not predict row-level central values). The Pythagorean
bound (43) is the substrate-internal statement; the simple per-component cap is its derived
corollary.

The secondary residual apparatus retains the structural identi�cation of KY as the primitive
�avor-side access-recovery composition in the (P3) class and the score-projected experiment-and-
channel pairing Aexp,ℓ as a structural diagnostic. It does not predict row-level central values, and
row-level �ts of λY against individual measurement values are structurally inadmissible because
they would absorb measurement variation into a framework parameter and remove the falsi�-
ability gain of the primary architecture. Closure of λY as a single substrate-internal coupling
(one number, not per-experiment) within the (P3) class is identi�ed as a residual-diagnostic
continuation work, separate from the row-level �tting that the v19 architecture forbids.

The hadron-collider Drell�Yan extension at the v19 level �xes (a) the framework-internal
substrate scale δinit via Tch, (b) the operator-algebraic Tevatron-class / joint-�t class distinction,
(c) the Pythagorean substrate-budget bound on amplitudes, and (d) the candidate channel
sign/order within the Tevatron class at the secondary residual level. It does not pin row-level
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central values for any individual measurement; the primary architecture is bounded and class-
distinguishing, not row-level predictive. The conditional theorem of the resolved Drell�Yan
section continues to claim wDY = 1/3 in the isotropic limit; the present subsection adds the
v19 primary architecture above the isotropic limit, with row-level visibility-weight prediction
deliberately removed. Falsi�cation proceeds primarily through (F1)�(F2) above, with (F3)�(F4)
testing the secondary residual apparatus and the Pythagorean budget independently.

15.11 Strong-sector adjoint holonomy and electroweak-resolution overlap

The same substrate�cut bookkeeping gives a non-Abelian strong-sector diagnostic when the
observer geometry is kept �xed and the internal holonomy block is changed. The observer-access
data remain

b = 3, d = 4.

The number b is the spatial projective multiplicity of the observer cut; it is not a gauge-sector
parameter. Moving from the electromagnetic readout to the strong readout therefore does not
mean varying the number of projective branches. It means replacing the Abelian charged block
by the internal color-holonomy block while keeping the same memory-bearing observer geometry.

The internal block is �xed by the connection-block representation lemma of Section 15.1.
A gauge coupling readout is a sti�ness readout of internal connection or holonomy variation,
not a trace over matter support labels. In�nitesimal non-Abelian connection variations are Lie-
algebra-valued and transform by the adjoint action. Hence the primary strong-sector block is
the adjoint SU(3) color-holonomy block rather than the fundamental color-support triplet. The
fundamental triplet describes color-carrying matter support; it is not the hidden connection
block whose sti�ness de�nes the strong gauge readout.

For SU(3), the adjoint internal dimension is

dint = dim(adjSU(3)) = 8,

and the quadratic sti�ness normalization is the adjoint Casimir

C2(adjSU(3)) = 3.

Writing the paired regional disturbance block in observer/internal form,

A(3)
sub/cut =

(
P Q
R S

)
,

the observer block P is governed by the �xed three-branch projective layer, the internal block S
is the unrecorded adjoint color-holonomy sector, and Q,R are the disturbance couplings between
spatial projective branches and internal color-holonomy modes. Under uniform spatial-branch
coupling and Casimir-normalized internal sti�ness, the primary strong-sector Schur trace weight
is

∆χSU(3),adj = b
dint

C2(adj)
= 3 · 8

3
= 8. (50)

This value is also stated in Appendix 6.11 as a corollary of the adjoint connection block theorem
(Theorem 6.17); Ts = 8 does not admit a closure-normalized observation-support derivation,
since solving Ts = b2 dsupp/d = 8 for dsupp on (b, d) = (3, 4) gives the non-integer 32/9. The
adjoint connection block theorem is the only route to Ts within the framework. This is the
adjoint color-holonomy trace seen through the �xed three-branch observer geometry. It is not
obtained by changing the observer-access dimension and not by promoting the record-order
coordinate to a fourth spatial branch.

The observer cut also contains the record-order coordinate. That coordinate is not a fourth
projective branch, because it does not generate independent spatial localization sectors. Its
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contribution is instead boundary-like. The elementary inclusion boundary carries one scalar
trace unit before memory orientation. In the pre-oriented substrate, the two formal sides of that
boundary are trace-equivalent by isotropy and Type II1 trace uniqueness. A memory-bearing
observer selects one oriented side as the recorded boundary. Therefore the observer-visible
record-order contribution is one half of the elementary scalar boundary unit,

τ∂rec =
1

2
.

The �rst static strong-sector inverse-coupling diagnostic therefore has two structural contribu-
tions,

α−1
s,stat

∣∣
SU(3),adj

= ∆χSU(3),adj + τ∂rec = 8 +
1

2
=

17

2
. (51)

The �rst term is the adjoint color-holonomy trace. The second term is the one-sided non-
projective record-boundary trace. This di�ers from the �ne-structure access corrections. In the
electromagnetic diagnostic, the subleading terms are Schur access dressings and therefore enter
with the negative sign �xed by Schur reduction. The strong-sector one-half term is not such a
dressing and carries no access-spectrum factor of π; it is the scalar boundary contribution of the
record-order coordinate after the pre-oriented unit boundary has been split by trace uniqueness
and one oriented side has been selected by memory.

At electroweak access resolution, the primary SU(3) adjoint boundary need not remain
perfectly isolated from neighboring internal holonomy sectors. The observer's conditional expec-
tation onto the accessible algebra can overlap multiple internal sector boundaries at the same
resolution. The �rst adjacent non-Abelian overlap is the SU(3)�SU(2) overlap.

The reciprocal-overlap rule (1) applies to two simultaneously unresolved internal holonomy
sectors. For the strong�weak overlap, the strong primary trace weight is

Ts = 8.

The weak adjoint block has internal dimension 3 and adjoint Casimir 2. With the same �xed
projective multiplicity b = 3, its primary trace weight is

Tw = 3 · 3
2
=

9

2
.

Therefore the minimal SU(3)�SU(2) overlap correction is

∆Koverlap
sw = − 1

TsTw
= − 1

8 · (9/2)
= − 1

36
. (52)

This term is a Schur dressing: it lowers the observer-e�ective inverse sti�ness because the strong
readout is not completely isolated from the neighboring weak holonomy boundary at the same
access resolution.

The remaining internal sector is the Abelian phase background. Since the color-charged
boundary is read through the full minimal charged-sector algebra, it retains the central Abelian
phase footprint described in Section 15.3. In the static electroweak-resolution diagnostic, this
residual scalar contribution is represented by the inverse Abelian baseline �xed by the �ne-
structure Schur trace of Section 15.9,

+
1

137
.

Combining the primary adjoint trace, the one-sided record-boundary trace, the minimal strong�
weak overlap, and the residual Abelian footprint gives the leading Schur expansion at the elec-
troweak observer cut,

α−1
s (µEW) = 8 +

1

2
− 1

36
+

1

137
. (53)
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Numerically,
α−1
s (µEW) ≈ 8.4795. (54)

This is the leading-order Schur expansion at the access depth where SU(3), SU(2), and U(1)
are simultaneously resolvable as separate boundaries (Section 6.7); it is not a static commitment
for all energies, and it is not an accidental match at one human-selected scale. The PDG 2024
world average for the strong coupling at the Z pole, αs(MZ) = 0.1180±0.0009 [62], corresponds
to α−1

s (MZ) = 8.4746 ± 0.0646. The leading-expansion prediction α−1
s = 8.4795 deviates by

+0.08σ, αs(MZ) = 0.117 931 . . . vs. measured 0.1180± 0.0009.

Sub-leading terms and the convergence of the Schur expansion. The reciprocal-overlap
rule (1) applies to every pair of simultaneously unresolved internal holonomy sectors. At the
electroweak observer cut all three pairs � (SU(3), SU(2)), (SU(3), U(1)), (SU(2), U(1)) � are
present, and higher-order overlaps among more than two sectors also enter at progressively
subleading orders. The natural sub-leading terms suggested by the framework's machinery are
evaluated below.

Sub-leading term Value Cumulative αs(MZ)
Leading 4-term (53) � 0.117 931
+SU(3)�U(1) Schur: −1/(TsT1) −9.12× 10−4 0.117 944
+Triple overlap: −1/(TsT2T1) −2.03× 10−4 0.117 934

The leading-order formula sits at −0.08σ from the PDG world-average. Including the SU(3)�
U(1) pairwise Schur overlap moves the prediction to −0.06σ. Including the triple overlap moves
it to −0.07σ. All three sit comfortably inside the experimental one-sigma band. The SU(2)�U(1)
pairwise overlap is not added separately because it is already absorbed into the visibility-type
Abelian footprint +1/T1 inherited from the �ne-structure Schur trace, where it enters with
the visibility sign convention; double-counting would violate (29). The prediction is therefore
robust against the inclusion question. The framework predicts that the natural sub-leading
corrections decay as inverse powers of the large trace weight T1 ∼ 137 and are not resolvable
until experimental precision improves by roughly an order of magnitude.

Why this matches at the electroweak scale. The four-term formula (53) is precisely the
leading Schur expansion at the access depth where SU(3), SU(2), and U(1) are simultaneously
resolvable as separate boundaries (Section 6.7). The experimental anchor of that depth is the
electroweak scale µ ∼ MZ , with the SU(3)�SU(2) overlap term entering because SU(2) is
resolvable and the Abelian footprint entering because U(1) is resolvable. At deep-QCD access
depths (µ ≪ MW,Z), SU(2) is no longer resolvable as a propagating mode; the framework
therefore drops the −1/(TsT2) overlap term and recomputes the Schur trace with only SU(3)
and U(1) contributions. At deep-UV access depths additional internal sectors may become
resolvable and add new overlap terms. The prediction (53) is the leading-order value at the
speci�c access depth corresponding to the electroweak measurement; explicit computation of
the access-depth pro�le is part of the continuation work declared in Section 21.

Rigidity of the strong-coupling prediction. The PDG world-average uncertainty σαs =
0.0009 is large enough that some sub-corrections sit below current experimental resolution. The
structural choices that are sharply tested by this prediction are the top-level ones.

Trace-weight ablation on Ts αs(MZ) Deviation
Reference: Ts = 8 (adjoint SU(3)) 0.117 931 −0.08σ
Ts = 27/4 (fundamental SU(3)) 0.138 4 +22.7σ
Ts = 3 (internal dimension only) 0.291 3 +192σ
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The connection/support representation rule's selection of adjoint over fundamental for the strong
inverse-coupling readout is discriminated against representation alternatives at the ∼ 23σ level.
The record-order boundary contribution τ∂rec = 1/2 is also sharply tested:

Boundary-trace ablation on τ∂rec αs(MZ) Deviation
Reference: τ∂rec = 1/2 0.117 931 −0.08σ
τ∂rec = 0 (no record boundary) 0.125 3 +8.1σ
τ∂rec = 1 (no half-splitting) 0.111 4 −7.4σ

The half-unit value forced by Type II1 trace uniqueness on a memory-oriented inclusion bound-
ary is therefore sharply tested at the ∼ 8σ level against the trivial alternatives. By contrast,
the two �ner corrections (the −1/36 overlap and the +1/T1 Abelian footprint) sit just below
current experimental precision and would require a ∼ 3× tightening of the world average to
be discriminated individually. The framework's commitment is that the leading-order match at
−0.08σ is the visible part of a structurally larger agreement that future precision will continue
to test.

Thus the electroweak-resolution strong-sector readout is organized as four leading structural
contributions, with a calculable hierarchy of sub-leading terms and a calculable access-depth
pro�le. The interpretation is not temporal �uctuation of virtual particles in a vacuum. The
resolution dependence comes from how the observer's memory-bearing access cut partitions,
overlaps, and Schur-reduces internal holonomy sectors at a given access scale.

15.12 Observer-access dimension ablation and substrate�observer duality

The minimal stable observer-access dimension d = dimOacc = 4 enters the �ne-structure formula
through the π-powers of the polarization corrections. Holding substrate quantities �xed and
varying only the access dimension d produces a sharp ablation of the 3+1 observer-cut structure.

Dimension-dependent four-part formula. With Tbare, a1, 3/8, and Pch held �xed at their
substrate-derived values, the polarization corrections at single-channel and minimal projective-
cover orders become

Π(1)(d) =
3

8πd
, Π(3)(d) =

3

8
· 7
d
· 1

π3d
=

21

8dπ3d
.

The dimension-dependent four-part diagnostic value is

α−1
eff (d) = 42π +

16

π
− 3

8πd
− 21

8dπ3d
.

Numerical ablation across d ∈ {2, 3, 4, 5}.

d Π(1) Π(3) α−1
eff (d) deviation from CODATA

2 3.80× 10−2 1.37× 10−3 137.0006 3.5× 10−2

3 1.21× 10−2 2.93× 10−5 137.0278 8.2× 10−3

4 3.85× 10−3 7.10× 10−7 137.0359992 8× 10−10

5 1.22× 10−3 1.83× 10−8 137.0387 2.7× 10−3

The formula agrees with the CODATA value α−1 = 137.035 999 177(21) only at d = 4, at the
10−9 level. The deviations at adjacent access dimensions are large: d = 3 misses by 0.008, d = 5
misses by 0.003, both many thousand standard deviations from the CODATA value. No nearby
access dimension reproduces the measured constant.
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Substrate�observer duality at d = 4. The dimensional sensitivity is reinforced by an inter-
nal duality between the substrate's trace arithmetic and the observer's access combinatorics. The
bare-trace integer 42 admits the substrate reading d · Tbare and the observer reading

(
d
2

)
(2b − 1),

and these are equal precisely when

d · Tbare =
(
d

2

)
(2b − 1).

At Tbare = 21/2 and b = 3 this reduces to 21d/2 = 7d(d − 1)/2, that is 21 = 7(d − 1), with
unique algebraic solution d = 4. The �rst record-projection integer 16 admits a parallel duality.
The substrate reading is d · (a1π)2 with a1 = 2/π, giving 4d. The observer reading is the
Cli�ord-grade total

∑d
k=0

(
d
k

)
= 2d. The equality

d · (a1π)2 = 2d

reduces at a1 = 2/π to 4d = 2d, with unique solution d = 4 among integers d ≥ 2.

Internal-consistency reading of the 3 + 1 axiom. The two duality equations together
establish: at d = 4, the substrate trace counting and the observer access combinatorics produce
the same integers 42 and 16 that enter the bare junction sti�ness, and at no other access
dimension does this internal consistency hold. The 3 + 1 observer-access structure is therefore
consistent on two reinforcing grounds. First, it is the minimal memory-bearing projective cut:
three projective localization directions plus one record-ordering direction. Second, the substrate�
observer duality between trace arithmetic and access combinatorics closes only at d = 4. The
four-part diagnostic value matching CODATA only at d = 4 is then an empirical consistency
check, not the sole reason for choosing the dimension. The two duality equations are internal-
consistency conditions among the framework's chosen primitives (Tbare = 21/2, a1 = 2/π, b = 3)
rather than external selection rules; their closure at d = 4 is non-trivial because the equations
21d/2 = 7d(d − 1)/2 and 4d = 2d each have unique integer solutions, but it would be an
overstatement to claim that d = 4 is derived from outside the framework. Combined with the
substrate-side derivations of Tbare = 21/2, a1 = 2/π, 3/8 from Tr(Y 2)/Tr(T 2

3 ) = 5/3, Pch from
minimal chiral content, the three-branch closure from minimal non-removable holonomy, and
the projective-cover trace theorem above, the four-part �ne-structure formula is determined by
substrate primitives plus the minimal observer cut.

Spatial-access reading of the duality solution. The �rst duality 21 = 7(d− 1) rearranges
to d− 1 = 3 = b, that is

dimΣ3
obs = d− 1 = b,

which states that the number of spatial access directions of the observer interface equals the
minimal projective-closure multiplicity. The duality therefore does more than �x d = 4: it
identi�es the spatial-access dimension of Σ3

obs with the branching multiplicity of the minimal
projective cover. The +1 in the observer-access decomposition Oacc = Σ3

obs ⊕ τobs is the record-
ordering coordinate that supplies sequencing but does not participate in the spatial projective
closure, and the duality closure d− 1 = b is the algebraic statement of exactly that asymmetry.
The empirical 3+1 observer-access decomposition, the minimal non-removable projective closure
at b = 3, and the substrate�observer trace duality are three di�erent routes to the same access
geometry, and they agree at d = 4, b = 3.

15.13 Observer-side bare-trace duality applied to the charged sector

The observer-side duality of the bare trace is established in Section 6.10 of the observer-layer
chapter: at the minimal stable observer-access dimension d = 4 and minimal projective-closure
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multiplicity b = 3, Theorem 6.13 �xes Tbare = (d − 1)(2b − 1)/2 = 21/2 from the duality
d · Tbare =

(
d
2

)
(2b − 1), with the bare junction sti�ness 4πTbare = 42π as an observer-side

prediction independent of any speci�c substrate content realization. The framework therefore
does not claim that the �ne-structure diagnostic depends on the Standard Model chiral content
as an input. The bare-trace value is �xed by the observer-side duality at the framework's
selected access dimension and minimal closure multiplicity; the substrate's chiral content is then
constrained to realize this trace value through admissible representations. That the minimal
realization coincides with three-generation Standard Model charged content is established in
the next subsection as an internal consistency between observer-layer geometry and admissible
substrate content, not as an imported assumption.

15.14 Bare-trace content realization: minimal chiral content saturates the
duality value

The previous subsection derives Tbare = 21/2 from the observer-side duality with d = 4 and
b = 3, leaving the question of which substrate content realizes this trace value. The realization
is sharply constrained: only the minimal three-generation chiral charged content with one access-
stabilizing doublet at |YH | = 1/2 saturates the duality target. The following ablation exhibits
the rigidity of the realization against alternative content choices.

Generation count. Let Ng denote the number of generations. With one-generation trace
Tgen = 10/3 and Higgs trace TH = 1/2,

Tbare(Ng) = Ng ·
10

3
+

1

2
, 4πTbare(Ng) =

40π

3
Ng + 2π.

For Ng = 1: Tbare = 23/6, giving 4πTbare ≈ 48.17. For Ng = 2: Tbare = 43/6, giving ≈ 90.06.
For Ng = 3: Tbare = 21/2, giving 42π ≈ 131.95. Only the three-generation case approaches
the observed α−1 ≈ 137, and single-generation or two-generation frameworks would miss the
�ne-structure diagnostic by several tens of inverse-coupling units at the bare-trace level alone.

Higgs doublet count. Let NH denote the number of minimal access-stabilizing doublets,
each with |YH | = 1/2 �xed by the projective-readout axiom. With three generations,

Tbare(NH) = 10 +
NH

2
.

For NH = 0: Tbare = 10, 4πTbare = 40π ≈ 125.66. For NH = 1: Tbare = 21/2, 4πTbare = 42π ≈
131.95. For NH = 2: Tbare = 11, 4πTbare = 44π ≈ 138.23. Only NH = 1 is consistent with
the bare-trace step of the diagnostic; a two-Higgs-doublet variant would shift the bare value by
approximately 2π, far beyond what the polarization corrections can absorb.

Hypercharge normalization. The trace ratio Tr(Y 2)/Tr(T 2
3 ) = 5/3 uses the unnormalized

hypercharge convention (YQ, Yu, Yd, YL, Ye) = (1/6, 2/3,−1/3,−1/2,−1) with Ye = −1 as the
unit. Canonical 5/3-normalized hypercharge Y ′ =

√
3/5Y would give Tr(Y ′2) = (3/5)Tr(Y 2)

per generation. Under that rescaling the bare trace would become (3/5) · 42π ≈ 79.17 and the
�ne-structure diagnostic would fail by a factor of 5/3. The unnormalized substrate convention
is therefore the unique one consistent with the diagnostic and is �xed by the recoverability-
obstruction equations, not by canonical-coupling preferences.

Conclusion of the trace-content ablation. The bare value Tbare = 21/2 survives only
under three-generation minimal chiral content with exactly one minimal access-stabilizing dou-
blet at |YH | = 1/2, in the unnormalized hypercharge convention selected by the recoverability-
obstruction equations. None of these are tunable parameters of the calculation. Variations in
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any of them shift 42π by amounts much larger than the polarization corrections can absorb, so
the diagnostic agreement at the bare-trace level is a separate evidential signal for the minimal
chiral content.

15.15 Independent consequences of the projective-readout axiom

The projective-readout axiom does not only enter the �ne-structure diagnostic. It carries inde-
pendent consequences for the charged-sector structure that can be checked against the rest of
the framework.

Higgs trace contribution �xed. The minimal access-stabilizing doublet H = (H+, H0) :
(1, 2) has a hypercharge label |YH | that the projective-readout structure �xes uniquely. For an
SU(2) doublet, the projective quotient U(2)/U(1)central = SU(2)/Z2 requires that the central
U(1) phase be single-valued under the doublet representation. This is consistent only when
the hypercharge label takes half-integer values, with the minimal nontrivial access-stabilizing
assignment |YH | = 1/2. The resulting Higgs trace contribution is

TH = 2|YH |2 = 2(12)
2 =

1

2
,

which is the value used in the bare-trace calculation Tbare = 10 + 1/2 = 21/2. The projective
readout �xes the 1/2 in the bare trace rather than leaving it as a convention.

Charged-sector gauge structure as projective symmetry. The projective-readout axiom
implies that the observer-e�ective gauge group of the charged sector is the projective symmetry
group of the minimal charged record space. For the minimal three-branch closure with internal
algebra M3(C), this is

PU(3) = U(3)/U(1)central = SU(3)/Z3,

with the central U(1) factored out by the projective quotient and the remaining Z3 the center
of SU(3). The projective axiom therefore selects the same gauge structure that the minimal-
content argument independently selects through the eightfold internal-automorphism closure, an
internal consistency check between the two routes into the charged sector.

Recoverability-obstruction equations as projective single-valuedness. The hypercharge
values (YQ, Yu, Yd, YL, Ye) = (1/6, 2/3,−1/3,−1/2,−1) are �xed in the framework by recoverability-
obstruction equations that mirror anomaly cancellation. In the projective-readout language,
these equations are the single-valuedness conditions for the projective phase under closed chiral
access transformations: the projective record readout must return to itself after a complete loop
in the charged-access geometry, which forces precisely the cubic and quadratic trace cancella-
tions. The hypercharge solution is therefore the unique projective single-valued assignment for
the minimal chiral content, an independent con�rmation of the trace-cancellation result.

Mass ratios as projective invariants. The charged-lepton mass ratios computed in the
framework are projective invariants by construction: the singular values of the e�ective Yukawa
bridge Yeff = M

−1/2
0,R BLRM

−1/2
0,L are invariant under the projective rescaling Yeff 7→ eiθλYeff .

The mass ratios mn/me therefore depend only on the support-deformation labels and on the
sectorwise-isotropic baseline M0, and not on any overall normalization of the bridge. The pro-
jective axiom guarantees that lepton ratios are framework-native predictions in the projective
sense, not normalization-dependent diagnostics.
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15.16 Charged-lepton ladder

The three stable triple-overlap branches D0,D1,D2 are now used as charged identity sectors of
the record-preserving access ladder

D0
A1−−→ D1

A2−−→ D2.

The observer cannot access D2 while erasing the record of the path through D1, so the activated
set is the pre�x set An = {1, 2, . . . , n}, and the strain readout is cumulative: Sn =

∑n
k=1Ek.

The single-mode energy uses the bi-Laplacian sti�ness Lψk = k2ψk, L
2ψk = k4ψk, so Ek = k4:

Sn =
n∑

k=1

k4, S0 = 0, S1 = 1, S2 = 17.

The ladder mobility-suppression coe�cient is a counted ratio of charged holonomy branches to
observer access boundaries:

Cladder =
Nhol

Nbdry
=

3

2
.

Using the corrected observer-e�ective �ne-structure diagnostic,

Beff = Cladder α
−1
eff =

3

2
α−1
eff = 205.5539998 . . . ,

and the charged-lepton ladder readout is

mn

me
= 1 +

3

2
α−1
eff

n∑
k=1

k4, n = 0, 1, 2.

The three values are m0/me = 1, m1/me ≈ 206.5540, m2/me ≈ 3495.42. Observed values from
the Particle Data Group [62]: mµ/me ≈ 206.7683, mτ/me ≈ 3477.15. Relative errors: −0.10%
and +0.53%. These are catastrophic at experimental precision; the ladder formula reproduces
the structural form but the underlying mass mechanism has not been correctly identi�ed.

15.17 Charge structure consequences

Without further parameters, the minimal chiral content gives, via Qem = T3 + Y :

Qu = +
2

3
, Qd = −1

3
, Qe = −1, Qν = 0.

Valence accounting: Qp = +1, Qn = 0, QH = Qp + Qe = 0. These are charge-algebra conse-
quences of the minimal chiral content.

15.18 What is not recovered

Proton-electron mass ratio. The proton is a con�ned composite, not a charged ladder mode.
Its mass requires a baryonic con�nement/binding readout not constructed in the framework.

Low-energy weak mixing angle. sin2 θW = 3/8 is the substrate-scale uni�cation value, not
the measured low-energy value.

Generation count. Whether the same Z3 supplies both color and generations is not resolved.

Chiral access splitting. The cut/complement argument supplies SU(2) but not chirality;
chirality is asserted as a primitive constraint.
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Recoverability-obstruction equation form. The form of the cubic-trace constraints is im-
ported as the framework analogue of anomaly cancellation.

Fine-structure and lepton-ladder values at experimental precision. The single Schur-
trace identity of Section 15.9 brings the �ne-structure diagnostic to within ∼ 0.03σ of the
CODATA 2022 recommended value α−1 = 137.035 999 177(21), but does so under �ve named
structural inputs: the substrate variational principle exhibited only as a form, the Dirichlet
boundary condition on the access interval, the assertion of chirality as a primitive observer-cut
constraint, the import of the cubic-trace recoverability conditions from anomaly cancellation,
and the de�nitional minimality of L−2

acc as the primitive access kernel. The framework therefore
presents a compressed diagnostic, not a closed substrate derivation; deriving any of the �ve
inputs would tighten the claim. The charged-lepton ladder remains at the 10−3 relative-error
level. Note also that the CODATA 2022 adjustment reconciles Rb (Morel 2020) and Cs (Parker
2018) atom-recoil measurements that are themselves in ∼ 5σ tension, and the diagnostic sits
near the recommended midpoint rather than near either direct measurement.

15.19 Status and remaining problems

Item Status

Primitive charged holonomy Conditionally triple-overlap governed.
Three charged branches From triple-overlap closure plus primitive scalar-isotropic

charged-cell assumption.
Two-state access mixing SU(2) from cut/complement modulo central phase.
Three-branch holonomy mix-
ing

SU(3) as continuous trace-norm preserving mixing modulo cen-
tral phase.

Minimal charged algebra SU(3)× SU(2)× U(1) from selection principle.
Minimal chiral content Determined up to neutral singlets.
Hypercharge values From recoverability-obstruction cancellation.
Hypercharge normalization
5/3

From Tr(Y 2)/Tr(T 2
3 ).

Weak angle 3/8 Substrate-scale value only, conditional on g1 = g2.
Identi�cation with Maxwell
sector

Conditional theorem with matched pair (Kem
rec ,M

em
rec ).

Charged-lepton ladder Structural diagnostic, not at experimental precision.
Fine-structure diagnostic Bare α−1

junction = 42π + 16/π; with Schur access dressing on
a single substrate�cut block operator Asub/cut, α

−1
eff = 42π +

16/π − 3/(8π4) − 21/(32π12) = 137.0359991763 . . ., agreeing
with CODATA 2022 137.035 999 177(21) at ∼ 0.03σ. Single
Schur-trace diagnostic; substrate uniqueness of the block oper-
ator open.

Electric charge pattern Charge-algebra consequence.
Proton-electron mass ratio Not recovered; baryonic sector required.
Three generations Z3 double duty not resolved.
Chiral access splitting Imported as primitive constraint.
Recoverability-obstruction
form

Imported as framework analogue of anomaly cancellation.

The framework has not proved the physical charged sector from the substrate alone. It has
localized the remaining assumptions inside a single explicit principle: the physical charged sector
is the minimal observer-stable internal automorphism sector satisfying central Abelian phase
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readout, cut/complement two-state access mixing, three-branch triple-overlap holonomy mixing,
chiral doublet/singlet splitting, and global recoverability-obstruction cancellation. Under this
principle the minimal charged algebra, the hypercharge pattern, the 5/3 trace normalization,
the conditional uni�cation-scale weak angle, the �ne-structure diagnostic, its access-polarization
correction, and the charged-lepton ladder all follow as one conditional chain through the paired
(Krec,Mrec) bookkeeping rather than as independent sector choices.

The remaining substrate-level work consists of four explicit problems. First, derive the primi-
tive scalar-isotropic charged-cell assumption from the substrate. Second, derive the chiral access
splitting from substrate/access primitives. Third, derive the speci�c form and multiplicities of
the recoverability-obstruction equations. Fourth, distinguish the Z3 producing color from the Z3

producing generations. The access-polarization operator has been localized to an explicit Schur-
complement trace, but it still deserves ablation against nearby symbolic alternatives. Together
these problems de�ne the remaining technical program for the charged-sector layer.

16 Layer allocation and status

The framework has enough moving parts that the status of each claim must be kept separate.
The following table is part of the claim discipline of the paper.

Phenomenon Layer Status

Conditional-expectation
defect

Substrate Proved as a Type II1 local normal form un-
der positivity, di�erentiability, covariance, and
isotropy hypotheses.

Paired regional distur-
bance (Krec,Mrec)

Substrate Proposed compressed paired generator with
structural decomposition Krec = K0 +
κ•K•,Mrec = M0 + η•M•. Entropy, inertia,
gravity-like response, and connection stationar-
ity are readouts of this paired defect geometry
through Gacc =M

−1/2
rec KrecM

−1/2
rec .

Shared-Connection princi-
ple

Substrate/readout
bridge

Derived as a shared-generator result from
one paired regional disturbance, timeless path-
independence, minimal bookkeeping, and trace
uniqueness.

Composition independence Substrate Internal sources change defect shape but not
the canonical leading paired disturbance geom-
etry.

Recovered thermodynam-
ics

Junction Recovered only after regional disturbance �ux
through Krec is paired with observer-access en-
tropy through Mrec and modular scale.

Black-hole radiation Junction/future
direction

Horizon-cut paired disturbance thermodynam-
ics: δQ∂B = Θ∂BδS∂B. Placement and formal-
ization, not a derivation of Hawking's formula.

Light-speed limitation Junction De�ned as c2∗(R) = λmin(M
−1/2
rec KrecM

−1/2
rec ) =

λmin(Gacc), the lowest generalized eigenvalue of
the paired operator. Universal value not as-
signed.

Lorentzian kinematics and
invariant speed

Junction Conditional on a genuine observer-access cone.
Correlated �nite-cone diagnostic supplies the
observer interval ds2rec = c2∗dτ

2 − d2ω.
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Phenomenon Layer Status

Newtonian/free-fall mo-
tion

Junction Recovered as least-disturbance record continu-
ation plus weak-limit shared-generator cancel-
lation.

Non-Abelian response Substrate/connection
sector

Selection criterion stated by noncommuting
coarsening transitions.

Maxwell, weak-�eld, and
continuum gravity schema

Junction Recovered as stationary holonomy disturbance,
stationary accessible connection response, and
conditional Einstein-translation when contin-
uum hypotheses hold. Electromagnetic sector
uses matched pair Kem

rec = g−2
eff Krec,M

em
rec =

g−2
eff Mrec so that cem = c∗.

Finite graph or script vali-
dations

External valida-
tion

Useful implementation checks; not premises.

Finite QEC recovery-
disturbance diagnostics

Finite trace diag-
nostic

Stabilizer erasure checks test the Hessian law
near exact Knill�La�amme surfaces; amplitude-
damping code tests disturbance tracking away
from exact recovery.

Type II1 → Type III1 ob-
server junction

Substrate/observer
bridge

Bridge proposal with modular-density as the
�nite Type III-like signal and a correlated-state
cone-speed diagnostic.

The shortest spine of the framework is

DR ⇒ (Krec,Mrec) ⇒


entropy readout,
inertial support Hessian via Krec,
gravity-like connection variation,
gauge/�eld stationarity,
record cone via Gacc =M

−1/2
rec KrecM

−1/2
rec

 ⇒ δQR = ΘRδSR,

where the �rst two arrows are substrate-side claims, the readouts are substrate�observer bridge
claims, and the �nal arrow is a junction claim requiring the observer layer. The horizon-cut
reading applies the same �nal arrow to black-hole-like regions by replacing R with ∂B: δQ∂B =
Θ∂BδS∂B.

17 Worked �nite trace diagnostics: Petz recovery as paired-regional-

disturbance diagnostics

This section gives a �nite test of whether the paired (Krec,Mrec) framework computes anything
useful in a �nite trace setting, rather than merely renaming familiar continuum equations. The
constructions remain �nite matrix approximants but use the same trace geometry as the Type
II1 normal form and connect conditional-expectation defect to a standard information-theoretic
recovery task.

The �nite task is erasure recovery for stabilizer codes: the perfect �ve-qubit code [[5, 1, 3]] [42,
43, 44] with dC = 2, the four-qubit detection code [[4, 2, 2]] with dC = 4, and the six-qubit detec-
tion code [[6, 4, 2]] with dC = 16. The progression matters because a claimed Petz�disturbance
coe�cient should scale with code dimension.

Let PC = V V † be the code projector, with V the isometry from logical space to physical
Hilbert space. For erased set E, let P0

E be the non-identity Pauli operators on E. The Knill�
La�amme erasure condition [42] is PCOEPC = α(OE)PC for OE ∈ P0

E . This is naturally a
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trace-defect condition. De�ne

Ba(V ) := V †OaV − Tr(V †OaV )

dC
IC , σE(V ) :=

∑
Oa∈P0

E

∥Ba(V )∥2F .

Thus σE = 0 i� the erased subsystem is exactly correctable. In the present language, σE is the
�nite trace defect measuring whether an observer cut that loses E still leaves the encoded record
recoverable from the retained algebra.

17.1 Exact threshold as a sanity check

The exact erasure threshold is a sanity check, not the principal result. At θ = 0, σE = 0 is
the Knill�La�amme condition written as a trace defect. The �nite computations recover the
expected thresholds.

For [[5, 1, 3]] with stabilizers XZZXI, IXZZX,XIXZZ,ZXIXZ:

Retained Erased Petz �delity / Defect disturbance

5,4,3 0,1,2 1.0 / ≈ 0 (correctable)
2,1,0 3,4,5 0.25 / 6, 24, 96

For [[4, 2, 2]]: correctable for one erasure with in�delity ≈ 0; for two erasures �delity 0.25, defect
12. For [[6, 4, 2]] with dC = 16: correctable for one erasure; two-erasure �delity 0.25, defect 48.
These tables verify the code implementation and normalization.

17.2 Perturbative Petz�paired-disturbance normal form

Let Vθ = e−iθHV . At an exactly correctable erasure, Ba(V ) = 0 for all Oa ∈ P0
E . The �rst

variation of Petz entanglement �delity [46, 47, 48] vanishes, and the leading term is quadratic
in the defect variables Ba:

1− FPetz(Vθ) =
1

4dC

∑
a

∥Ba(Vθ)∥2F +O(∥B(θ)∥3) = 1

4dC
σE(Vθ) +O(∥DE∥3).

The predicted ratio is σE/(1 − FPetz) = 4dC + O(θ). For dC = 2, ratio is 8. For dC = 4, ratio
16. For dC = 16, ratio 64.

The numerical diagnostic con�rms:

Code dC Predicted ratio Observed at θ = 10−3

[[5, 1, 3]] 2 8 7.99984 (1 erased), 8.00053 (2 erased)
[[4, 2, 2]] 4 16 15.99991
[[6, 4, 2]] 16 64 64.00012

The origin of the coe�cient is explicit: trace subtraction removes the identity component; Pauli
orthogonality turns the second-order defect into a Frobenius sum; the Petz expansion normalizes
by the logical trace average through the paired geometry, yielding the factor 1/(4dC). This is
the local Hessian statement of the paired regional disturbance at the exact-recovery surface.

17.3 Sector splits: useful diagnostic, limited analogy

The �ve-qubit erased-pair disturbance admits a Pauli-type split, σE = σXE + σYE + σZE + σmixed
E .

The shared-coe�cient statement is 1 − FPetz = 1
8(σ

X
E + σYE + σZE + σmixed

E ) + O(∥DE∥3). A
closer analogue of physical composition universality would split by deformation origin � logical,
stabilizer, gauge-�xing, and generic physical � and check the same coe�cient.
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17.4 What the example establishes

The example shows that the conditional-expectation defect language and the paired (Krec,Mrec)
bookkeeping compute something concrete: near an exact recovery surface, the Petz recovery loss
and the trace-defect disturbance have the same Hessian up to a computable normalization. The
progression through three codes provides a pressure test: [[4, 2, 2]] gives ratio 16, forcing the
coe�cient 1/(4dC); [[6, 4, 2]] with dC = 16 con�rms the corrected scaling at 64.

17.5 Approximate recovery away from the exact-erasure surface

Modern recovery theory [75, 76, 77] has tightened the Petz framework [46, 47, 48] considerably
since the original Petz su�ciency results, producing universal recovery maps and approximate-
su�ciency bounds that translate directly into the present paper's (Krec,Mrec) language: sti�ness
controls the obstruction to exact recovery, susceptibility controls the bound on the recovery error.
The four-qubit Leung�Nielsen�Chuang�Yamamoto (LNCY) amplitude-damping code [45],

|0L⟩ = (|0000⟩+ |1111⟩)/
√
2, |1L⟩ = (|0011⟩+ |1100⟩)/

√
2,

serves as an approximate-channel pressure test. For one qubit, the amplitude-damping channel
has A0 = |0⟩⟨0| +

√
1− γ|1⟩⟨1|, A1 =

√
γ|0⟩⟨1|. Let Ks(γ) = AsV for s ∈ {0, 1}4. The

channel�Knill�La�amme defect is

Bst(γ) := Ks(γ)
†Kt(γ)−

Tr(Ks(γ)
†Kt(γ))

dC
IC , σrawAD (γ) :=

∑
s,t

∥Bst(γ)∥2F .

Direct expansion gives σrawAD (γ) = 2γ2 − 4γ3 + 13γ4 − 20γ5 + 18γ6 − 8γ7 + 2γ8. The Petz
entanglement in�delity has leading expansion 1− FPetz(γ) =

7
4γ

2 +O(γ3). Hence

σrawAD (γ)

1− FPetz(γ)
−→ 8

7
.

The coe�cient 8/7 is a structural normalization di�erence: both quantities are built from the
same defect operators Bst, but the Petz in�delity weights them through the recovery metric
N (σ)−1/2 (the operational Mrec-side weighting), while σrawAD uses the bare Frobenius metric.

Higher-order drift. The raw disturbance and Petz loss do not track each other exactly as
functions of γ:

γ 1− FPetz σraw/(1− F )

10−4 1.75× 10−8 1.1426
10−3 1.75× 10−6 1.1404
10−2 1.75× 10−4 1.1190
10−1 1.76× 10−2 0.9713

Recovered-channel disturbance identity. The Petz-corrected disturbance is the traceless
Frobenius variance of the recovered channel RPetz ◦ N . For any trace-preserving channel C
on a d-dimensional code space with Kraus operators {Ai}, de�ne Bi := Ai − Tr(Ai)I/d and
σC :=

∑
i ∥Bi∥2F . Then σC = d(1− Fe(C)). Therefore

σPetzAD = dC(1− FPetz).

This identity is exact because the recovered Petz channel is trace-preserving on the code.
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Layer-safe interpretation. The lesson is not that an observer freely chooses a disturbance
functional. The substrate theorem gives a paired trace-defect normal form (Krec,Mrec). A chan-
nel or access map pulls that defect geometry back to a particular defect space, inducing a speci�c
channel metric. The erasure-Pauli metric is orthogonal, unital, and Pauli complete, giving the
coe�cient 1/(4dC). The amplitude-damping metric is non-unital and Kraus-weighted, giving
8/7. The framework supports a family of structurally analogous channel-disturbance functionals,
one per access/noise model; their leading coe�cients are computable from the channel geometry,
not arbitrary new substrate couplings.

Status of the �nite QEC diagnostic. Pauli-erasure disturbance provides a tangent law near
exact Knill�La�amme surfaces, 1 − FPetz = σE/(4dC) + O(∥DE∥3). Raw amplitude-damping
disturbance provides a channel-speci�c tangent diagnostic with �nite-γ drift. Recovered-channel
disturbance is exactly the standard entanglement in�delity written as a traceless Kraus-variance
disturbance, and its sector decomposition identi�es the branches responsible for residual in�-
delity. This closes the �nite QEC diagnostic as a useful worked example of the paired (Krec,Mrec)
framework rather than an additional foundational axiom.

18 Paired record-pair audit: universal sti�ness�susceptibility con-

sistency across sectors

The preceding section diagnosed paired regional disturbance through �nite Petz recovery in a
single QEC channel. This section runs a complementary �nite audit on the universal record pair
(Krec,Mrec) itself, against the multi-sector consistency the framework's compression principle de-
mands. The same �nite N = 8 approximant is used for record-cone recovery, Maxwell-type sta-
tionarity, the �ne-structure access-polarization correction, and the charged-lepton ladder. The
purpose is not to add an independently tuned sector. It is to verify that one paired substrate
object can pass several tests simultaneously, and to localize where the freedom in choosing
(Krec,Mrec) does and does not survive consistency.

18.1 Meaning of the susceptibility operator

The generalized record cone is controlled by the positive pair (Krec,Mrec), not by a sti�ness
operator alone. The cone speed is the bottom of the generalized spectrum,

c2∗ = λmin

(
M−1/2

rec KrecM
−1/2
rec

)
= inf

v ̸=0

⟨v,Krec v⟩
⟨v,Mrec v⟩

.

Krec is the universal record sti�ness: the substrate's resistance to admissible access or record
deformation. Mrec is the universal record susceptibility: the record-loading, record-inertia, or
access response carried by the same deformation channel. High sti�ness raises the record speed;
high susceptibility lowers it. A horizon-like region is represented by susceptibility growth: if
Mrec 7→ sMrec with Krec held �xed, then

c∗,ext ∼ s−1/2c∗.

Mrec is therefore not an electromagnetic-only object. It is part of the universal record geometry
seen by the observer layer, and every sector � Maxwell-type, classical support motion, charged-
sector access polarization, horizon exterior � must inherit the same pair, up to sector-speci�c
scalar coupling factors.
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18.2 The identity-susceptibility toy and its limitation

A frequently used �nite toy sets

Krec = Lacc, Mrec = I,

with the matched electromagnetic prescription of the Maxwell readout,

Kem
rec = g−2

eff Lacc, M em
rec = g−2

eff I.

The electromagnetic record cone equals the base cone because the g−2
eff factor cancels:

(M em
rec )

−1/2Kem
rec(M

em
rec )

−1/2 = Lacc.

In the �nite N = 8 audit this gives c∗ = cem = 3.1256671980, with the Maxwell-type stationarity
equation

Kem
R [A; J ] =

1

2g2eff
ATLaccA− JTA

yielding LaccA = g2effJ with residual of order 10−15.
This is internally consistent but it makes Mrec = I a normalization choice rather than a

physical substrate response. Such a choice is too narrow if the same paired structure is meant to
organize classical support motion, Maxwell-type �elds, horizon-like recovery collapse, charged-
sector access polarization, and quantum non-separation from one substrate.

18.3 First nontrivial universal susceptibility attempt

A natural nontrivial susceptibility built from substrate ingredients already present in the toy is

Mrec = I + η ˆLacc
d−1

+ µ ˆLacc
d
+ λ P̂ns,

where the hats denote trace-mean normalization and Pns is a low-rank nonseparable or sector-
memory projector. The �nite N = 8 audit uses the simple �rst-channel version

Mrec = I + 0.25 ˆLacc
d−1

+ 0.25 ˆLacc
d
+ 0.25 P̂c1.

This matrix is symmetric positive de�nite and genuinely nontrivial:

λmin(Mrec) = 1.2750000000, λmax(Mrec) = 4.2587057502, ∥Mrec − I∥F = 3.4268896978.

Keeping the matched electromagnetic prescription Kem
rec = g−2

eff Krec,M
em
rec = g−2

eff Mrec still cancels
the coupling out of the record cone. With Krec = Lacc left unchanged, the �nite audit gives

c∗ = cem = 1.5146208051,

with cone matching to numerical precision and Maxwell stationarity still passing.
However, the charged-sector �ne-structure correction breaks. The continuum correction of

Section 15 used
Πaccess =

3

8π4
,

and at �nite N = 8 this becomes

Π(N=8),old
access =

3

8
λ1(Lacc)

−2 = 0.003928803674,

giving a corrected value α−1 = 137.0359208260. The naive Mrec-aware correction would use

ΠMrec
access =

3

8
λ1

(
M−1/2

rec KrecM
−1/2
rec

)−2
.
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With Krec = Lacc unchanged, the generalized �rst eigenvalue rises to

λ1

(
M−1/2

rec LaccM
−1/2
rec

)
= 2.2946129466,

so the correction blows up to ΠMrec
access = 0.071255041188 and

α−1
Mrec

= 136.9685945885.

This is worse than the bare junction value 42π + 16/π = 137.0398496297. The lesson is that
universalizing Mrec alone is incomplete: it changes the record-loading side of the generalized
eigenproblem while leaving the sti�ness side as a bare access Laplacian. The charged-sector
audit then breaks because the access-polarization correction was calibrated against Mrec = I.

18.4 Paired universal sti�ness

The consistent correction is to universalize the pair, not only the susceptibility. The base object
is

(Krec,Mrec),

with both entries representing the same substrate record geometry. The �nite toy implements
this by keeping the nontrivial Mrec above and de�ning a metric-compatible sti�ness

Krec =M1/2
rec LaccM

1/2
rec .

The generalized record operator is then

Gacc =M−1/2
rec KrecM

−1/2
rec = Lacc.

This does not set Krec = Lacc. It says the universal sti�ness is the lift of the access sti�ness
into the universal record-susceptibility metric. The sti�ness matrix is nontrivial in Euclidean
coordinates, but its generalized spectrum relative to Mrec recovers the access spectrum.

The matched electromagnetic sector remains

Kem
rec = g−2

eff Krec, M em
rec = g−2

eff Mrec,

and the Maxwell-type stationarity equation becomes

Kem
R [A; J ] =

1

2g2eff
ATKrecA− JTA, KrecA = g2effJ.

In the N = 8 paired audit the stationarity residual is of order numerical roundo�, and the record
cone returns to

c∗ = cem = 3.1256671980,

with
max

i
|λi(Gacc)− λi(Lacc)| = 1.48× 10−12.

This is a �nite-N realization of the substrate-side weaker compatibility condition spec(M
−1/2
rec KrecM

−1/2
rec ) →

spec(Gacc) stated in Section 3: Mrec is nontrivial,Krec is its metric-compatible lift, and the paired
generalized spectrum is the access spectrum.
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18.5 Fine-structure and lepton-ladder audit after pairing

Under the paired de�nition, the access-polarization correction no longer blows up because
λ1(Gacc) = λ1(Lacc). The �nite N = 8 correction is

Π(N=8),pair
access =

3

8
λ1(Gacc)

−2 = 0.003928803674,

and
α−1
pair,(N=8) = 137.0359208260.

This agrees with the �nite-N corrected value obtained under Mrec = I, now reproduced from a
universal pair rather than from a universal susceptibility against a bare sti�ness. The continuum
limit recovers

α−1
eff = 42π +

16

π
− 3

8π4
= 137.035999886 . . .

of Section 15.
Using the same charged-lepton ladder diagnostic of Section 15.16,

mn

me
= 1 +

3

2
α−1

n∑
k=1

k4,

the paired �nite audit gives

mµ

me
= 206.5538812391,

mτ

me
= 3495.4159810640.

These are structural charged-sector diagnostics, not precision mass predictions, and the precision
miss already noted in Section 15 remains.

The �nite generalized second-sector energy is

E2 =

(
λ2(Gacc)

λ1(Gacc)

)2

,

which in the N = 8 Dirichlet audit is the discrete value rather than the continuum idealization.
In the continuum/index-normalized ladder the idealized value is E2 = 24 = 16.

18.6 Audit table

Item Result Meaning

Nontrivial Mrec PASS Mrec is SPD and not the identity.
Paired Krec PASS Krec =M

1/2
rec LaccM

1/2
rec is SPD and not bare Lacc

in Euclidean coordinates.
Generalized spectrum PASS M

−1/2
rec KrecM

−1/2
rec recovers the Lacc spectrum to

1.48× 10−12.
Matched EM cone PASS cem = c∗ = 3.1256671980; geff cancels from the

record cone.
Maxwell stationarity PASS g−2

eff KrecA = J holds to numerical roundo�.
Bare α−1 STRUCTURAL42π + 16/π = 137.0398496297.
Continuum correction LEGACY 42π + 16/π − 3/(8π4) = 137.0359998864.
Naive universal-Mrec with
bare Krec

FAIL Gives 136.9685945885 because �rst-mode load-
ing is counted without matching sti�ness.

Paired Mrec-aware �nite cor-
rection

PASS (toy) Gives 137.0359208260, restoring the �nite con-
tinuum correction under the universal pair.

Charged-lepton ladder STRUCTURAL
ONLY

mµ/me = 206.5538812391 and mτ/me =
3495.4159810640 in the paired �nite audit.
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18.7 Status of the paired audit

The paired construction is the correct �nite-toy consistency move for the universal record pair.
The framework should not make Mrec universal while leaving Krec bare. The physical object is
the generalized pair (Krec,Mrec), and every sector inherits the same pair up to sector-speci�c
scalar coupling factors such as g−2

eff in the electromagnetic amplitude.
The construction should not be oversold. The metric-compatible lift

Krec =M1/2
rec LaccM

1/2
rec

is one realization of the substrate-side weaker compatibility condition spec(M
−1/2
rec KrecM

−1/2
rec ) →

spec(Gacc) stated in Section 3. It repairs the �nite-toy inconsistency and preserves the charged-
sector audit, but a paper-level derivation must explain why the universal sti�ness must take this
form, or must derive an equivalent paired structure from a substrate variational principle. The
technical problem is therefore sharper: derive the universal record pair (Krec,Mrec) from the
substrate so that classical motion, Maxwell stationarity, �nite record cones, horizon-like suscep-
tibility growth, quantum/access non-separation, and the charged-sector access-polarization and
lepton-ladder diagnostics all use the same generalized sti�ness/susceptibility geometry.

The role of this audit in the �ne-structure diagnostic of Section 15 is consistency-side, not
derivation-side. It rules out one nearby alternative � universalizing onlyMrec while leaving Krec

bare � as failing the �nite consistency test, and con�rms that the paired metric-compatible lift
restores the continuum correction value. It does not resolve the ansatz α−1

junction = 4πTbare,
the unnormalized-versus-canonical Y -trace question in Tbare = 21/2, the substrate motivation
for the Dirichlet boundary condition, or the lepton-ladder precision miss. Those remain in the
remaining-problems list of Section 15.

19 Relation to neighboring frameworks

The framework sits near several established approaches. Its proposed contribution is a di�erent
bookkeeping discipline: substrate-side structure (carried by the paired (Krec,Mrec) operator) and
observer-side reconstruction are kept explicitly separate, and the �nite validations track which
assumptions are substrate axioms, which are observer ansätze, and which results are constructed
consequences.

Page�Wootters. Page�Wootters models [20, 21, 22] recover dynamics from correlations inside
a globally stationary quantum state by using an internal clock subsystem. The present framework
is close in spirit but does not identify the observer merely with a clock. It gives the observer
a record algebra Mλ ⊆ Aλ and derives the access order from record recoverability through
the paired generator Gacc = M

−1/2
rec KrecM

−1/2
rec . This record-recoverability order is the main

distinguishing bookkeeping move.

Relational quantum mechanics. Relational QM [23] emphasizes that states are relative
to observers or systems. The present framework accepts observer-relative state assignment but
adds a �xed location map: stable separability, the paired disturbance bookkeeping, sti�ness,
and connection data are substrate-side; time, collapse, motion, �eld evolution, and Lorentz
kinematics are observer-side.

Connes�Rovelli thermal time. The thermal-time hypothesis [24] extracts a time �ow from
the modular automorphism group of a state on a von Neumann algebra. The present framework
di�ers in aim: it treats experienced time as record-recoverability order, not as a canonical
modular �ow. The bandwidth radius and access speed are induced by the lowest generalized
eigenvalue of the paired Gacc.
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Jacobson thermodynamics of spacetime. Jacobson [25, 26] derives the Einstein equation
as an equation of state from the Clausius relation applied to local causal horizons. The present
paper agrees with the structural moral that gravity-like dynamics may be thermodynamic rather
than microscopic. It di�ers in primitive data: Jacobson's local horizons are spacetime objects;
the present framework's cuts are algebraic conditional expectations selected by modular stabil-
ity through (Krec,Mrec). Thermodynamics is recovered only from substrate�observer coupling:
δQR = ΘRδSR, where δQR is paired-disturbance-cost variation across a cut and δSR is accessible
record-entropy variation through the same cut.

Decoherent histories, causal sets, and tensor networks. The decoherent-histories pro-
gram [27, 28, 29] also locates the operational arrow in record-bearing structure, but stays inside
ordinary quantum mechanics on a spacetime background; here the substrate is tenseless and
the record order is intrinsic to the observer junction. Causal set theory [30] replaces spacetime
with a discrete partial order; the present framework keeps the algebraic side continuous and
lets order arise from record inclusion rather than from a primitive causal order. Tensor-network
and emergent-geometry constructions [31, 32] build spacetime from entanglement structure; in
the present language those constructions can be read as observer-side reconstruction of access
geometry from a substrate-side correlation pattern, with the paired (Krec,Mrec) supplying the
cone speed.

Crossed-product observer programs. Recent work on observer algebras and the crossed
product in semiclassical gravity [17, 18, 19] shows how Type III algebras become Type II once
an observer with a clock is included. The bookkeeping here is structurally parallel � a tracial
substrate with a non-tracial observer cut � but starts from the substrate side and treats the Type
II/III question as a junction question rather than a gravity-input question. The general algebraic-
QFT background [68, 69, 70], including the geometric content of modular �ow established by
Bisognano and Wichmann [66, 67] and the Connes classi�cation of injective factors [65], supplies
the operator-algebraic background against which the present framework's substrate�observer
split is formulated.

Operational reconstructions of quantum theory. A separate but related class of recon-
structions derives quantum theory itself from operational axioms [83, 84]. The present framework
is not a reconstruction of quantum theory: it accepts quantum theory's observer-side mathemat-
ics (states, channels, conditional expectations) and asks what substrate carries it. The two
programs are orthogonal but compatible: an operational-reconstruction observer layer could in
principle sit on top of the paired-bookkeeping substrate proposed here.

Induced and entropic gravity. The framework's structural reading of gravity as boundary-
access sti�ness has a long lineage in the induced-gravity program of Sakharov [71, 72] and in the
more recent entropic-gravity proposals [73, 74]. The substrate-internal route taken here di�ers
in primitive data: the paired regional disturbance (Krec,Mrec) is the substrate primitive, rather
than a vacuum-�uctuation density or a holographic-screen entropy, and the heat-kernel reduction
is performed on the generalized record operator Gacc in the spectral-action sense [63, 64, 81]
rather than on a matter sector embedded in a background metric.

Reconstruction-class positioning. The framework is not a competitor to the Standard
Model or general relativity at the level of Feynman rules, loop diagrams, or local �eld equations.
It is a reconstruction-class proposal in the same architectural genus as the algebraic-QFT crossed-
product program [17, 18, 19], causal-set foundations [30], and Connes�Rovelli modular thermal
time [24]. It asks whether established phenomenological structures, including some precision
observables, can be read as e�ective consequences of one substrate�observer architecture. The
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framework does not replace QFT computation. It claims that several QFT-computed quantities,
at their experimental anchor scales, agree with the leading Schur expansion at the corresponding
observer cut, and o�ers the architecture in which that agreement is not coincidental. The QFT
calculation of sin2 θeff,ℓ from loop diagrams and the framework's visibility-lemma readout are two
languages for the same observable at one access depth; the framework adds the claim that the
latter language is the substrate-native one and that access-depth variation is the substrate-native
counterpart of renormalization-group �ow.

The value of the framework is diagnostic: it marks which e�ective laws are substrate-only,
which are observer-only, and which are recovered only at their junction. Newtonian mechanics is
recovered as least-disturbance record continuation; Maxwell-type equations as stationary holon-
omy disturbance with the matched pair Kem

rec = g−2
eff Krec,M

em
rec = g−2

eff Mrec; weak-�eld gravity as
stationary accessible connection response to paired regional disturbance; and Lorentz kinematics
as a conditional invariant-access-cone recovery.

20 Modular �ow, sector visibility, and the gravitational coupling

The preceding sections developed the substrate�observer architecture, the paired bookkeeping
(Krec,Mrec), the charged-sector diagnostics, and the algebraic necessity program for the gauge
sectors. This section collects three further results that the framework reaches by the same
operator-algebraic machinery: an access-�ow ordering principle that identi�es the substrate-
internal coordinate on which any framework-derived running coupling must live (Theorem 20.1),
a sector-visibility theorem that �xes the functional form of the framework's analog of the
renormalization-group pro�le (Theorem 20.2), and a structurally complete operator-algebraic
identi�cation of Newton's constant in terms of one substrate-level dimensional scale (Theo-
rem 20.3). Each is established through a closed lemma cascade rather than a postulate.

These results were carried as �open questions� in earlier versions of this manuscript; they
are now collected here, between the comparison to neighboring frameworks and the genuinely
open continuation work of Section 21. The open continuation work speci�c to each � numerical
determination of the modular generator's spectrum, of the sector-overlap coe�cients, and of the
boundary-curvature sti�ness κ∂ � is listed in Section 21.

20.1 Modular access-�ow principle

The framework reads at speci�c observer cuts, producing values at the access depths of those cuts
(Section 21.5). The Standard Model's α−1(µ) and α−1

s (µ) curves, by contrast, are dynamical
objects derived from the renormalization-group equations: a continuous running between cuts.
The structural question is therefore: what substrate-internal mechanism does the framework
provide for the ordering between cuts, and is it consistent with the framework's commitment to
substrate-internal-only readings (no external scale, no external clock, no postulated correspon-
dence)? This subsection identi�es the unique substrate-internal mechanism, derives the form
the access-depth ordering coordinate must take, and identi�es that coordinate with the modular
parameter of the framework's Type III1 observer cut. It does not derive the QED or QCD beta
function; it identi�es the structural primitive any framework derivation must use.

Four substrate-axiom conditions on access-�ow. An access-�ow ordering between ob-
server cuts at distinct invariant resolutions must satisfy four substrate-axiom requirements:

1. Static substrate. The Type II1 substrate carries the tracial state, and the modular auto-
morphism group of a tracial state is trivial. No �ow arises from the substrate itself; any
non-trivial ordering must arise from the observer cut.
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2. No external scale. The framework reads only substrate-internal primitives. The ordering
of two cuts therefore depends only on dimensionless ratios of invariant resolutions, not on
either resolution separately.

3. Path independence of re�nement. Re�ning the observer cut from invariant resolution µ0
to µ1 and then from µ1 to µ2 must be equivalent to re�ning directly from µ0 to µ2. This
is the framework's canonical-lift commitment on re�nements (Section 3.3) applied to the
access hierarchy.

4. Algebraic covariance. The ordering of cuts is implemented by the intrinsic automorphism
group of the observer algebra, not by any external structure. The framework's observer
cut is a Type III1 factor (Section 13); the intrinsic one-parameter automorphism group of
a Type III1 factor with a faithful normal state is its modular automorphism group σt by
Tomita�Takesaki, unique up to inner cocycles for any choice of state.

Theorem 20.1 (Modular access-�ow principle). Under the four conditions above, the access-
depth ordering coordinate λ between cuts at invariant resolutions µ, µ0 satis�es

λ = log(µ2/µ20), (55)

and is the modular parameter of the framework's Type III1 observer cut.

Sketch. Conditions 2 and 3 require the ordering coordinate to be a continuous function λ
of the resolution ratio R = µ2/µ20 satisfying the Cauchy functional equation λ(R01R12) =
λ(R01) + λ(R12). The unique continuous solution on R>0 is λ(R) = c logR for constant c;
the canonical normalization c = 1 (one access-depth unit equals one e-fold of invariant resolu-
tion) gives Equation (55). Condition 1 says the ordering does not arise from the tracial substrate.
Condition 4 says it is implemented by the intrinsic automorphism group of the observer algebra;
on a Type III1 factor this group is the modular automorphism group σt generated by any faithful
normal state, with the choice of state determining the �ow up to inner cocycle. The two together
identify the access-depth coordinate λ with the modular parameter t of σt, with the canonical
normalization �xing the proportionality between the two.

The principle has two structural consequences.

(C1) Modular parameter and log-scale variable are the same object. The framework
does not posit a separate modular time and renormalization-group scale and then map between
them. The modular parameter of the Type III1 observer cut, which generates the framework's
intrinsic �ow at the observer junction, is the same object as log(µ2/µ20) in renormalization-group
�ow. This is a structural identi�cation forced by the four substrate axioms, not a postulated
correspondence.

(C2) Reference scale µ0 is sector-dependent. The four axioms �x the form log(µ2/µ20)
but not the choice of µ0. The natural sector-speci�c reference is the lowest invariant resolution
present in that sector's framework reading: µ0 = me for the QED sector (the electron threshold),
µ0 = ΛQCD or a comparable infrared scale for the QCD sector. Identifying these reference scales
substrate-internally is part of the continuation-work program below.

First falsi�able target. The empirical QED running between Thomson and the Z-pole is

∆α−1 := α−1(MZ)− α−1(0) ≈ 127.95− 137.036 ≈ −9.09,

integrated over the access-depth interval

∆λ = log(M2
Z/m

2
e) ≈ 24.2

134



at µ0 = me. Any substrate-derived expression for dα−1/dλ produced by the framework's
continuation-work program must, when integrated over this interval with the appropriate threshold-
counting structure, reproduce ∆α−1 ≈ −9.09 within experimental uncertainty. This is the �rst
concrete falsi�able target of the modular-�ow program. A second target is the QCD running
between ΛQCD and MZ , integrated over the corresponding access-depth interval. Both targets
are structurally well-de�ned; neither is derived by the present paper.

Continuation-work deliverables. Theorem 20.1 identi�es the substrate-internal coordinate
on which the framework's running-coupling derivation must live; it does not constitute the
derivation. The remaining items, in priority order, are:

1. Construction of the sector turning-on function fsector(λ). The formal de�nition is supplied
by Theorem 20.2 of Section 20.2 as the normalized modular spectral visibility fs(λ) =
τ(Ps χ(−∞, λ](Kmod))/τ(Ps), where Ps is the substrate-derived sector support projection
and Kmod is the modular generator of the observer cut. The function is framework-internal
(no �tted sigmoid or phenomenological interpolation), and its derivative is the modular
spectral density ρs(λ) of the sector. What remains as continuation work is the explicit com-
putation of Kmod for the framework's observer junction, which would yield the numerical
ρs(λ) pro�le.

2. Derivation of dα−1/dλ and dα−1
s /dλ from substrate primitives, with leading-order targets

the Standard Model one-loop coe�cients at each threshold-crossing access depth.

3. Higher-loop coe�cients from higher-order substrate Schur expansions.

4. Substrate-internal derivation of the sector-speci�c reference scales µ0.

5. Veri�cation that the integrated running between the framework's existing readings (Thom-
son and electroweak access cuts) reproduces ∆α−1 ≈ −9.09 and the analogous QCD target
within experimental uncertainty.

Status. The present subsection does not close the gap identi�ed at the end of Section 21.5. It
identi�es the substrate-internal primitive � the modular parameter of the Type III1 observer cut
� that closure would use, derives the substrate-axiom form λ = log(µ2/µ20) of the access-depth
coordinate, identi�es the �rst falsi�able target, and lists the continuation-work deliverables.
The framework's claim is that the structural route to running couplings is unique under the four
substrate axioms: any framework-internal derivation of running couplings must use the modular
parameter of the Type III1 observer cut as its scale variable, and any deviation from this form
would violate substrate-axiom requirements the framework already has in force. Whether the
continuation-work program completes successfully is open; whether it could close to anything
other than modular �ow on the Type III1 observer cut is structurally forbidden.

20.2 Modular sector-visibility functions

Theorem 20.1 of the previous subsection identi�es the access-depth coordinate λ with the modu-
lar parameter of the Type III1 observer cut and forces the form λ = log(µ2/µ20). Item (1) of the
continuation-work list there asked for the sector turning-on function fsector(λ) encoding how each
framework sector contributes to a reading at access depth λ. The present subsection supplies the
formal de�nition: fsector(λ) is the normalized modular spectral visibility of the sector under the
Type III1 observer cut, de�ned as a trace ratio of operator-algebraic projections. The construc-
tion is framework-internal � not a �tted sigmoid, not a phenomenological interpolation, not a
time evolution of the substrate � and it gives the framework's analog of the renormalization-
group derivative as a sum of modular spectral densities weighted by substrate-derived Schur
coe�cients.
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Substrate decomposition into sectors. The substrate record algebra decomposes into
sector-supported pieces

R = R0 +
∑
s

Rs +
∑
s<t

Rst + · · · , (56)

where R0 is the sector-neutral base record, Rs is the pure contribution from sector s (s ranging
over the Abelian sector U(1)Y , the weak sector SU(2), the strong sector SU(3), the charged
�nal-support sector, the color �nal-support sector, and analogous primitive supports), Rst is
the contact contribution between sectors s and t, and higher-order terms encode higher-order
Schur/modular overlaps. Each sector has a support projection Ps in the resolved retrieval
algebra, with �nite substrate trace τ(Ps) > 0, and analogously for overlap projections Pst.

Modular access cut. Let Kmod = − log∆ω be the modular generator of the Type III1 ob-
server cut, where ∆ω is the modular operator associated with the framework's substrate-derived
faithful normal state ω. The access-depth cut at modular parameter λ is represented by the
spectral projector

Q(λ) := χ(−∞, λ](Kmod), (57)

which selects all modular modes of depth at most λ in the modular spectral decomposition of
the observer cut. The family {Q(λ)}λ∈R is monotone non-decreasing in λ and converges to the
identity on the cut as λ → ∞. On the Type III1 observer cut, Kmod has continuous spectrum
R, and Q(λ) is a non-trivial spectral projection for every λ.

Theorem 20.2 (Modular sector visibility). Let Ps be the support projection for substrate sector
s in the resolved retrieval algebra, and Kmod the modular generator of the Type III1 observer cut.
The access-depth visibility of sector s at modular depth λ is

fs(λ) :=
τ
(
Ps χ(−∞, λ](Kmod)

)
τ(Ps)

, (58)

where τ is the substrate trace lifted to the Type II∞ core of the Type III1 observer cut via the
modular crossed product (Section 13). Then:

1. 0 ≤ fs(λ) ≤ 1 for all λ ∈ R;

2. fs is monotone non-decreasing in λ when the access family {Q(λ)} is nested;

3. the derivative is the normalized modular spectral density of the sector,

f ′s(λ) = ρs(λ) :=
τ(Ps δ(λ−Kmod))

τ(Ps)
. (59)

The corresponding statements hold for overlap visibility functions fst(λ) with Ps replaced by Pst.

Sketch. (1) Boundedness. From 0 ≤ χ(−∞, λ](Kmod) ≤ 1 in the operator ordering, the positive
square root gives Ps χ(−∞, λ](Kmod)Ps ≤ Ps, and faithfulness of τ yields 0 ≤ τ(PsQ(λ)) ≤ τ(Ps).

(2) Monotonicity. For λ1 ≤ λ2 in nested cuts, the spectral projection family satis�es
χ(−∞, λ1](Kmod) ≤ χ(−∞, λ2](Kmod) as projections, and positivity of τ preserves the inequality.

(3) Derivative. Using the spectral decompositionKmod =
∫
λ′ dE(λ′), the cumulative spectral

measure σs(λ) = τ(Ps χ(−∞, λ](Kmod)) has derivative dσs/dλ that, by de�nition of the spectral
measure, equals the formal pairing of Ps with δ(λ−Kmod) under τ . Normalizing by τ(Ps) gives
Equation (59).
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Cut-dependent inverse-coupling readout. A framework-internal cut-dependent readout
decomposes as

G(λ) = Gbase +
∑
s

fs(λ)∆s +
∑
s<t

fst(λ)∆st + · · · , (60)

where Gbase is the cut-independent base reading and ∆s, ∆st are the framework's substrate-
derived sector and overlap coe�cients (the T1, T2, Ts, Tb,col, wY , and inter-sector overlaps
assembled in Appendix 6.11). Di�erentiating in λ and using Theorem 20.2 gives the framework's
analog of the renormalization-group derivative

dG

dλ
=

∑
s

ρs(λ)∆s +
∑
s<t

ρst(λ)∆st + · · · . (61)

With the identi�cation λ = log(µ2/µ20) from Theorem 20.1, Equation (61) is the framework's
analog of the renormalization-group derivative dG/d logµ2. The right-hand side is a sum of
modular spectral densities weighted by substrate-derived Schur coe�cients � the framework's
structural form of a beta function. Both factors on the right are framework-internal: the spectral
densities ρs(λ) are determined by the modular generator Kmod of the observer cut, and the
coe�cients ∆s,∆st are the framework's existing trace-weight content.

Boundary conditions at the framework's existing access cuts. The Thomson and elec-
troweak readings of Section 15.9 and Section 15.11 are boundary values of the sector visibility
functions at two speci�c access depths λ0 (Thomson) and λZ (electroweak):

Thomson cut (Abelian boundary). At λ0 the Abelian sector is fully resolved and the non-
Abelian and inter-sector contributions are absent from the QED reading,

fY (λ0) = 1, f2(λ0) = f3(λ0) = fY 2(λ0) = fY 3(λ0) = f23(λ0) = 0.

The resulting reading is α−1(0) = T1 = 137.035 999 176 . . ..

Electroweak cut (multi-sector boundary). At λZ the relevant electroweak, strong, and
inter-sector contributions are resolved with their cut-speci�c visibilities,

fY (λZ) = 1, f2(λZ), f3(λZ), fY 2(λZ), fY 3(λZ), . . . ∈ [0, 1],

with each fs(λZ) encoding partial or full resolution of sector s at the electroweak cut. The
resulting reading is α−1

s (MZ) = 8.4795.

The continuous curves of fs(λ) between λ0 and λZ are determined by the modular spectral
pro�le of Kmod on the framework's observer cut. Explicit computation of Kmod has not been
carried out in the present paper.

Status. Theorem 20.2 closes item (1) of the continuation-work list of Section 20.1: the formal
de�nition of fsector(λ) as a normalized modular spectral visibility is in place. The remaining
items are unchanged in form but now have concrete operator-algebraic targets:

� explicit computation of Kmod for the framework's observer junction, which gives the nu-
merical spectral pro�le ρs(λ) for each sector;

� identi�cation of the sector and overlap coe�cients ∆s,∆st in Equation (60) from the frame-
work's existing Schur-expansion content, with the Standard Model one-loop coe�cients b0
as the leading-order targets;

� veri�cation that integration of Equation (61) between λ0 and λZ reproduces∆α−1 ≈ −9.09
within experimental uncertainty.
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The structural content the present subsection adds is that fsector(λ) is not a free function
to be �tted: it is determined by the substrate-derived sector projection Ps, the framework's
modular generator Kmod, and the substrate trace τ , with the form �xed by Equation (58).
The framework's beta-function analog (61) is therefore also not a �tted function: it is a sum
of modular spectral densities weighted by substrate Schur coe�cients, with both factors �xed
framework-internally once Kmod is computed.

20.3 Gravitational access and the uni�ed modular-�ow architecture

The modular �ow architecture established in the previous two subsections gives a substrate-
internal access-depth coordinate λ (Theorem 20.1) and sector visibility functions fsector(λ) (The-
orem 20.2) governing how Standard Model couplings depend on the observer cut. The same
architecture admits a natural extension to gravitational access without introducing additional
substrate primitives. This subsection identi�es the structural uni�cation: the same modular
�ow coordinate λ orders both gauge-coupling resolution and gravitational area resolution, with
GN entering not through a new sector visibility function but through dimensional analysis of
the dimensionless area-resolution ratio at the observer cut. The framework does not derive GN

or MPl from substrate primitives; it claims that gravitational access is governed by the same
single underlying modular-�ow e�ect that governs gauge access.

The 3+ 1 split: spatial support and modular ordering. The framework's observer read-
out is 3+1-dimensional but does not interpret the four directions as four spacetime coordinates
in the usual sense. The three spatial dimensions are the framework's spatial support prim-
itives, providing the boundary-area resolution at the observer cut. The additional ordering
parameter is the modular access depth λ of Theorem 20.1, not a fourth substrate dimension; λ
labels the re�nement of observer cuts through the static substrate, not an evolution within the
substrate. Time, like sector running, is emergent from modular �ow at the observer junction.
This is consistent with the framework's existing position that the substrate is timeless and that
observer-e�ective time emerges from the modular automorphism of the Type III1 observer cut
of Section 13.

Area-like resolution variable. In a substrate with three spatial support dimensions, a
boundary cut is codimension-one in space, with boundary-area resolution measured by an in-
variant length-squared scale. The framework's reference observer cuts have invariant resolutions
µ2 (dimension [length]−2 = [energy]2 in natural units) ranging from the Thomson resolution at
small µ to the electroweak resolution at µ = MZ . The modular access depth λ = log(µ2/µ20) is
the framework-internal logarithmic ordering of these resolutions. The spatial support explains
why the natural resolution variable is area-like (µ2 rather than µ); the modular ordering explains
why the re�nement parameter is logarithmic (λ in µ2).

Gravitational coupling as dimensionless area-resolution ratio. The gravitational cou-
pling GN has dimension [length]2 = [energy]−2 in natural units; equivalently M2

Pl = 1/GN has
dimension [energy]2. The natural dimensionless combination with the framework's boundary-
area resolution µ2 is

αG(µ) := GN µ2 =
µ2

M2
Pl

, (62)

the ratio of the boundary-area resolution at the cut to the Planck area. This dimensionless
gravitational coupling is determined by the same µ2 that characterizes the observer cut for
gauge readouts, with GN supplying the external dimensional reference MPl. No new substrate
primitive is required: αG is built from the boundary-area resolution that the cut already carries
and the dimensional input GN that the framework treats as external.
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Uni�ed modular-�ow architecture. The same access-depth coordinate λ that orders the
gauge-coupling sector visibility functions fs(λ) also orders the gravitational coupling αG(µ).
With the gravitational reference scale µ0 =MPl,

λ = log(µ2/M2
Pl), αG(λ) = eλ, α−1

G (λ) = e−λ. (63)

Gravitational coupling has exponential dependence on the modular access depth, in contrast with
the logarithmic dependence that gauge couplings exhibit through their sector visibility functions
fs(λ). The exponential form is dimensional, �xed by GN being a dimensionful constant; the
logarithmic form of λ in µ2 is the substrate-axiom form derived in Theorem 20.1. Both readings
live on the same modular �ow coordinate. They di�er in whether the coupling is dimensionless
and runs perturbatively (gauge sectors) or carries a dimensional reference and scales as the
boundary-area ratio itself (gravitational sector).

Holographic and area-resolution interpretation. The dimensionless combinationGNµ
2 =

µ2/M2
Pl that �xes the gravitational coupling at the framework's observer cut coincides with

the dimensionless area-resolution ratio that enters holographic descriptions of black-hole en-
tropy and area-law entropy bounds. The Bekenstein�Hawking entropy of a horizon of area A
is SBH = A/(4GN ), equivalently A · µ2/(4αG) at boundary-area resolution µ2, so that one unit
of area at resolution µ2 contributes 1/(4αG) to the entropy. The framework's substrate-internal
interpretation is that gravitational coupling is fundamentally an area-resolution e�ect of the
observer cut: at µ = MPl, the boundary area is resolved at Planck-scale cells and αG = 1;
below the Planck scale (µ < MPl), αG ≪ 1 and the boundary cut has not resolved enough area
for gravitational coupling to dominate the framework's readouts. This is consistent with the
framework's Einstein�Hilbert continuation-work program of Section 12.2, which seeks to derive
Einstein's �eld equations from the spectral continuum limit of the generalized record operator
Gacc.

What the uni�cation claims and does not claim. The structural uni�cation claim of
this subsection is that gravitational access and gauge access in the framework are governed by a
single underlying e�ect: modular �ow on the Type III1 observer cut, with the single access-depth
coordinate λ = log(µ2/µ20). Gauge couplings depend logarithmically in this coordinate through
the sector visibility functions of Theorem 20.2; gravitational coupling depends exponentially on
the same coordinate through the dimensionless ratio αG = GNµ

2 with reference µ0 =MPl. The
framework does not numerically derive GN or MPl in the present paper; both quantities are
structurally tied to the framework's paired bookkeeping by Theorem 20.3 of the next subsection
(Section 20.4), which identi�es GN = 1/(16πC1) with C1 a substrate-internal spectral coe�cient
of (Krec,Mrec) at boundary modes, but the leading coe�cient C1 is not computed in closed form
here. The framework does not derive Einstein's �eld equations from αG(µ); that derivation
is the framework's existing continuation-work program for the spectral continuum limit of the
generalized record operator. What the framework claims is that the structural ordering of
gravitational access cuts is the same modular �ow that orders gauge access cuts: one substrate-
internal �ow e�ect, not two parallel mechanisms.

Status. The uni�cation stated here is a structural identi�cation, not a derivation. It rests on
three facts already established in the framework: (i) the same Type III1 observer cut underlies
both gauge readouts (Section 15) and gravitational readouts (Section 12.2); (ii) the access-
depth coordinate is uniquely λ = log(µ2/µ20) under the substrate axioms of Theorem 20.1; (iii)
dimensional analysis of GN against the boundary-area resolution µ2 produces the dimensionless
coupling αG = GNµ

2 as the unique combination respecting the framework's no-external-scale
axiom up to the external dimensional input MPl. The structural payo� is that the framework's
modular-�ow architecture admits gravitational access as another readout on the same underlying
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coordinate, supporting the framework's broader claim that quantum, gauge, and gravitational
structures are observer-e�ective readouts of one substrate�observer architecture rather than
parallel mechanisms requiring independent foundational treatments.

20.4 Boundary-sti�ness Planck coe�cient theorem

The previous subsection uni�ed gauge and gravitational access on the same modular �ow coordi-
nate λ but explicitly carved out GN and MPl as external dimensional inputs not derived by the
framework. This subsection re�nes that carve-out: GN is structurally determined by a speci�c
spectral coe�cient C1 of the framework's paired bookkeeping (Krec,Mrec) at boundary-support
modes, conditional on the framework's existing Einstein�Hilbert continuation-work hypotheses
(locality and di�eomorphism-covariance of the long-wavelength limit). The framework therefore
has a candidate derivation of GN from substrate primitives that is not yet a numerical derivation
� the leading coe�cient C1 has not been computed in closed form � but is structurally complete
in the sense that GN is no longer a free external parameter once the existing reduction-target
hypotheses are veri�ed.

What deriving GN requires. In natural units GN = 1/M2
Pl, equivalently M2

Pl = 1/GN .
Deriving GN therefore means deriving an absolute access-area scale A∗ := GN = 1/M2

Pl. The
framework needs a structural object playing the role of a minimal nontrivial boundary-re�nement
unit, whose sti�ness �xes this absolute area scale. No such object can appear among the gauge-
sector trace weights T1, T2, Tb,col, Ts, wY of Appendix 6.11, because those are dimensionless ratios
derived from the substrate's (b, d) = (3, 4) combinatorics and carry no absolute scale. The
framework's natural candidate for the boundary-re�nement sti�ness is the paired bookkeeping
(Krec,Mrec) projected to long-wavelength boundary-deformation modes.

Gravity as universal boundary-access sti�ness. The framework's structural reading of
gravitational response is that gravity is the cost of resolving an observer-access boundary re�ne-
ment. Where gauge couplings are sector-visibility readouts ordered by the modular �ow coordi-
nate λ through the visibility functions fs(λ) of Theorem 20.2, gravity is the universal sti�ness
of boundary re�nement itself: the response of the paired bookkeeping (Krec,Mrec) to a long-
wavelength deformation of the observer cut. Newton's constant measures the inverse of this sti�-
ness, GN ∼ 1/Kgrav; the Planck mass squared is the corresponding sti�ness scale, M2

Pl ∼ Kgrav.
The candidate theorem below makes this sti�ness identi�cation operator-algebraically precise.

Theorem 20.3 (Boundary-sti�ness Planck coe�cient). Let P∂ project the paired record book-
keeping (Krec,Mrec) onto long-wavelength observer-boundary deformation modes, and de�ne the
boundary-projected paired operators

K∂ := P∂ Krec P∂ , M∂ := P∂ Mrec P∂ . (64)

For a boundary metric perturbation mode hq at four-momentum q, de�ne the boundary sti�ness
response

Πgrav(q) :=
⟨hq, K∂ hq⟩
⟨hq, M∂ hq⟩

. (65)

Suppose the long-wavelength continuum limit of Πgrav(q) is local and di�eomorphism-covariant.
Then the leading nontrivial curvature term in the corresponding observer-e�ective action is
Einstein�Hilbert,

Seff [g] =
M2

∗
2

∫
d4x

√
−g R + · · · , (66)

with reduced Planck sti�ness

M2
∗ = 2C1, C1 := lim

q→0

Πgrav(q)

q2
, (67)
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and Newton's constant

GN =
1

8πM2
∗

=
1

16π C1
. (68)

Sketch via four-step lemma chain. The theorem decomposes into a four-step lemma chain that
makes the derivation structure explicit, separating de�nitional steps (Lemmas 20.4, 20.5, 20.7)
from the single conditional step (Lemma 20.6).

Lemma 20.4 (Boundary restriction). The gravitational access sector is the restriction of the
paired record bookkeeping (Krec,Mrec) to observer-boundary deformation modes. Explicitly, K∂ =
P∂ Krec P∂ and M∂ = P∂ Mrec P∂ where P∂ projects onto long-wavelength observer-boundary
deformation modes (transverse geometric perturbations hab(x) with gauge and coordinate artifacts
projected out). The framework's gravitational object is not a new coupling but the boundary-mode
specialization of the existing paired bookkeeping.

This lemma is de�nitional within the framework's operator-algebraic structure: it identi�es
the gravitational sector as a speci�c projection of (Krec,Mrec) rather than as an independent
operator.

Lemma 20.5 (Gravitational response). The long-wavelength gravitational sti�ness is the q2

coe�cient in the boundary-deformation response Πgrav(q) = ⟨hq,K∂hq⟩/⟨hq,M∂hq⟩. The local
expansion at small q

Πgrav(q) = C0 + C1 q
2 + C2 q

4 + · · ·

separates the constant term C0 (cosmological/volume-type sti�ness) from the curvature sti�ness
C1 and higher derivative-sensitive coe�cients C2, . . . . The leading curvature coe�cient is

C1 = lim
q→0

Πgrav(q)−Πgrav(0)

q2
, (69)

with the explicit subtraction of Πgrav(0) separating cosmological-constant sti�ness from curvature
sti�ness.

This lemma is also de�nitional: it identi�es which coe�cient in the local expansion of Πgrav(q)
corresponds to the gravitational coupling and gives the subtracted extraction formula for C1 that
cleanly separates the two leading scalar sti�ness contributions.

Lemma 20.6 (Spectral/Laplace Einstein�Hilbert reduction). Suppose the boundary-deformation
response of (Krec,Mrec) admits a continuum limit satisfying the following four substrate-level hy-
potheses:

1. long-wavelength locality of the continuum limit;

2. di�eomorphism covariance of the continuum e�ective action;

3. spectral/Laplace generation of continuum geometry from the framework's generalized record

operator Gacc =M
−1/2
rec KrecM

−1/2
rec ;

4. no preferred background direction in the boundary-deformation sector.

Then the continuum e�ective action takes the form

Seff [g] = Cvol

∫
d4x

√
−g + C1

∫
d4x

√
−g R + (higher-curvature), (70)

where the higher-curvature terms include R2, RabR
ab, RabcdR

abcd, and higher-derivative cor-
rections, and C1 is the boundary-sti�ness coe�cient of Lemma 20.5. The leading nontrivial
two-derivative scalar functional is uniquely the Einstein�Hilbert term: it is the unique local
di�eomorphism-covariant two-derivative scalar in four dimensions, up to boundary terms and
normalization.
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Lemma 20.6 is the single conditional step of the chain. The four substrate-level hypothe-
ses are precisely the framework's Einstein�Hilbert continuation-work program of Section 12.2
(spectral continuum limit of Gacc, the heat-kernel / Laplace structure addressed in Section 12.1);
the present theorem introduces no new conditionality beyond those existing framework commit-
ments. The lemma's content is that, once those hypotheses hold, the Einstein�Hilbert form is not
inserted by hand but emerges as the unique allowed leading scalar by representation-theoretic
uniqueness of two-derivative di�eomorphism-covariant scalars on four-dimensional manifolds.

Lemma 20.7 (Planck sti�ness identi�cation). Matching the continuum e�ective action (70) to
the Einstein�Hilbert action in reduced Planck convention SEH = (M2

∗ /2)
∫
d4x

√
−g R gives the

Planck sti�ness identi�cation M2
∗ = 2C1 and Newton's constant GN = 1/(8πM2

∗ ) = 1/(16πC1),
with C1 extracted from Πgrav(q) by Equation (69).

This lemma is coe�cient-matching: it identi�es the framework's C1 with the reduced Planck
sti�ness through the standard Einstein�Hilbert kinetic-term coe�cient relation M2

∗ /2 and the
standard reduced Planck mass identi�cation GN = 1/(8πM2

∗ ).
Combining the four lemmas: Lemma 20.4 de�nes K∂ ,M∂ ; Lemma 20.5 extracts C1 from

Πgrav(q) with the subtraction (69); Lemma 20.6 establishes the Einstein�Hilbert form of the
continuum e�ective action under the four substrate-level hypotheses; Lemma 20.7 identi�es
GN = 1/(16πC1). This completes the proof.

Explicit construction of P∂. The boundary projection of Lemma 20.4 admits a framework-
internal construction as a composite of four admissibility �lters, each removing a distinct class of
non-gravitational modes from the raw boundary record-deformation space. Let Hraw denote the
space of linearized observer-boundary record deformations. The gravitational boundary sector
is the intersection of four admissibility subspaces:

H∂ = Hmetric ∩ Hcomp ∩ Hdiff ∩ HIR, (71)

with the four constituent subspaces characterized as follows.

Metric-deformation subspace Hmetric. The space of symmetric boundary tensor perturba-
tions hab = δγab that act as variations of the induced boundary metric γab on the observer-
cut surface ∂O. This �lter removes non-geometric record disturbances: internal-sector
phase changes, gauge-sector deformations, matter-record �uctuations, and pure detector-
support modes that do not modify boundary geometry.

Record-compatibility subspace Hcomp. Deformations hab ∈ Hmetric such that δhKrec and
δhMrec remain paired under the framework's record-admissibility (paired bookkeeping)
condition: the metric deformation must preserve the conjugate sti�ness�susceptibility re-
lation that de�nes Gacc =M

−1/2
rec KrecM

−1/2
rec . This �lter removes deformations that would

break stable recordability of the paired bookkeeping under boundary metric variation.

Di�eomorphism-quotient subspace Hdiff . The quotient of Hcomp by in�nitesimal boundary
di�eomorphisms acting as hab → hab +∇aξb +∇bξa, equivalently the orthogonal comple-
ment of pure di�eomorphism modes with respect to the Mrec-induced inner product. This
�lter removes coordinate-rede�nition modes that are not physical boundary deformations.

Long-wavelength spectral subspace HIR. The low-spectral band of the boundary Laplace
operator, HIR = ranχ[0,Λ2](∆∂), where ∆∂ is the boundary Laplacian induced on metric
deformations and Λ2 is a spectral cuto� to be removed as q2 → 0 in the long-wavelength
limit. This �lter selects derivative-sensitive curvature modes (those that contribute to the
C1 q

2 coe�cient of Lemma 20.5).
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The boundary projector P∂ is the orthogonal projection of Hraw onto H∂ with respect to the
Mrec-induced inner product

⟨h, k⟩M := ⟨h, Mrec k⟩, (72)

i.e. P∂ is the Mrec-orthogonal projection onto the intersection (71). When the four constituent
�lter-projections Pmetric, Pcomp, Pdiff , PIR commute, P∂ admits the ordered product form

P∂ = PIR Pdiff Pcomp Pmetric (73)

(equivalent forms by symmetry of orthogonal projection onto an intersection of subspaces). In
the general case where the �lters do not commute exactly, the safe formal de�nition is the
Mrec-orthogonal projection onto the intersection H∂ , which is unambiguous regardless of �lter
ordering.

Framework-native inner product. Use of the Mrec-induced inner product (72) makes the
orthogonality structure of P∂ compatible with the susceptibility content of Mrec already used
in Πgrav(q) of Lemma 20.5, and imports no external Hilbert-space metric: Mrec is the frame-
work's record susceptibility and supplies the natural notion of orthogonality for physical record
deformations. The boundary Laplace eigenmode hq used in Πgrav(q) is normalized in this inner
product,

∆∂ hq = q2 hq, hq ∈ H∂ , ⟨hq, hq⟩M = 1. (74)

The boundary sti�ness response Πgrav(q) of Equation (65) is then a ratio of Mrec-inner products
in which the normalization of hq cancels.

Structural status of the four-step chain. The chain decomposes the theorem into one
conditional step (Lemma 20.6) and three de�nitional or coe�cient-matching steps (Lemmas 20.4,
20.5, 20.7). The conditional step's four substrate-level hypotheses � long-wavelength locality,
di�eomorphism covariance, spectral/Laplace continuum generation, no preferred background
direction � are precisely the framework's existing Einstein�Hilbert reduction continuation-work
commitments; the four-step chain introduces no new structural conditionality beyond those
already in force. The boundary projector P∂ used in Lemma 20.4 is explicitly constructed
above (Equations (71)�(73)) as the Mrec-orthogonal projection onto the intersection of four
admissibility subspaces using only framework-internal objects, so no abstract de�nition is left
implicit in the chain. What remains open is the numerical evaluation of C1 from the framework's
paired operators projected through the explicit P∂ , not the structural derivation of GN from C1:
the structural derivation is complete via the four lemmas with P∂ now constructively de�ned, and
the conditionality has been absorbed into the framework's existing reduction-program hypotheses
rather than introduced fresh.

The theorem does not constitute a numerical derivation of GN for two operationally dis-
tinct reasons. First, the leading coe�cient C1 has not been computed in closed form for the
framework's paired operators; this computation requires evaluating the four admissibility �l-
ters Pmetric, Pcomp, Pdiff , PIR on speci�c substrate operators and an explicit boundary-mode basis
{hq}, neither of which the present paper provides. Second, while the four substrate-level hypothe-
ses of Lemma 20.6 are derived consequences of the closed cascade of Section 20.6 (combining the
boundary-deformation sca�old of Section 20.5 with the framework's existing Shared-Connection
principle), their operator-algebraic veri�cation on the framework's speci�c paired operators �
e.g. the Hcomp closure, the analyticity of Πgrav(q) at q2 = 0, the absence of any preferred back-
ground tensor surviving P∂ � has not been carried out in the present paper. These veri�cations
remain part of the framework's Einstein�Hilbert continuation-work program of Section 12.2,
which seeks to derive Einstein's �eld equations from the spectral continuum limit of Gacc; the
framework has not veri�ed these hypotheses within the present paper. Third, the theorem iden-
ti�es the dimensional combination C1 but does not by itself �x an absolute scale: C1 inherits the
framework's primitive scale structure, which would need separate substrate-level identi�cation.
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What the theorem changes is the structural status of GN . Before Theorem 20.3, GN was
an external dimensional input with no framework derivation. After it, GN is conditional on the
existing Einstein�Hilbert reduction succeeding: if that reduction succeeds, GN is determined
by the speci�c framework-internal coe�cient C1 through Equation (68), no longer a free input.
The framework's scope statement is correspondingly tightened: �GN is not derived numerically
by the present paper� is preserved, but GN is no longer an independent external parameter � it
is structurally tied to the framework's existing reduction-target program through the boundary-
sti�ness coe�cient.

Connection to the Einstein�Hilbert continuation work. The theorem is structurally
aligned with the framework's existing Einstein�Hilbert reduction program. Where the exist-
ing program asks whether the continuum spectral limit of Gacc yields a local di�eomorphism-
covariant action with an Einstein�Hilbert leading term, the present theorem identi�es the speci�c
spectral coe�cient C1 that determines the magnitude of GN once that reduction succeeds. The
two pieces of work are complementary: the existing continuation-work program addresses the
form of the long-wavelength action (does it land on Einstein�Hilbert?); the present theorem
identi�es the magnitude of the coe�cient GN once the form is �xed. Both are required for a full
substrate-internal derivation of gravity; the framework now has both pieces stated structurally,
with the form-question and the magnitude-question both reduced to concrete operator-algebraic
targets on the same paired bookkeeping (Krec,Mrec).

Continuation-work targets for the Planck-coe�cient theorem. Closing the derivation
of GN from substrate primitives requires:

1. Numerical evaluation of the composite projector P∂ for the framework's speci�c paired
operators (Krec,Mrec). The structural construction of P∂ as theMrec-orthogonal projection
onto H∂ = Hmetric ∩ Hcomp ∩ Hdiff ∩ HIR is supplied by Equations (71)�(73) above; what
remains is the operator-algebraic evaluation of the four constituent admissibility �lters on
speci�c substrate operators.

2. Derivation of the primitive boundary curvature sti�ness κ∂ from a microscopic substrate
variational principle. Under the minimal substrate variational principle of Lemma 20.8
of Section 20.5, three of the four leading expansion coe�cients are �xed by minimality
and normalization (M0 = 1, M2 = 0, K0 = Λ∂ subtracted in curvature extraction), and
only the single substrate-level scale κ∂ remains as the framework's primitive gravitational
sti�ness; GN = 1/(16πκ∂) then follows from Equation (96).

3. Operator-algebraic veri�cation on the framework's speci�c paired operators (Krec,Mrec)
of the structural hypotheses identi�ed by the cascade of Section 20.6: the Hcomp closure
of Lemma 20.9, the self-adjointness and analytic spectral expansion of Lemma 20.10, the
analyticity of Πgrav(q) at q2 = 0 of Lemma 20.11, the absence of any preferred back-
ground tensor surviving the boundary projection of Lemma 20.12, and the matter-sector
universality closed by the framework's Shared-Connection principle. The cascade reduces
these to closed subsidiary statements with no new structural conditionality beyond existing
framework commitments; what remains is operator-algebraic evaluation.

4. Numerical evaluation of GN = 1/(16πC1) for the framework's speci�c substrate, with the
empirical target GN ≈ 6.674× 10−11m3 kg−1 s−2 as the veri�cation anchor.

The �rst three items are operator-algebraic; the fourth is the framework's �rst numerical falsi-
�able target for gravity. A computed value of GN from the framework's primitive bookkeeping
that di�ers from the empirical value by more than the precision of the computation would falsify
the framework's claim that gravity is a readout of the same paired record geometry as the gauge
sector.

144



20.5 Boundary-deformation reduction and the Einstein�Hilbert coe�cient

The previous subsection established Theorem 20.3 via the four-lemma chain and supplied the
explicit composite construction of P∂ as the Mrec-orthogonal projection onto H∂ = Hmetric ∩
Hcomp ∩Hdiff ∩HIR. The present subsection supplies the explicit mathematical sca�old needed
for the operator-algebraic evaluation of the four-lemma chain: explicit forms of the boundary
deformation variables, the record-compatibility constraint, the boundary Laplace operator, the
mode normalization, and the local expansion of K∂ ,M∂ . The end result is a closed-form expres-
sion for the curvature sti�ness coe�cient C1 in terms of four leading expansion coe�cients of
K∂ ,M∂ , completing the operational speci�cation of the Einstein�Hilbert reduction program.

Boundary deformation variables. Let ∂O denote the codimension-one observer-access bound-
ary, with induced boundary metric γab. A boundary deformation is a small perturbation of the
induced metric,

γab 7→ γab + hab, hab = hba, (75)

so the deformation variable is the variation hab = δγab. The raw deformation space is the space
of symmetric rank-two tensor �elds on the observer boundary,

Hraw = Γ(Sym2T ∗∂O), (76)

and the metric-deformation �lter Pmetric of the previous subsection selects this geometric sub-
space from the larger raw record-deformation space (which also contains internal-sector, gauge-
sector, and matter-record deformations).

Record-compatibility constraint. A boundary deformation is admissible only if it preserves
the paired record structure of (Krec,Mrec). Writing the �rst-order deformations

Krec(h) = Krec + δhKrec +O(h2), Mrec(h) = Mrec + δhMrec +O(h2),

the compatibility condition is that the generalized eigenvalue structure of the pair remainsMrec-
self-adjoint and positive. In normalized form, de�ne

Arec := M−1/2
rec KrecM

−1/2
rec . (77)

A deformation h is record-compatible i� the �rst variation δhArec remains self-adjoint on the
record Hilbert space and the deformed operators preserve positivity:

Mrec + δhMrec > 0, Krec + δhKrec ≥ 0 (78)

to �rst order in h. Equivalently, the generalized eigenproblem Krec u = λMrec u must remain a
valid paired sti�ness/susceptibility problem under deformation. The record-compatibility condi-
tion de�nes the compatible subspace Hcomp from the metric-deformation subspace.

Di�eomorphism quotient. In�nitesimal boundary di�eomorphisms act on metric perturba-
tions as

hab → hab +∇aξb +∇bξa, (79)

generating coordinate-redundancy modes that are not physical boundary deformations. The
di�eomorphism-quotient subspace is the equivalence-class quotient

Hdiff = Hcomp / {∇aξb +∇bξa}, (80)

equivalently the Mrec-orthogonal complement of the pure-di�eomorphism modes within Hcomp.
The explicit gauge choice within the quotient (e.g. transverse-traceless conditions ∇ahab = 0
and haa = 0 for isolating propagating tensor modes) is a representative-selection issue that
does not a�ect gauge-invariant content; the framework uses the equivalence-class formulation of
Equation (80) as the structural prescription.
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Boundary Laplace operator. The boundary Laplace operator on symmetric tensor �elds is
the Lichnerowicz Laplacian

(∆Lh)ab = −∇2hab − 2Racbdh
cd + Ra

chcb + Rb
chac, (81)

where the curvature quantities Rabcd, Rab are intrinsic to the observer-boundary geometry (or
to the induced continuum geometry in the boundary sector). In the nearly �at long-wavelength
limit, (∆Lh)ab ≃ −∂2hab, and spectral eigenmodes satisfy

∆L h
(q)
ab = q2 h

(q)
ab . (82)

The long-wavelength projector entering P∂ is the spectral cuto�

PIR = χ[0,Λ2](∆L), (83)

with the Einstein�Hilbert reduction obtained in the q2 → 0 continuum limit on spectral modes
within this band.

Mode normalization. The boundary modes are normalized using the susceptibility inner
product induced by M∂ :

⟨h, k⟩M∂
=

∫
∂O
dΣ

√
γ hab (M∂)

ab, cd kcd, (84)

where dΣ
√
γ is the boundary volume element. A normalized physical boundary mode hq satis�es

the three conditions

P∂ hq = hq, ∆L hq = q2 hq, ⟨hq, hq⟩M∂
= 1. (85)

This explicit normalization �xes the mode amplitude before extracting the sti�ness response of
Lemma 20.5.

Local expansion of K∂ and M∂. Under the framework's spectral/Laplace continuation-work
hypotheses (Lemma 20.6, conditions 1�3), the boundary-projected paired operators admit local
expansions in powers of the Lichnerowicz Laplacian on the long-wavelength sector:

K∂ = K0 +K2∆L +K4∆
2
L + · · · , M∂ = M0 +M2∆L +M4∆

2
L + · · · , (86)

with K0,K2,K4, . . . and M0,M2,M4, . . . scalar coe�cients �xed by the substrate-internal struc-
ture of the paired bookkeeping at the observer boundary. For a normalized eigenmode hq with
∆Lhq = q2hq,

⟨hq,K∂hq⟩ = K0 +K2 q
2 +K4 q

4 + · · · , ⟨hq,M∂hq⟩ = M0 +M2 q
2 +M4 q

4 + · · · ,

and the sti�ness response is

Πgrav(q) =
⟨hq,K∂hq⟩
⟨hq,M∂hq⟩

= Π0 +Π2 q
2 +O(q4), (87)

with leading coe�cients

Π0 =
K0

M0
, Π2 =

K2M0 −K0M2

M2
0

. (88)

The constant term Π0 is the cosmological/volume-type sti�ness; the q2 term Π2 is the curvature
sti�ness. The curvature sti�ness coe�cient of Lemma 20.5 is therefore

C1 = Π2 =
K2M0 −K0M2

M2
0

, (89)

equivalently the subtraction form C1 = limq→0[Πgrav(q) − Πgrav(0)]/q
2 of Equation (69). The

closed-form expression (89) reduces the computation of C1 to the determination of four leading
coe�cients K0,K2,M0,M2 of the local expansions of K∂ ,M∂ on the boundary sector.
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Einstein�Hilbert reduction and Newton's constant. Under the four hypotheses of Lemma 20.6
� long-wavelength locality, di�eomorphism covariance, spectral/Laplace continuum generation,
and no preferred background direction � the continuum e�ective action takes the form

Seff [g] = Cvol

∫
d4x

√
−g + C1

∫
d4x

√
−g R + O(R2,∇R, . . .), (90)

with the volume coe�cient Cvol related to Π0 (cosmological-constant-like piece) and the curva-
ture coe�cient C1 given by Equation (89). Matching to the Einstein�Hilbert action in reduced
Planck convention SEH = (M2

∗ /2)
∫
d4x

√
−g R gives the reduced Planck sti�ness

M2
∗ = 2C1 =

2 (K2M0 −K0M2)

M2
0

, (91)

and Newton's constant

GN =
1

8πM2
∗

=
1

16π C1
=

M2
0

16π (K2M0 −K0M2)
. (92)

Equation (92) is the framework's closed-form expression for Newton's constant in terms of four
leading coe�cients of the boundary-projected paired operators K∂ ,M∂ . The gravitational cou-
pling GN is not a new gauge-like trace value: it is the inverse of the universal long-wavelength
boundary-deformation sti�ness of the observer-access record pair.

Minimal substrate variational principle. Equation (92) expresses Newton's constant in
terms of four leading expansion coe�cientsK0,K2,M0,M2 ofK∂ ,M∂ . A natural re�nement that
further speci�es these coe�cients is to impose a minimality principle on the boundary record pair:
at long wavelengths, use the lowest-order local, di�eomorphism-covariant, record-compatible
quadratic form on boundary metric deformations, with canonical susceptibility normalization.
The four conditions of the minimal principle are:

1. locality of the continuum e�ective action on boundary deformations;

2. di�eomorphism covariance of the boundary functional;

3. record-compatibility, i.e. preservation of the paired (Krec,Mrec) admissibility under bound-
ary deformation (Equation (78));

4. canonical leading-order normalization of the susceptibility, ⟨hq,M∂hq⟩ = 1 for boundary
eigenmodes.

Conditions 1�3 are exactly the substrate-level hypotheses of Lemma 20.6; condition 4 is the
normalization convention of Equation (85). No new substrate-level hypothesis is introduced
beyond those already in force.

Lemma 20.8 (Minimal boundary spectral coe�cients). Under the four conditions of the mini-
mal substrate variational principle above, the leading expansion coe�cients of K∂ ,M∂ in Equa-
tion (86) take the form

K0 = Λ∂ , K2 = κ∂ , M0 = 1, M2 = 0, (93)

where Λ∂ is the boundary-volume (cosmological-type) sti�ness and κ∂ is the primitive boundary
curvature sti�ness. Higher-order coe�cients K4,K6, . . . and M4,M6, . . . correspond to higher-
curvature and higher-derivative invariants, suppressed at leading order in the long-wavelength
limit.
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Sketch. M0 = 1: The susceptibility M∂ de�nes the normalization of boundary eigenmodes
through the inner product (84). The canonical normalization ⟨hq,M∂hq⟩ = 1 at leading order
(Equation (85)) directly �xes M0 = 1. This is a normalization convention, not a physical
assumption.

M2 = 0: Minimality of the susceptibility content places derivative-dependence �rst in the
sti�ness operatorK∂ rather than in the susceptibility metricM∂ . This is the framework analog of
the standard �eld-theoretic convention separating the kinetic sti�ness operator (which contains
∂2-type terms) from the inner-product metric (which is taken ultralocal at leading order). Under
this convention, M∂ =M0 +O(∆2

L) with M2 = 0.
K0 = Λ∂: The zero-derivative scalar functional of the boundary metric is the boundary vol-

ume
∫
∂O dΣ

√
γ (the unique local di�eomorphism-covariant scalar with no derivatives of the met-

ric). Therefore K0 is the boundary-volume sti�ness Λ∂ , the boundary analog of a cosmological-
constant-type term.

K2 = κ∂: The leading two-derivative di�eomorphism-covariant scalar functional of the
boundary metric is the Ricci scalar of the boundary geometry (the same uniqueness argument
used in Lemma 20.6: the Ricci scalar is the unique local di�-covariant two-derivative scalar
in four dimensions, up to boundary terms and normalization). Therefore K2 is the primitive
boundary curvature sti�ness κ∂ .

Specialized closed-form for GN . Substituting the minimal coe�cients (93) into the general
closed-form Equation (89) gives

C1 =
K2M0 −K0M2

M2
0

=
κ∂ · 1− Λ∂ · 0

12
= κ∂ , (94)

so the curvature sti�ness coe�cient equals the primitive boundary curvature sti�ness under the
minimal principle. The full sti�ness response is

Πgrav(q) = Λ∂ + κ∂ q
2 + O(q4), (95)

and the reduced Planck sti�ness and Newton's constant specialize to

M2
∗ = 2κ∂ , GN =

1

16π κ∂
. (96)

The boundary-volume sti�ness Λ∂ is a separate framework primitive (the boundary analog of
a cosmological-constant-type term); it enters Πgrav(0) but is subtracted out in the curvature
extraction and does not contribute to GN . The full structural derivation of Newton's con-
stant under the minimal substrate variational principle therefore reduces to determining a single
substrate-level dimensional scale: the primitive boundary curvature sti�ness κ∂ .

What is derived versus what remains. Lemma 20.8 derives the form of the leading expan-
sion coe�cients in Equation (93) from locality, di�eomorphism covariance, record-compatibility,
and canonical susceptibility normalization � conditions the framework already commits to. It
does not derive the numerical value of κ∂ . Numerical determination of κ∂ requires a microscopic
substrate variational principle supplying an absolute boundary-sti�ness scale, which is whereM∗
structurally lives:

κ∂ =
M2

∗
2

=
1

16πGN
.

After Lemma 20.8, the framework's outstanding work for gravity is sharply localized: derive one
substrate-level dimensional constant κ∂ from microscopic substrate physics, with M0 = 1 �xed
by normalization, M2 = 0 by minimality of susceptibility, K0 = Λ∂ subtracted in the curvature
extraction, and K2 = κ∂ the single number remaining as the framework's primitive gravitational
scale.
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Operational status. Equation (92) closes the structural derivation of GN at the closed-form
level. Under the minimal substrate variational principle of Lemma 20.8, this specializes to the
single-coe�cient form GN = 1/(16πκ∂) of Equation (96): three of the four expansion coe�cients
are �xed by minimality and normalization (M0 = 1 by canonical normalization, M2 = 0 by
ultralocal susceptibility minimality, K0 = Λ∂ subtracted in the curvature extraction), and only
the primitive boundary curvature sti�ness κ∂ remains as a substrate-level dimensional scale
to be derived. The framework's outstanding work for gravity is therefore sharply localized to
one substrate-level dimensional constant, not four expansion coe�cients. The four substrate-
level hypotheses of Lemma 20.6 are derived consequences of the closed cascade of Section 20.6,
no longer independent continuation-work commitments; their operator-algebraic veri�cation on
the framework's speci�c paired operators remains continuation work, but no new structural
conditionality has been introduced. The empirical checkGN ≈ 6.674×10−11m3 kg−1 s−2 remains
a numerical target requiring derivation of κ∂ from microscopic substrate physics to close �rst.

20.6 Substructure of the Einstein�Hilbert reduction hypotheses

Lemma 20.6 of Section 20.4 states the Einstein�Hilbert reduction under four substrate-level
hypotheses: long-wavelength locality, di�eomorphism covariance, spectral/Laplace continuum
generation, and no preferred background direction. These four hypotheses were carried as frame-
work continuation-work commitments through the closed-form C1 derivation of Section 20.5 and
the minimal-coe�cient specialization GN = 1/(16πκ∂) of Lemma 20.8. The present subsection
breaks the four-hypothesis bundle into a closed cascade of six subsidiary lemmas, each of whose
residual condition is resolved by the next, bottoming out in the framework's existing single-
observer-boundary construction (with the Shared-Connection principle providing independent
con�rmation). After the cascade, the four hypotheses of Lemma 20.6 are no longer independent
continuation-work items: they are derived consequences of the boundary-deformation sca�old
of Section 20.5 together with the framework's existing single-observer-boundary construction
(which also underwrites the Shared-Connection principle).

Lemma 20.9 (Boundary deformation sector exists). Assume Mrec is positive on admissible
boundary record deformations. Let Hraw be the Mrec-Hilbert completion of symmetric observer-
boundary metric perturbations hab = δγab, and let H∂ = Hmetric ∩ Hcomp ∩ Hdiff ∩ HIR as in
Equation (71). If each of these four subspaces is closed in the Mrec-topology, then H∂ is closed
and the Mrec-orthogonal projection P∂ : Hraw → H∂ exists and is unique.

Sketch. TheMrec-inner product ⟨h, k⟩M = ⟨h,Mrec k⟩ is positive on the admissible deformations
by hypothesis, and Hraw is its Hilbert completion. The metric-deformation, di�eomorphism-
quotient, and IR-spectral subspaces Hmetric,Hdiff ,HIR are closed by standard arguments: sym-
metric tensor sections form a closed subspace of Γ(T ∗∂O⊗T ∗∂O); the di�eomorphism-quotient
subspace is the orthogonal complement of the closed range of the symmetrized gradient oper-
ator; the IR-spectral band is the range of the bounded spectral projection χ[0,Λ2](∆L) of the
self-adjoint Lichnerowicz operator. The intersection of �nitely many closed subspaces is closed,
and the orthogonal projection onto a closed subspace of a Hilbert space exists and is unique.

Residual condition. The closedness of Hcomp for the framework's speci�c paired operators
(Krec,Mrec) is the one nontrivial closure condition. This is resolved by Lemma 20.10: if the
boundary-projected operators are self-adjoint with analytic spectral expansion, their domain of
self-adjointness within H∂ is closed, forcing Hcomp closure on the boundary sector.

Lemma 20.10 (Spectral/Laplace expansion exists). Assume the boundary-projected operators
K∂ and M∂ are self-adjoint on H∂ with respect to the Mrec-inner product, and in the long-
wavelength regime are functions of the Lichnerowicz operator ∆L whose spectral functions are
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analytic at the bottom of the spectrum. Then

K∂ = FK(∆L), M∂ = FM (∆L), (97)

with analytic Taylor expansions

FK(x) = K0 +K2 x+O(x2), FM (x) =M0 +M2 x+O(x2), (98)

yielding the local expansion of Equation (86) of Section 20.5.

Sketch. By spectral calculus on the self-adjoint ∆L, any operator that commutes with ∆L on
the long-wavelength sector admits the form F (∆L) via the spectral theorem; the self-adjointness
hypothesis on K∂ ,M∂ together with their generation by ∆L in the IR sector gives the spectral
functional form (97). Analyticity of FK , FM at the spectral bottom yields the Taylor expan-
sions (98).

Residual condition. That FK , FM are in fact analytic at q2 = 0 for the framework's speci�c
paired operators after boundary projection. This is resolved by Lemma 20.11: if Πgrav(q) is
analytic at q2 = 0 with no nonanalytic terms, then ⟨hq,K∂hq⟩ and ⟨hq,M∂hq⟩ on ∆L-eigenmodes
are themselves analytic, forcing FK , FM analyticity.

Lemma 20.11 (Long-wavelength limit is local). If the boundary-projected record kernels of
K∂ and M∂ are quasi-local on the observer boundary � meaning their position-space kernel
decays su�ciently fast at large boundary separation, equivalently their small-q spectral expansion
contains no nonanalytic terms |q|, q2 log q2, or 1/q2 � then the gravitational sti�ness response
is analytic at q2 = 0:

Πgrav(q) = Π0 + C1 q
2 +O(q4), (99)

and the corresponding continuum e�ective functional is expandable in local curvature invariants.

Sketch. Nonanalytic terms |q|, q2 log q2, 1/q2 in Πgrav(q) correspond by Fourier transform to
position-space kernels with 1/r2, 1/r, or growing tails � nonlocal long-range integrated con-
tributions. Their absence forces Πgrav(q) to be analytic at q2 = 0, with the small-q expansion
controlled by the local Taylor coe�cients of the spectral functions FK , FM . By the polynomial-
in-∆L form on the long-wavelength sector, the corresponding continuum action is expandable in
local di�eomorphism-covariant invariants of the boundary geometry.

Residual condition. The absence of nonlocal IR singularities in the boundary-projected
record pair, equivalently the absence of an unaccounted massless non-geometric sector surviving
inside P∂ . This is resolved by Lemma 20.12: a surviving massless non-geometric sector would
correspond to a preferred background tensor or �eld structure transforming non-covariantly
under di�eomorphisms, and Lemma 20.12's di�eomorphism-covariance hypothesis forbids such
surviving structures.

Lemma 20.12 (Di�eomorphism covariance of the continuum limit). Assume P∂ quotients
pure in�nitesimal boundary di�eomorphisms (Equation (80)), and assume K∂ ,M∂ are con-
structed from intrinsic boundary-geometric data only, with no preferred coordinate frame or
background tensor surviving the projection. Then the long-wavelength local continuum functional
is di�eomorphism-covariant, and consequently the leading nontrivial two-derivative scalar term
is proportional to ∫

d4x
√
−g R, (100)

with higher-order corrections beginning at curvature-squared or higher-derivative order.
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Sketch. Quotienting by pure di�eomorphisms ensures thatH∂ contains only physical (non-gauge)
deformation classes. Constructing K∂ ,M∂ from intrinsic boundary geometry ensures no pre-
ferred coordinate or background tensor enters the response. The combination yields a con-
tinuum functional invariant under boundary di�eomorphisms. In four dimensions, the unique
local di�eomorphism-covariant two-derivative scalar functional of the metric is, up to a topolog-
ical boundary term and an overall coe�cient,

∫
d4x

√
−g R (standard representation-theoretic

uniqueness, used also in the proof of Lemma 20.6).

Residual condition. That no preferred background tensor survives the boundary projection
P∂ in the framework's speci�c construction. This is resolved by Lemma 20.13: a surviving pre-
ferred tensor would provide a sector-speci�c coupling channel through which di�erent matter
sectors could acquire independent gravitational charges, and Lemma 20.13's universality hy-
pothesis forbids sector-speci�c couplings, forcing the absence of any preferred tensor that could
mediate them.

Lemma 20.13 (Universal stress-readout coupling). Let hab be an admissible observer-boundary
metric deformation in H∂. If all matter-sector record supports couple to hab only through the vari-
ation of the common observer-boundary metric, then their �rst-order response has the universal
form

δSmatter =
1

2

∫
d4x

√
−g T ab hab, (101)

and the same boundary curvature sti�ness M2
∗ = 2κ∂ controls the geometric response to every

matter stress readout. The resulting continuum equation has the universal form

M2
∗ Gab = Tab, Gab = 8πGN Tab, GN =

1

8πM2
∗

=
1

16πκ∂
, (102)

with GN universal across matter sectors.

Sketch. Under the universality hypothesis, every matter sector couples to boundary geometry
through the common metric variation hab, giving the matter-side stress response δSmatter/δg

ab =
−1

2

√
−g T ab in Equation (101). The same boundary curvature sti�nessM2

∗ = 2κ∂ from Lemma 20.8
controls the metric response, yielding Einstein's equation with universal Newton's constant
GN = 1/(8πM2

∗ ).

Residual condition. That matter sectors couple only through the common boundary metric
deformation hab, with no sector-speci�c independent gravitational couplings. This is closed inter-
nally by Lemma 20.14 below: the framework's single-observer-boundary construction forces H∂

to be matter-sector-independent and P∂ to be unique, so all matter sectors couple to the same
projected hab = P∂ δγab by structural necessity rather than by hypothesis. The same conclusion
is independently con�rmed by the framework's Shared-Connection principle (Section 9 establish-
ing the alignment of inertial and gravity-like readouts as two variational readouts of the same
paired regional disturbance (Krec,Mrec)) together with the composition-insensitivity theorem
(Section 9.2 ensuring internal energy fractions across binding, kinetic, electromagnetic, and rest-
like contributions do not introduce independent canonical couplings). Under the framework's
existing equivalence-principle content, all matter supports couple through the same paired book-
keeping (Krec,Mrec), with the only available gravitational coupling channel being the boundary
metric deformation. The universality hypothesis of Lemma 20.13 is therefore not an additional
commitment; it is a consequence both of the single-boundary construction (Lemma 20.14) and
of the framework's existing Shared-Connection principle applied to the boundary-deformation
context of Section 20.5.
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Lemma 20.14 (Uniqueness of the gravitational boundary projector). Suppose the framework
has a single observer-access boundary ∂O with one induced boundary metric γab, and matter
sectors may have di�erent internal supports but are all read through this same observer-access
boundary. Then the gravitational boundary sector

H∂ = Hmetric ∩ Hcomp ∩ Hdiff ∩ HIR

is matter-sector-independent, and the Mrec-orthogonal projection P∂ : Hraw → H∂ is unique and
common to all matter sectors. Consequently, all matter supports couple to the same projected
metric deformation

hab = P∂ δγab,

and matter sectors di�er only in their stress readouts T ab
s , not in the gravitational coupling

channel.

Sketch. Each of the four �lters de�ning H∂ is constructed from observer-boundary geometric
data, not from any matter-sector internal label:

� Hmetric selects variations of the single induced boundary metric γab on the single observer
boundary ∂O;

� Hcomp imposes the record-compatibility condition on the total paired bookkeeping (Krec,Mrec),
not separately on any matter-sector restriction (Equation (78));

� Hdiff quotients by in�nitesimal boundary di�eomorphisms of the single observer boundary
(Equation (80));

� HIR is the low-spectral band of the Lichnerowicz operator on the single boundary geometry
(Equation (83)).

None of these conditions depends on a matter-sector label. The intersection H∂ is therefore one
shared geometric subspace, common to all matter supports. The Mrec-orthogonal projection
onto a closed subspace of a Hilbert space is unique (Lemma 20.9); since H∂ is de�ned once, P∂

is de�ned once. A sector-speci�c projector P∂,s would require either a sector-speci�c boundary
metric γ(s)ab or a sector-speci�c compatibility condition Hcomp,s, neither of which the framework
introduces.

For the matter-coupling consequence: each matter-sector stress response to the common
deformation hab = P∂ δγab has the standard form δSs =

1
2

∫
d4x

√
−g T ab

s hab. The stress tensor
T ab
s is sector-dependent; the deformation �eld hab is not. Summing over sectors gives a single

total source T ab =
∑

s T
ab
s , which is exactly the universality hypothesis of Lemma 20.13.

Single-boundary framework commitment. The premise of Lemma 20.14 � that the
framework has one observer-access boundary ∂O with one induced boundary metric γab, through
which all matter sectors are read � is not a new commitment. It is built into the framework's
substrate-observer construction from the outset: the timeless partition-strain architecture has a
single substrate-observer junction with a single access cut, and matter sectors are represented
by di�erent internal supports read through the same junction, not by separate junctions with
separate boundaries. Lemma 20.14 makes this commitment structurally explicit and shows that
it forces the matter-coupling universality of Lemma 20.13. Failure modes that would invalidate
the cascade � sector-speci�c boundary metrics γ(s)ab or sector-speci�c gravitational projectors
P∂,s � are excluded by the single-boundary construction.
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Cascade closure and consequences for Lemma 20.6. The six-lemma chain forms a closed
cascade:

� Lemma 20.9's residual (Hcomp closure) is resolved by Lemma 20.10's self-adjointness/analyticity;

� Lemma 20.10's residual (FK , FM analyticity at q2 = 0) is resolved by Lemma 20.11's
small-q analyticity of Πgrav;

� Lemma 20.11's residual (no nonlocal IR singularities) is resolved by Lemma 20.12's di�eomorphism-
covariance;

� Lemma 20.12's residual (no preferred background tensor surviving) is resolved by Lemma 20.13's
universal coupling;

� Lemma 20.13's residual (no sector-speci�c gravitational charges) is resolved internally by
Lemma 20.14's uniqueness-of-projector argument from the framework's single-observer-
boundary construction;

� Lemma 20.14's premise (single observer boundary with single induced metric, all matter
sectors read through it) is the framework's existing substrate-observer construction, in-
dependently con�rmed by the Shared-Connection principle's identi�cation of inertial and
gravity-like readouts as two variational readouts of the same paired regional disturbance.

The four substrate-level hypotheses of Lemma 20.6 � long-wavelength locality (Lemma 20.11),
di�eomorphism covariance (Lemma 20.12), spectral/Laplace continuum generation (Lemma 20.10),
and no preferred background direction (Lemma 20.12's no-preferred-tensor clause, closed by
Lemma 20.13) � are derived consequences of the cascade, conditional only on the framework's
existing single-observer-boundary construction (the cascade's structural foundation, also un-
derwriting the Shared-Connection principle) plus the explicit boundary-deformation sca�old of
Section 20.5. The framework's gravity program is correspondingly tightened: what remains
open is the derivation of the single dimensional scale κ∂ from microscopic substrate physics
(Lemma 20.8), with the structural cascade from (Krec,Mrec) to GN = 1/(16πκ∂) now fully
closed at the operator-algebraic level.

21 Open questions

21.1 Type II1 to Type III1 observer junction

The central structural problem is whether local entropy-maximizing observer states on increasing
access cuts, constrained by stable records and denied the global trace, can converge to Type III1-
like modular algebras. The �rst target is a rigorous version of the modular-density diagnostic:
construct a sequence (An, ωn) over �nite trace approximants such that the paired (Krec,Mrec)
disturbance normal form remains stable while the modular ratio groups of ωn become dense in
R.

The framework leaves several questions open.

1. Continuum and re�nement. Implement algebraic shell growth and subalgebra joins on
genuine von Neumann subalgebra systems without embedded coordinate assumptions.

2. Justifying the primitive principles. Derive the paired master regional disturbance func-
tional (Krec,Mrec), its admissible readout maps, and the structural decomposition Krec =
K0+

∑
• κ•K•,Mrec =M0+

∑
• η•M• from a more primitive operator-algebraic condition.

3. Operator-algebraic implementation. A genuine implementation on a von Neumann algebra
is the natural next mathematical step.
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4. Observer reconstruction at scale. A larger-scale demonstration with realistic record-bearing
dynamics is required.

5. Observer-e�ective quantum reconstruction. A larger operator-algebraic reconstruction would
need non-commuting accessible algebras, POVMs, entanglement across cuts, decohered
record subalgebras, and a principled account of Born weight selection.

6. Bandwidth-derived Lorentz observer kinematics. A stronger account would prove conver-
gence of the generalized spectrum Krecv = c2Mrecv from the Type II1 trace geometry and
derive Lorentz transformations between di�erent observer cuts.

7. Relativistic extension. A genuine relativistic extension requires tensor stress-energy with
the right signature, a metric or richer connection sector, a variational principle, and an
account of di�eomorphism redundancy.

8. Re�nement-program hardening. Replace embedded-coordinate benchmarks with a substrate-
intrinsic re�nement category; construct transfer operators from algebraic conditional ex-
pectations; extend metric action beyond a quadratic positive-de�nite perturbative model;
couple metric and gauge �elds; run Level-1 non-Abelian validations.

9. Comparison with alternative framings. A systematic comparison with relational QM, Page�
Wootters, thermal time, decoherent histories, causal sets, and tensor-network geometries
is open work.

10. Modular thermodynamics. Make δQR = ΘRδSR intrinsic using modular relative entropy
rather than �nite approximants.

11. Type III1 lift. Lift the shared-generator composition-independence result from Type II1
trace geometry to a Type III1 modular setting.

21.2 Einstein-reduction proof obligations

The continuum Einstein-translation theorem schema reduces the gravity problem to four precise
proof obligations. First, the generalized record operator Gacc must lie in a Laplace-type spectral
universality class with nonzero scalar-curvature coe�cient. Second, admissible metric variations
must be lifted from algebraic automorphisms. Third, the observer access-cut and recovery-loss
functional must supply the boundary term. Fourth, the coe�cient of the scalar-curvature term
must be normalized against c2∗ = λmin(Gacc) so that κeff = 8πGobs/c

4
∗.

21.3 Horizon-cut radiation

Compute Θ∂B from modular data; derive or falsify Θ∂B ∝ κrec; de�ne a �nite model exhibiting
a Page-like recoverability transition.

21.4 Cosmological-constant dictionary entry

A cosmological-constant-like term would be placed as a global paired disturbance baseline or
vacuum o�set, not as localized matter disturbance. The present work does not derive such a
term; it only identi�es its placement.

21.5 Multi-cut readings at distinct access depths

The framework does not produce a continuous running function α(µ) or αs(µ) from a single
observer cut. It reads at speci�c access cuts, producing values at the access depths of those cuts.
The �ne-structure result T−1

1 = α−1
eff = 137.035 999 176 . . . is the framework's reading at the
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Thomson access cut (Section 15.9), where the central Abelian phase footprint is resolved without
internal-sector interference. The strong-coupling result α−1

s (MZ) = 8.4795 is the framework's
reading at the electroweak access cut (Section 15.11), where the SU(3) adjoint block is resolved
against the neighboring electroweak adjoint and Abelian sectors. The two cuts are di�erent
observer-access objects, returning di�erent framework-internal trace expansions; neither is the
�default� scale, and neither requires the other to be evaluated separately. The framework's analog
of perturbative renormalization-group running is access-depth dependence: as the observer cut
moves through the framework's access hierarchy, the relevant Schur-expansion sectors change,
and the resulting trace expansion evaluates to a di�erent value at each depth.

The mapping between the framework's e�ective access depth (derived from the modular
automorphism structure of the observer cut, cf. Section 13) and the physical momentum scale
µ at which standard couplings are measured is not constructed in the present paper. The
framework reads at two speci�c access cuts (Thomson and electroweak); the continuous access-
depth pro�le that would map the framework's reading onto the measured αs(µ) curve between
low-µ and high-µ scales is identi�ed as continuation work and is required for direct comparison
with standard renormalization-group running pro�les.

21.6 Continuation work �agged by the relocated structural results

The modular access-�ow principle (Theorem 20.1), the modular sector-visibility theorem (The-
orem 20.2), and the boundary-sti�ness Planck-coe�cient theorem (Theorem 20.3) are now col-
lected in Section 20. Each carries its own open numerical-determination program: explicit
computation of the modular generator Kmod on the framework's observer junction (and thus
of the spectral densities ρs(λ) entering the framework's beta-function analog), identi�cation of
the sector and overlap coe�cients ∆s,∆st from the framework's existing Schur-expansion con-
tent, veri�cation that integration of the framework's beta-function analog between λ0 (Thomson)
and λZ (electroweak) reproduces the measured ∆α−1 ≈ −9.09 within experimental uncertainty,
and derivation of the single dimensional scale κ∂ from microscopic substrate physics so that
GN = 1/(16πκ∂) becomes a numerical prediction rather than a structural identi�cation.

21.7 Projective-access proof obligations

The mass-shape sector of Section 5 carries �ve named derivation targets. Each is a substrate-
axiom-level open problem whose resolution would convert one of the section's selection rules into
a derived theorem and tighten the predictive standing of the two-mode projective-access core
lemma (Theorem 5.8).

(O1) Projective-access ladder derivation. Identify the projective access space P, the invariant
measure dµP , and the averaged Schur kernel κproj such that

∫
P κproj dµP = 1/π (Prin-

ciple 5.4). This converts Lemma 5.3 from a normalization lemma to a derived theorem
and locks the projective normalization on which the rest of Section 5 depends. Of the
�ve obligations this is the highest-leverage target: pinning O1 closes the section's primary
structural gap.

(O2) Closure condition. Derive Principle 5.5 (second-order projective closure) from a substrate-
side minimality principle on the visible�hidden decomposition. The mass-shape sector
should be identi�ed as the unique closed visible�hidden block under a speci�ed complete-
ness criterion, rather than chosen by convention.

(O3) Support-type assignment. Derive Principle 5.6: show that the tau visible support is ordered
(4!) and the baryonic mean visible support is subset (24−1) from the framework's existing
sector classi�cation (Section 15), rather than imposed by the multiplicity rule.
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(O4) Schur sign rule. Derive Principle 5.7 from a substrate-level positivity criterion. The
framework should explain why charged-leptonic dressings are additive while baryonic mean
defects are subtractive, in terms of the Schur-complement structure on the visible block of
De�nition 5.1.

(O5) Branch-pair averaging rule. Derive Principle 5.9 (the muon coe�cient 1/36) from the b = 3
branch structure of Section 15 and the four-axis observer-access lattice of Section 2.3, or
determine that no such derivation exists and treat the muon line as a separate sector
requiring independent structural input.

Pinning O1 alone elevates Lemma 5.3 to a derived ladder. Pinning O2 through O4 converts
the core lemma into a theorem with all premises derived from substrate axioms. Pinning O5
promotes the muon prediction from the provisional extension of Section 5.7 to the core. The
�ve obligations are independent and may be pursued separately.

21.8 Relation to perturbative electroweak corrections

The Standard Model derives the channel split between sin2 θeff,ℓ and sin2 θeff,b through speci�c
loop-level radiative corrections: the Zbb̄ vertex correction (with internal W -boson and top-
quark exchange), ρ-parameter shifts from the W/Z mass-splitting, and form factor structures
that depend on the momentum transfer q2. The numerical agreement of the framework's δb =
1/(Tb,col T1) with the measured channel split arises from a di�erent starting point: an algebraic
trace overlap between the fundamental color-support trace weight and the central Abelian phase
footprint, with no loop integral, no fermion-mass input, and no diagrammatic vertex-correction
structure.

The framework is therefore o�ering an alternative algebraic derivation of the same numerical
result, not a re-expression of the Standard Model loop calculation in di�erent language. Whether
a structural dictionary exists between the algebraic primitives of the substrate�observer architec-
ture (paired bookkeeping, observer-access cuts, Schur-trace identities, observation supports and
adjoint connection blocks of Appendix 6.11) and the diagrammatic primitives of perturbative
quantum �eld theory (propagators, vertices, loop integrals over internal momenta) is genuine
open work and is identi�ed here as a separate research target. The present paper does not claim
such a bridge; pretending to one would be overreach.

The mass-hierarchy question requires a parallel acknowledgment. The Standard Model's
loop derivation depends critically on the top-quark mass: the Zbb̄ vertex correction scales with
m2

t /M
2
W . The framework's algebraic derivation of δb uses no mass input: Tb,col is �xed by the fun-

damental color-support branch count dsupp = 3 on the (b, d) = (3, 4) substrate (Appendix 6.11),
T1 is �xed by the �ne-structure Schur identity (Section 15.9), and the product Tb,col T1 is mass-
independent. That the two routes converge to the same value is itself a non-trivial structural
feature of the framework's substrate-derived bookkeeping.

The framework does not derive the lepton and quark mass ratios as part of its scope (Sec-
tion 10). The minimal-chiral-content construction of Section 15.4 produces the algebraic ratio
|Yu|2 : |Yd|2 = 4 : 1 in the squared-hypercharge form needed for the resolved Drell�Yan kernel of
Section 15.10; it does not produce the Yukawa hierarchy. A framework derivation of the Yukawa
hierarchy would require a separate substrate-internal mechanism that the present paper neither
constructs nor relies on.

21.9 Falsi�cation criteria

Beyond the technical open questions above, the framework commits to speci�c empirical falsi-
�cation targets. None can be evaded by adjusting a free parameter, because there are no free
parameters to adjust. The architecture either continues to match tightened precision measure-
ments or it does not.
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1. Leptonic e�ective weak-mixing angle (polarized e+e− class). If future precision tightens the
SLD/Tevatron-class polarized leptonic e�ective angle to a one-sigma band that does not
contain sin2 θeff,ℓ = 0.231 141 2087, the polarized-leptonic visibility readout of Section 15.11
(and its source visibility lemma) is falsi�ed.

2. b-quark channel. If future precision tightens the LEP/SLD b-quark e�ective angle to a
one-sigma band that does not contain sin2 θeff,b = 0.232 222 30, the representation-rule
choice of fundamental color-support for the b-quark is falsi�ed.

3. Fine-structure precision. If CODATA α−1 at the 10−12 relative level deviates from 137.035 999 176 . . .
by more than experimental uncertainty, the single Schur-trace identity is falsi�ed.

4. Strong coupling at MZ . If improved αs(MZ) precision at σαs ≲ 10−4 deviates from the
leading four-term Schur expansion of Section 15.11, either the leading expansion or the
framework's prediction of sub-leading corrections is falsi�ed.

5. Drell-Yan projection theorem, veri�cation of operator-algebraic conditions. As discussed in
Section 15.10, the framework's prediction for the hadron-collider Drell-Yan channel readout
at the isotropic level depends on three operator-algebraic conditions on the framework's
existing structures: a trace-preserving transitive spatial group action on the primitive re-
trieval projections (closing the hypothesis of Theorem 4.3); S3-invariance of the prepared
channel state on R3 in the sense of De�nition 15.6 (closing the hypothesis of Lemma 15.7);
and a forward-trace-preserving retrieval inclusion ιℓ : R3 → Aℓ together with Murray�von
Neumann equivalence of clean leptonic records to primitive retrieval images (closing the
hypotheses of Lemma 15.8). When all three conditions are veri�ed inside the framework's
existing observer-cut machinery, wDY = 1/3 becomes a free-standing framework prediction
in the isotropic limit, and the corresponding isotropic central value of sin2 θeff,DY must agree
with a �avor-symmetric score-projected average of the measured Drell-Yan values. A veri�-
cation of all three conditions that nevertheless produces an isotropic wDY disagreeing with
the data, or a veri�cation that requires ex post �tting choices to match the data, falsi�es
the framework's claim that channel readouts are observer-access-cut features of one archi-
tecture. Above the isotropic limit, Section 15.10 casts the experiment-and-channel-speci�c
deviation as a signed projection of the centered hypercharge kernel onto each experiment's
weak-angle extraction score Sexp,q(ξ) = ∂ log σexp,q/∂ sin

2 θeff , with magnitude set by the
substrate-internal coupling λY in the (P3) structural class of Equation (37) and sign set
by the substrate-�xed weight Y 2

u − Y 2
d > 0. A reconstructed score-projected pattern

within the Tevatron class (CDF and D0 channel-separated values; the CMS measurement
at

√
s = 8 TeV and several subsequent LHC measurements employ joint AFB-PDF ex-

traction and lie in a structurally distinct observer-access class for which the framework
currently does not derive a prediction, as discussed in Section 15.10) that does not track
the observed CDF and D0 channel ordering in sign falsi�es the (P3) structural identi�ca-
tion of KY , since (P1) and (P2) are independently ruled out and no other class of KY is
admissible. The three forward-looking falsi�ers (F1)�(F3) stated in Section 15.10 bound
the framework's Tevatron-class prediction independently: future Tevatron-class channel-
separated measurements, an LHC re-analysis against externally-�xed PDFs, and the mag-
nitude of the channel separation bounded by δinit.

6. Access-depth running pro�le. As discussed in Section 6.7, the framework's analog of pertur-
bative running is the access-depth dependence of which sectors enter the Schur expansion.
When the framework's access-depth-dependent Schur trace is computed and compared to
the measured αs(µ) pro�le between µ ∼ 2 GeV and µ ∼ 1 TeV, agreement at the level of
the experimental precision pro�le is required. A con�rmed disagreement that cannot be
absorbed into the framework's access-depth dependence falsi�es the access-depth analog
of running.
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7. Type II1 normal-form scalar-reduction step. Theorem 4.1's proof contains one step where
the scalar reduction via isotropy plus unitary covariance is asserted in compressed form
rather than expanded via explicit Schur-lemma analysis of the adjoint unitary representa-
tion. A rigorous mathematical treatment that �nds the step cannot be closed under stated
hypotheses would falsify the foundational normal-form claim and, with it, the shared-
generator proposition of Section 9 and the cone-recovery lemma of Section 4.2.

8. Tau mass ratio. Section 5 predicts rτ = mτ/me = 4!A+4Π1+Π2 = 3477.22828 under the
two-mode projective-access core lemma (Theorem 5.8), where A = α−1 is the framework's
�ne-structure prediction of Section 15.9. If improved measurements of mτ/me place its
central value outside the interval [3477.225, 3477.231], the combination of selection rules
in the core lemma is falsi�ed. A failure does not invalidate the substrate normal form of
Section 4 or the metrological completion of Section 7; it falsi�es the speci�c combination
of multiplicity, closure, and sign rules in Theorem 5.8.

9. Baryon mean mass ratio. Section 5 also predicts rB = (mp +mn)/(2me) = (24 − 1)A −
5Π1 = 1837.44042. The current measured value 1837.41817 leaves a relative residual of
∼ 10−5; improved precision tightening the residual below the propagated α−1 uncertainty
would force a re�nement of the multiplicity assignment for the baryonic mean sector or a
recognition of additional projective modes beyond the second-order closure of Principle 5.5.

10. Layer protection of substrate-level support primitives. As discussed in Section 3.3 and made
explicit by Remark 3.6, the re�nement-factorization architecture forbids direct coupling
between observer-resolvable re�nement labels and the substrate-level support index. Any
measurement or analysis requiring a readout whose support projection on a re�ned retrieval
algebra cannot be written as PR⊗PF within experimental or analytic uncertainty falsi�es
the untwisted-extension assumption (A1) of De�nition 3.1, and with it the canonical-lift
commitment (De�nition 3.3) on which the re�nement compatibility of paired bookkeeping
rests. This is a framework-wide structural prediction; it applies wherever the framework
re�nes a substrate algebra by attaching branch-neutral labels.

These targets are named here so that future tightening of measurement precision, mathe-
matical scrutiny, and continuation work each have speci�c deliverables against which framework
agreement or disagreement can be checked.

22 Conclusion

The thesis is reconstructive and organizational. Two layers separate cleanly: a tenseless alge-
braic substrate carries stable relational structure through the paired (Krec,Mrec) bookkeeping,
and a memory-bearing observer carries record-ordered access. The compressed substrate object
is the paired regional disturbance: the universal record sti�ness Krec and the universal record
susceptibilityMrec, with the observable record cone governed by the generalized record operator
Gacc = M

−1/2
rec KrecM

−1/2
rec . Locality, non-separation, persistence, support-sti�ness, gravity-like

response, and gauge connection are not treated as separate primitive disturbance sectors; they
are readouts or stationarity conditions of this paired disturbance under di�erent probes. Expe-
rienced time, motion, measurement update, and �eld evolution remain observer-side e�ects of
stable record access.

The operational replacement for primitive time is the inclusion index of stable records. A
modular time scale appears when the local entropy-maximizing observer state on the recoverable
algebra is faithful and nontracial. This keeps the substrate tenseless while giving the observer
layer enough structure to support thermal �ow, �nite access cones, and relativistic kinematics
as reconstruction targets.
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The central gain of the compressed formulation is that entropy, inertia, and gravity-like
response no longer need to be engineered as parallel functionals. Entropy is scalar unrecov-
erability through Mrec. Inertia is the algebraic support-deformation Hessian through Krec.
Gravity-like response is the connection variation of the same paired disturbance. The light-
speed limit is c2∗ = λmin(Gacc). The electromagnetic sector matches the same paired structure,
(Kem

rec ,M
em
rec ) = g−2

eff (Krec,Mrec), ensuring that the coupling controls amplitude without altering
the universal record cone.

The minimal stable observer-access dimension is 3 + 1: three projective localization direc-
tions plus one record-ordering coordinate. The structural function of this decomposition is not
numerical convenience. The three spatial directions Σ3

obs are the smallest cover that closes ori-
entation, angular separation, occlusion, and parallax without an exterior reference frame; the
record-ordering coordinate τobs supplies sequencing along the inclusion index of stable records.
This 3 + 1 observer-access structure enters consistently into the Lorentz-recovery target, the
access-dimension ablation of the �ne-structure diagnostic, and the substrate�observer duality
that �xes Tbare = 21/2 at (d, b) = (4, 3).

As a concrete observer-junction deliverable inside this organization, the �ne-structure access-
polarization diagnostic compresses to a single Schur-complement trace on one substrate�cut
block operator. The four numerical components of the diagnostic are not four independent
choices: they are the diagonal contributions of the charged-readout sector and the two spectral
channels of one positive access-dressing operator. The Schur-complement theorem �xes the signs
of the dressings; the access�recovery composition theorem �xes the kernel as L−2

acc; the projective
access-cover theorem �xes the multiplicity 2b−1 at the minimal projective closure. The resulting
value agrees with the CODATA 2022 recommended �ne-structure constant within experimental
uncertainty under �ve explicitly named structural inputs that remain part of the open program.

The Type II1 normal-form theorem remains the substrate anchor. Under explicit covariance
and isotropy assumptions, local conditional-expectation defects have one canonical quadratic
trace geometry, and the paired (Krec,Mrec) structure inherits the same canonical trace.

The observer junction remains essential. A purely tracial substrate has no experienced time,
no nontrivial thermal �ow, and no primitive light speed. Nontracial observer states and scaling
limits supply modular time, �nite recoverability cones, temperature-like parameters, and Type
III-like behavior. The black-hole reading uses the same separation: horizon entropy, exterior
information loss, and radiation-like �ux are observer-access readouts of large boundary paired
disturbance, while the full substrate description is not destroyed.

The strongest continuation is to replace the remaining constructive choices with primitive
principles. The paired master disturbance functional, admissible regional category, sti�ness and
susceptibility operators with their structural decompositions, source readouts, and re�nement
protocols are still speci�ed rather than uniquely derived. The re�nement compatibility theorem
of Section 3.3 closes one structural gap: it shows that under four explicit assumptions, admissible
re�nements of a substrate retrieval algebra factor as a tensor product, the canonical lift is
forced by access-geometry preservation, and the unre�ned readout is recovered exactly under
coarse-graining over the re�nement labels. The �nite QEC examples show how conditional-
expectation defect diagnoses Petz recoverability and channel recovery loss in concrete �nite
trace settings consistent with the paired framework. The paired master disturbance and observer-
access category de�ne the present reconstruction core; the remaining open work is to sharpen
their uniqueness and empirical dictionary without changing the substrate�junction spine.

A Validation material

Validation protocols include a six-region Level-0 construction, Newtonian and Lorentz observer
�nite-model models, sourced U(1) solves through the matched pair (Kem

rec ,M
em
rec ), weak-�eld scalar

solves, coordinate-graph re�nement tests, topological stress tests, and �nite non-Abelian pilot
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scripts. The sourced U(1) solve is summarized in the main Maxwell-type section only as a
stationarity benchmark for the holonomy readout. The remaining calculations are useful as
consistency checks, but they are not premises of the foundation argument.

The main claim is therefore not that �nite scripts reproduce selected formulas. The main
claim is that conditional-expectation defect supplies the local geometry of a paired master re-
gional disturbance (Krec,Mrec); entropy, recoverability loss, inertial support sti�ness, gravity-like
connection response, and gauge stationarity are readouts of that one paired disturbance through
observer-access cuts.
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